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1. Introduction and preliminaries

In 1964, Wimp [16] introduced an integral transform of index type called index
Whittaker transform defined by

(o)
F(r)= / Woir(2) f(2)2~2dz, T >0,
0

where 4 is the imaginary unit, pu < % is a parameter and W, ;, is the Whittaker
function. This transformation first appeared in [16] as a particular case of an integral
transform having the Meijer-G function in the kernel. Its L, theory was well studied
in [14]. For g = 0 it can be reduced to the familiar Kontorovich-Lebedev transform
[11], which is one of the most well-known index transforms [17] and has a wide range
of applications.

The space Lg (R ) is defined by [13] as the space of all those real-valued measur-
able functions f on R} = (0, 00), such that

P
o~ lf@)Pma(@)de| , 1<p<oo, 0<a<oo
[fllzs =
ess. sup |£()], p=oc
zER
where m, (z) = z72%"le~2.

The index integral transform with the kernel Whittaker function has been studied by
various authors; for instance, Srivastava et al. [14], Al-Musallam [1], Al-Musallam
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and Tuan [2], and Sousa et al.[13, 12]. Further, Becker has extended the theory in
mathematical physics [3].

Several definitions of the index Whittaker transform are present in the literature.
In this paper, we use the definition of the index Whittaker transform of the function
f € Lg(Ry) defined as [13]:

F(r) = (P.f)(r) = /0 f(@)2* W (a +iT, 1 4 2iT; 2)mg(x)dz, T > 0.

From [13], we recall integral representations of 2™ W (a + it, 1 + 2iT; x) as:

2 t+1 —1+4ir

1 o0 ) s —a+i7—
—s a+iT—1
- 1+ — d
r(aw)/o ¢ (*w) i

l7(1 . . . .
where P2, . (t) is the associated Legendre function of the first kind [10, 14.12.4].
p) LT

Also from [13], we have

. a+l o x t - ]. %_% l7(1
2T (a +iT, 1+ 2iT; ) = T / e~ 301 () P (t)dt
1

|z T (0 + i1, 1 + 2iT; )| < 2°U(a, 1;2).
Asymptotic behaviour near infinity and the origin are as follows [10, 13.14]:
2%¥(a,l;2) ~1 as x — oo,

o 1
¥ (a,l;2) ~ O (xae2 log (x)) as x — 0.

In order to be useful, an integral transform needs to be invertible, and for a > 0,
the inversion of the index Whittaker transform of W, € La(Ry; po(7)d7) is given by
[13]:

o0
(U F)(z) = / 2T (a + it 1 + 2iT;2) F (1) po (1)dT,
0
where p,(7) = 7727 sinh(277)|T(a + i7) |2
Abelian theorems for the distributional transforms were first studied by Zemanian
in [18]. Later, Hayek and Gonzélez [8] and Gonzlez and Negrin [5] studied these
theorems for the 5 Fj- transform and the distributional Kontorovich-Lebedev and
Mehler-Fock transforms of general order, respectively. Moreover, Abelian theorems
for Laplace and Mehler-Fock transforms of generalized functions are well discussed
by Gonzédlez and Negrin in [6]. We note that these results determine the way that,
knowing the distribution or generalized function, one can guess the behaviour of the
transform of this distribution or generalized function as its domain variable in terms
of the behaviour of this transform near the origin and at infinity.
Motivated by the above, in this paper we study Abelian theorems for the index
Whittaker transform over the space of distributions of compact support and over
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certain function spaces of generalized functions.

For any open set Q C R, the space E(€Q) is defined as the vector space of all infinitely
differentiable complex-valued functions ¢ defined in €. This space equipped with
the locally convex topology arising from the family of seminorms

Ln.x = sup [DZy(z)],
reK

for all n € Ny, all compact sets K C Q, and with D} denoting the nth derivative
with respect to variable x, becomes a Fréchet space. As usual, we denote the space
E'(Q2) as the dual space of E(€2). This E’'(2) agrees with the space of distributions
on 2 of compact support.

2. Abelian theorems for the distributional index Whittaker
transform

The index Whittaker transform of a distribution f of compact support on Ry is
defined by the kernel method in [5] as

F(r) = (f(z), 270 (a + i, 1 + 2ir; m)>ma(w) , T>0. (1)

In this section, we establish Abelian theorems for the distributional index Whittaker
transform. To do this, we demonstrate some previous outcomes. The expression
included in the following lemma is obtained in [13].

Lemma 1. Let L, , be the differential operator given by
d? d
=222 ((2a—1 2) 2
Loz =2 e ((2a—1)z 42 )dx (2)

Then for all k € Ny, there exist polynomials PJIC (z) such that
2k _
Lo, =) Pf(x)Di,
j=1
where Py (z) = z%*, P}“(x) are polynomials of degree k + j for 1 < j < k and of

degree 2k for k+1 < j <2k —1.

Now, to prove the next result we follow analogously to the proof of Zemanian
[19, p. 140] and Gonzdlez and Negrin [4, p. 83] in their respective cases for the
Kontorovich-Lebedev transform.

Lemma 2. For each compact set K C Ry and each k € Ny, let 'y, ik be the seminorm
on E(Ry) given by

Tyx = sup |[LE (z)|, o€ ERy),
zeK

where ACZ’I is the k' iteration of differential operator L, .. given by (2). Then {T'y x}
generates a topology on E(Ry) which agrees with the usual topology of this space.
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Proof. The expression for £¥  yields that any sequence {¢,} C E(R,.) which tends
to zero for the usual topology on E(R. ) also tends to zero for the topology generated
by the family of seminorms {I'; x}. Conversely, let {¢,} be a sequence on E(Ry)
which tends to zero with respect to the topology generated by {I'y x}. It is clear
that {pn}, {Laxn} tends to zero as n — oo, uniformly in each compact subset
K C Ry. Moreover, for (2)

Lozpn(x) — 200 (x) = 2Dg[x(Dy — 1)ipn(x) — 2an ()]

The left-hand side of the above equation tends to zero as n — oo, uniformly in each
compact subset K C R, which concludes the right-hand side of the above equation
xD[x(Dy — 1) pn(x) — 2a¢p, ()], and thus D, [z(D, — 1)¢n(z) — 2ap,(z)] tends to
zero as n — oo, uniformly in each compact subset K C Ry.

Since for any b€ Ry, b ¢ K

/Dt[t(Dt — Dpn(t) = 2apn(t)]dt = —2afpn(2) — on(b)] + 2(Ds — ()
b

—b(Dy — 1)y (b).

It follows that D, (z) — bDypn(b) — (2a + 2)pn(z) — (2a — ), (), and thus
xDypn(x) — bDyp,(b) tends to zero as n — oo, uniformly in each compact subset
K C R,. Dividing by z and integrating once again, we get

x

[1Do0(®) = {Dup 0t = 20(2) = 60 = WD (B)ln ~ ),
b

and thus, noting that Int — Inb is bounded away from zero for all z € K, we see
that D,¢,(b) — 0 as n — 0. Consequently, D, (z), and therefore D%y, (x) tends
to zero as n — 0, uniformly on each compact subset K C Ry. Upon repeatedly
applying this argument to ng Eiym, ..., we conclude that these terms tend to zero
as n — 0, uniformly on each compact subset K C R, . Finally, taking into account
that the topologies on E(R) for both families of seminorms, i.e. the usual and the

I'x i, are metrizable, the conclusion follows. O

Lemma 3. Let f be in E'(Ry), and let F be defined by (1). Then there exist M > 0
and a non-negative integer q, all depending on f, such that

F(r)| <M max (72 +a2)F, ¥r>0, a€0,00).
0<k<q

Proof. We know that x77W(a + it, 1 + 2i7;z) is an eigenfunction of £, . [13] as
Lor 2TV (a+i7,1+ 2iT;z) = (=1)(7% + a®) 27V (a + i, 1 + 2iT; 2).

From Lemma 2, we may consider the space E(R.) equipped with the topology
arising from the family of seminorms I'y, k. As per [9, Proposition 2, p. 97],there
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exist C' > 0, a compact set K C R, and a non-negative integer ¢, all depending on
f, such that

[{(f,4)| < C max max|£{ 9 (2)]. 3)

0<k<q z€K

Now,
[F()] = [{(f(@),a " W(a+ir, 14 2i;2)), |

< C max max|L, 2TV (a +iT, 1 + 2iT; 7)]
0<k<qzeK

= C max max|(7? + a®)* 2TV (a + i1, 1 + 2iT; )|
0<k<q z€K

< C max max|(1? + a®)*2*V(a, 1; )|
0<k<q z€K

<M max (r*+d*)F, vr>0
0<k<q

for certain M > 0, since x ranges on the compact set K C R;. O

The smallest integer ¢, which tests the inequality in (3), is defined as the order of
the distribution f [15, Théoréme XXIV, p. 88]. Now, we promote Abelian theorems
for the distributional index Whittaker transform (1).

Theorem 1. (Abelian theorem). Let f be a member of E'(Ry) of order p € Ny,
and let F be given by (1). Then
(i) for any 8 > 0 one has

lim (r°F(r)) =0,

T—01

(i) for any 8 > 0 one has
lim (7 *7PF(r)) = 0.

T—+00

Proof. From Lemma 3 we have

|F(7)) < M max (r* +a®)*, V>0, ac|0,00),
0<k<p

for some M > 0, therefore the proof is complete. O

Now, if f is a locally integrable function on R, and f has compact support on
R4, then f gives rise to a regular member Ty of E'(R4) of order p = 0 by means of

<nw»Awﬂmw@m,v¢eEmn.

In fact, taking into account that

Hﬂwwzréwﬂwwmwﬂ< s [9(@)] | (@)\de

x€supp(f) supp(f)

= I‘07supp(f)/ |f(z)|dz,
supp(f)
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where supp(f) represents the support of the function f, it follows that Ty has the
order p = 0. So, we have

F(r) = <Tf(w), 2T (a4 iT, 1 4 2iT; x)>m (@)

oo
= / f(@)x" T T (a +iT, 1 + 2iT;2)mg(2)dz, T > 0. 4)
0
By using Theorem 1 for the index Whittaker transform of these regular members of
E'(R.), we have the following.

Lemma 4. Let f be a locally integrable function on Ry and such that f has compact
support on Ry. Then the function F given by (4) satisfies the following:
(i) for any B > 0 one has

lim (TBF(T)) =0,

T—0*t

(ii) for any B > 0 one has

lim (77PF(r)) =0.

T—+00

3. Abelian theorems for the index Whittaker transform of gen-
eralized functions

In this section, the space W,(Ry), a > 0, is defined as the vector space of all
infinitely differentiable complex-valued functions i defined on R such that

Thaly) = sup Jwa (2)ma () L4 ()] < o0, ()

where k € Ny , L, 5 is the differential operator defined as (2) and w, (x) denotes the
continuous function [7]

(z) = e~ for x € (0,1]
Wall) = e=o for 2 € [1,00).

We see that

Fka(l’aHT\I/(a + 7,1+ 2iT; 1))

= sup |wa(x)ma(z)(T? + a®) 2" "W (a + iT, 1 + 2iT; z)|
zeR L

< (%2 4+ a®)* sup |wa () mq (@)U (a, 1; ).
zeRL
Now, invoking the asymptotic behaviours of the kernel, we arrive at

Lho(@®TTW(a +iT,1 + 2iT;2)) < 00, for all k& Nj.

Therefore, 2%t W(a + i, 1 + 2iT;2) € W,. Moreover, W, is the Fréchet space,
generated by the family of seminorms (5). As usual, W/ is denoted as the dual
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space of W,,.
For f € W/, o > 0, the generalized index Whittaker transform is defined by

F(r) = (f(x), "7 (a + i, 1 + 2iT; 1)) 7> 0. (6)

a(w) ’

From [9], for all f € W/, a > 0, there exist C' > 0 and a non-negative integer g, all
depending on f, such that

[(fi#)| < C max Tra(¥) =C égg;;gﬁﬂu@(wﬁna@ﬂﬁiﬂdlwﬂ (7)

for all ¥ € W,.

Lemma 5. Let f be in W/, o > 0, and let F' be defined by (6). Then there exist
M > 0 and a non-negative integer q, all depending on f, such that

|F(1)] < M max (7% +a®)*, Vr>0.
0<k<q

Proof. From (7) we have

|F(T)| = | <f(ac),xa+”\lf(a + i1, 1+ 247, x)>

< C max sup ‘wa(x)ma(x)(r2 + a®) 2T (0 4 i1, 1 + 2i7; x)|
0<k<dq zer,

< C max sup |wa(@)ma(z)(r? + a®)fz*¥(a, 1;2)|.
0<k<q zer,

Now, invoking the asymptotic behaviour of the kernel and noting that a > 0, we
have that

|F(7)) < M max (12 4+ a®)*, V1 >0,
0<k<q

for certain M > 0. O

The smallest integer ¢, which verifies the inequality in (7), is called the order
of the generalized function f. Next we establish Abelian theorems for the index
Whittaker transform of generalized functions in WY,.

Theorem 2 (Abelian theorem). Let f be a member of W/, oo > 0 of order p € Ny,
and let F be given by (1). Then
(i) for any B > 0 one has

lim (r°F(r)) =0,

T—01

(i1) for any B > 0 one has
lim (r~27PF(7)) =0.

T—+00

Proof. From Lemma 5 one has

|F(1)| < M max (72 +a®)*, V7 >0,
0<k<p

for some M > 0, therefore the proof is complete. O
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Now, a function f defined on R, such that w_!(x)m; (z)f(z), @ > 0, is
Lebesgue-integrable on Ry, gives rise to a regular generalized function 7y on W/, of
order p = 0 through

(T, ) = /000 f@)Y(z)de, Ve W,.

In fact, taking into account that

it follows that T has the order p = 0. So, we have

F(r) = (Tf(x), =" W(a +iT, 1 + 2iT; 3)) ()

(oo}
- / f(@)x" T T (a + iT, 1 + 2iT;2)mge(z)dz, 7> 0, a € [0,00). (8)
0

The following lemma directly follows from the above theorem.

Lemma 6. Let f be the function defined on Ry and such that w;'(x)m;(x)f(z)
is Lebesgue-integrable on Ry, a > 0, and let F' be given by (8). Then
(1) for any B > 0 one has

lim (TBF(T)) =0,

T—0+

(i) for any S > 0 one has

lim (TﬁﬁF(T)) =0.

T—+400
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