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Simulation of the Working Diameter in 3-Axis Ball-end Milling of Free Form Surface 
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Abstract. Free-form surfaces are used in many aspects of the industry. When machining these surfaces using three-axis ball-end milling, the tool's working diameter 
continuously changes, due to the change in the surface geometry which affects the surface quality. This change in working diameter occurs from one point to another and 
continues along the surface even in the case of a constant tool path. Using a simultaneous five-axis milling machine can solve the problem, however, this solution comes at 
a high cost and complexity. This paper gives insight into the calculation of the effective diameter at each point of the milled surface and presents the effect of the different 
parameters by simulation. The simulation applies the geometric method, based on the coordinate transformation of the intersection curve. The presented simulation approach 
ensures optimization method for both the cutting process and the tool path. The ultimate goal is to reduce the cutting speed change considering the change of the current 
working diameter by controlling the spindle speed point to point, resulting in a more homogeneous surface. 
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1 INTRODUCTION 

Free-form surfaces are widely used in many aspects 
like aerospace, automobile, consumer products, and the 
die/mould industry [1]. A ball-end mill is mainly used in 
machining this kind of surfaces. The extended product life, 
high machining precision, low cost of the manufacturing 
process and its ability to feed axially make using this tool 
essential in industry [2-4]. 

When using the ball-end tool, the cut is not done by the 
whole diameter; what is called effective diameter takes 
place here. The reason for that is the changing of the radius 
from cutting edges to another with respect to the tool's 
rotation axis. The change of effect diameter causes a 
change in cutting parameter [5]. 

The effective diameter is related to the depth of cut 
(ap), nominal diameter and the surface slop. It increases 
with the increasing depth of cut. When the depth of cut 
equals the tool's radius, the effective diameter will be equal 
to the nominal diameter. However, in some finishing 
operations, the depth of cut ranges between 0.1 - 0.3 mm, 
thus the effective diameter will be lower than the nominal 
diameter [5]. This problem can be solved using 
simultaneous five-axis milling; however, this technology's 
cost and complexity can be a problem. 

Many researchers studied the machined surface and the 
significant factors that affect the quality of the surface [6]. 
Fan [7] examines the change of cutting speed when 
machining sculptured surfaces using 3-axis ball-end 
milling and found that the cutting speed has a significant 
effect on the quality of the surface and the tool life. De 
Souza et al. [8] study the impact of the working diameter 
on the cutting force, chip removal and surface roughness, 
and point out that the higher cutting speed decreases the 
surface roughness. Wojciechowski et al. [9] investigate the 
effect of tool inclination on the working diameter in the 
case of ball-end milling, and point out that with a large 
working diameter, the surface roughness is minor, and it 
decreases with the increase of the cutting. Ižol et al. [10] 
study the importance of milling strategies and indicate that 
the applied strategies have a more significant effect than 
the width of cut on the surface roughness. Buj-Corral et al. 
[11] study the surface at different slopes and find that
conventional milling can be recommended at a high depth

of cut and high speed. In ascendant trajectories, 
conventional milling is recommended to reduce the 
surface's roughness, whereas climb milling is preferred in 
descendant trajectories. Belguith et al. [12] investigate the 
effect of the tool bending on the cutting force magnitude in 
ball-end milling, and they indicate that while increasing, 
the tool bending the uncut thickness decreases due to the 
diminution of the equivalent radius. Huo et al. [13] present 
a new method to generate tool paths machining freeform 
surfaces using a three-axis CNC machine depending on a 
preferred feed direction field. Seikh et al. [14] study the 
synergistic effects of cutting parameters on surface 
roughness in ball-end milling of oxygen-free high 
conductivity (OFHC) copper, and they indicate that the 
axial and radial depth of cut has the most significant effect 
followed by the feed rate. 

The above literature review shows that the 
optimization procedures for the ball-end milling process 
mainly focus on surface quality, tool life and tool path 
planning. Therefore, there is a need to emphasize the 
importance of cutting depth and surface geometry as these 
factors have a direct effect on the working diameter which 
in turn affects the cutting speed and as a result the surface 
quality. 

In this paper, a geometric approach is presented to 
calculate the effective diameter when finishing the free 
surface using a ball end tool. The aim is to calculate the 
working diameter along the surface and to study the effect 
of surface inclination angles, axial and radial depth of cut 
and feed direction on the working diameter. For this 
purpose, a Matlab simulation was used to demonstrate the 
change in working diameter as a function of the above-
mentioned factors. 

2 EFFECTIVE DIAMETER 

The nominal and the working, or effective diameter is 
different in case of ball-end milling. In case of horizontal 
surface, the effective diameter, based on Fig. 1, can be 
calculated by Eq. (1). 
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where as ap is the depth of cut, and D is the cutter's nominal 
diameter. 
 

 
Figure 1 Definition of the effective diameter in the case of a horizontal plane. 

 
However, as mentioned before, the cutting tool's 

diameter changes because of the change in the surface 
inclination, the different section of the tool's edge will 
work. Fig. 2 shows an inclined surface and a ball-end 
milling cutter. 
 

 
Figure 2 Ball-end milling of an inclined plane surface. 

 
The working (effective) diameter can be defined as the 

distance of the intersection circle and the tool axis. The 
intersection circle is generated by the machined surface 
parallel surface, when the distance between surfaces is the 
depth of cut (ap). Based on the geometric model of Mikó 
and Zentay [15] the intersection circle can be described. 
However, if the origin of the coordinate system is located 
to the centre of the ball, further transformation will be 
simpler. The equation of the intersection circle, when the 
surface is horizontal, can be described by Eq. (2). 

The surface inclination can be described by the angular 
position of the normal vector. AN1 defines the angular 
position to the x axis, and AN2 to the z axis. Then two 
rotation operators are enough to calculate the current 
equation of the intersection circle. 

The use of intersection plane instead of the offset 
surface results in easier calculation, but causes some 
differences in results. 
 

 
Figure 3 Tangent points on the transformed circle. 

The current working diameter can be selected by 
considering the feed direction. The point has to be found, 
when the tangent plane, which perpendicular to the xy 
plane is parallel with the feed direction (Fig. 3). The central 
circle is the original section curve. The other one is the 
view of the transformed circle. The mathematical 
description of the transformed curve can be generated by 
two rotation matrices (Eq. (3) to Eq. (5)). On the 
transformed circle, two points can be defined by the 
tangent line, which has the same direction as the feed 
direction of the milling (A) (Eq. (6)). 
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The location of the tangent point can be calculated by 

first differential of the curve: 
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Considering the width of cut, the other 4 points can be 

defined, which indicate the starting or end point of the 
cutting (Fig. 5). 

The step-over parameter (ae) defines two additional 
points per sides, which depends on the milling process 
whether it is a down-milling or up-milling. By taking a 
parallel line to the tangent line with a distance equal to the 
width of cut, two points can be recognised on the 
transformed circle (Fig. 4). 

Depending on the direction of width of cut, the milling 
cutter can work on the side 1 or side 2. In case of up-
milling, the cutting cycle starts at point 1 and ends at point 
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1' as in Fig. 5a, whereas in the case of down-milling, the 
cutting process starts at point 1'' and ends at point 1 (Fig. 
5b). If the tool works on the side 2, in case of down-milling 
the chip removal starts at point 2' and ends at point 2 (Fig. 
5c), but in case of up-milling the chip removal there is 
between point 2 and 2" (Fig. 5d) 
 

 
Figure 4 The extreme points defined by the width of cut 

 
With a higher width of cut (ae), the change in the 

effective diameter will increase. It means, the cutting speed 
changes during one chip removal process, which will affect 
the cutting speed and result in insufficient surface 
roughness. 
 

 
a) Up-milling                                                               b) Down-milling 

 
c) Down-milling                                                               d) Up-milling 

Figure 5 Extreme points 
 

The simulation was implemented in Matlab. The 
pseudo-code of the Matlab program is the next: 
 1. Set the tool parameter: Dc. 
2. Set the input cutting parameters A, ae, ap, n. 
3. Set the surface inclination: AN1, AN2. 
4. Calculate the effective diameter in horizontal plane. 
5. Create the transformed circle considering the inclination 
of the surface. 
6. Find the two tangent points (1, 2) when the slope of the 
tangent line is equal to the feed direction (A). 
7. Find the parallel line to the tangent line with a distance 
equal to the width of cut. 
8. Find the intersect between the transformed circle and the 
parallel line (1', 1", 2', 2"). 
9. Calculate the distance between the tangent points and the 

tool centre. 
10. Calculate the distance between the tool centre and the 
intersecting points. 
11. Output Working diameters: Deff and current vc. 
 
3 THE EFFECT OF THE DEPTH OF CUT AND THE WIDTH 

OF CUT 
 

The cutting diameter depends on the tool diameter, the 
surface inclination and the depth of cut (ap). The effect of 
them is investigated by simulations. First, the effect of the 
tool diameter, the depth of cut and the width of cut is 
presented in case of a particular surface position and feed 
direction. The values of the cutting and the tool parameters 
were determined based on the industrial practice in order 
to demonstrate the effect of the each parameter. 
 

 
a) Tool diameter Dc = 6 mm 

 
b)Tool diameter Dc = 8 mm 

 
c)Tool diameter Dc = 10 mm 

Figure 6 The effective diameter in the function of depth of cut. 
 
The depth of cut or the axial depth of cut ap represents the 

distance the tool engages into the workpiece in the z axis. 
Therefore, to increase the work done by the tool, a higher 
depth of cut should be defined. This can be noticed in Fig. 
6, when the AN1 = 35°, AN2 = 25° and A = 30°. With 
increasing the depth of cut, the working diameter increases 
too. When the milling is performed from the bottom to the 
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top, the working diameter is larger. The difference depends 
on the inclination of the surface. The figure shows the 
effects of the depth of cut on the working diameter, using 
different tool diameters (6, 8 and 10mm). At ap = 0.1 mm 
the tool works with half of its diameter. 

Fig. 7 shows how the change in the width of cut ae 
affects working diameter, in the case of up milling and 
down milling using different tool diameters (6, 8 and 10 
mm), when ap = 1 mm at cutting point 1. 
 

 
a) Tool Diameter Dc = 6 mm 

 
b) Tool Diameter Dc = 8 mm 

 
c) Tool Diameter Dc = 10 mm 

Figure 7 The change of the working diameter during chip removal  
in up and down milling at point 1. 

 
As it can be seen in Fig. 7, the ranges of the change of 

working diameter are similar despite using different tool 
diameters, which is expected as increasing the nominal 
diameter of the tool will increase the working diameter but 
does not affect the change of the working diameter of the 
same tool. The change is related to the cutting parameters 
as depth and width of cut, mentioned before, and the 
surface inclination, which will be discussed in the next 
section. 
 
4 THE EFFECT OF THE FEED DIRECTION 
 

The working diameter is influenced by the feed 
direction too, so beside the tool diameter, the depth of cut, 
the width of cut and the surface inclination, the feed 
direction has to be considered. Fig. 8 shows the change of 

the working diameter due to the change in the feed 
direction, with parameters as follows: Dc = 10 mm; AN1 = 
35°; AN2 = 25°; ap = 1 mm; ae = 1 mm. 
 

 
Figure 8 The effective diameter as a function of the feed direction (ap =1 mm) 

 
The working diameter changes dramatically with the 

milling direction. This change is in the range of 2.5 - 4.5 
mm for point 2, whereas the working diameter changes 
between 1 - 4 mm at point 1. The working diameter of point 
1 at A = 180° is equal with the working diameter of point 2 
at A = 0°. If the angle of the feed direction is larger than 
180°, the point 2 starts to work. In this simulation, the 
width of cut has not got a role. 

If the depth of cut is 0.3 mm, which is a realistic data 
for machining, the character of the curves is the same, but 
the values are lower. The value of the effective diameter 
changes from 0.5 to 3.5 mm. 
 

 
Figure 9 The effective diameter as a function of the feed direction (ap = 0.3 mm) 
 

Fig. 8 and Fig. 9 illustrate the importance of the proper 
feed direction to guarantee the minimum change in the 
working diameter. The presented diagram can be generated 
in every point of a surface, when the surface inclination is 
changed, and the best feed direction can be selected from 
the viewpoint of working diameter. 
 
5 THE EFFECT OF THE SURFACE INCLINATION 
 

As has been mentioned before, the working diameter 
changes during the milling process due to the change of the 
inclination of the surface (AN1, AN2). In this case study, the 
effect of the surface inclination is presented, and the 
changing of the cutting speed is presented too. During the 
simulation the tool diameter is 10 mm, the nominal cutting 
speed is vc = 120 m/min, the spindle speed is                 
n = 3820 1/min. 

Fig. 10 shows the changing of the working diameter of 
the ball-end mill, when the depth of cut is 1 mm and the 
feed direction is A = 30°. The inclination of the surface has 
a significant effect on the working diameter, which shows 
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a big change from point to point. The changing of the 
surface normal vector (AN1, AN2) means changing the 
character of the surface. In Fig. 9a, the working diameter is 
calculated between the centre of the tool and point 1 on the 
transformed circle, whereas, in Fig. 9b, it is calculated 
between the centre of the tool and point 2 on the 
transformed circle. The lowest value 0.055 mm at AN1 = 
120°, AN2 = −37.5° in the case of points 1, and AN1 = 120°, 
AN2 = 37.5° in the case of point 2. The highest diameter 
4.950 mm at AN1 = 120°, AN2 = 45° in the case of point 1, 
and AN1 = 120°, AN2 = −45° in the case of point 2. The 
minimum and maximum values of the Deff_1 and Deff_2 are 
the same, the role of point 1 and 2 changes by the changing 
of AN1 and AN2. The two diagrams are symmetrical to the 
axis AN1. 
 

 
a) At cutting point 1 

 
b)At cutting point 2 

Figure 10 The change of the effective diameter as a function of the surface 
inclination (A = 30°) 

 
Fig. 11 shows how the cutting speed changes due to 

the change of the surface inclination, as the actual cutting 
speed that can be calculated depends on the effective 
diameter at each point using the formula: 
 

π

1000
eff

c

D n
v

 
                                                                                  (7) 

 
Of course the location of the highest and the lowest 

cutting speed coincides with the location of the minimum 
and maximum value of the working diameter and the 
characters of the diagrams are similar to the diagrams of 
Deff. In the case of point 1, the highest speed value is 59.4 
mm/min at AN1=120◦, AN2= 45° and the lowest value is 
0.66 mm/min at AN1=120°, AN2= −37.5°, in the case of 
point 2, we got the same highest and lowest value at 
AN1=120°, AN2= −45° and at AN1=120°, AN2= 37.5°.  

If the depth of cut is 0.3 mm, the working diameter is 
smaller, the character of the surface is similar to the 
previous result and the point 1 and point 2 surfaces are 
symmetric. Tab. 1 shows the data of the simulations. 

 
a) Atcutting point1 

 
b) At cutting point 2 

Figure 11 The change of the cutting speed as a function of the surface 
inclination (A = 30°) 

 
Table 1 The data of the simulation 

A / ° 30 60 
Cutting point 1 2 1 2 
Deffmin / mm 0.005 0.005 0.005 0.005 
vcmin / m/min 0.06 0.06 0.06 0.06 
AN1 / ° 120 120 150 150 
AN2 / ° −20 20 −20 20 
Deffmax / mm 4.530 4.530 4.530 4.530 
vcmax / m/min 54.36 54.36 54.36 54.36 
AN1 / ° 120 120 150 150 
AN2 / ° 45 −45 45 −45 

 

 
a) A = 30° 

 
b) A = 60° 

Figure 12 Working diameter at point 1, ap =0.3 mm 
 

In case of this simulation, the feed direction is different 
A = 30° and A = 60°. The change of working diameter is 
presented in Fig. 12, the other diagrams can be seen in the 
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Appendix. These diagrams in the Appendix show the value 
of the working diameter and the cutting speed at points 1 
and 2. The minimum value of the working diameter is 
0.005 mm, and the maximum is 4.530 mm, which is 
smaller than in case of ap = 1 mm. The minimum and 
maximum values are the same in both investigated cases, 
but the location of them is different. The surface of the 
diagram is shifted along AN1 with 30°. The cutting speed 
changes parallel with the working diameter in the range of 
0.05 - 54.5 m/min. 

Comparing the actual cutting speed with the nominal 
cutting speed, the effect of the surface inclination is 
noticeable, the highest value of the actual cutting speed 
equals half of the nominal cutting speed and at some point, 
the speed is too low, close to zero, which affects the 
roughness of the surface and its quality. 
 
6 CONCLUSION 
 

This work illustrates how the working diameter of the 
ball-end milling cutter changes due to the change of the 
surface inclination and the feed direction, affecting the 
homogeneity of the machined surface. Besides, it 
investigates the effect of the depth of cut and width of cut 
on the working diameter. The aim of the research is to 
create an optimization algorithm in order to improve the 
surface quality of milled free-form surface by the control 
of working diameter of the ball-end milling cutter. 

Currently the result of the simulation was presented. 
The simulation model was developed to calculate the 
working diameter in general case. The geometric method 
[15] was used and modified in order to be easier 
implemented in Matlab environment. The simulation 
application ensured more detailed investigation of the each 
parameter. The steps of the simulation model, which has 
been implemented, are as follows: 
 The intersect circle between the milling cutter and the 

surface is defined in the horizontal plane to calculate 
the theoretical effective diameter. 

 The intersect circle can be transformed considering the 
surface inclination at the contact point. 

 The distance between the center of the milling cutter 
and a point on the transformed circle represents the 
effective diameter at this point. 

 The feed direction parallel tangent lines determines 
two points on the transformed circle, as the cutting 
points. 

 The width of cut determines the other two points on the 
transformed circle as the starting or finishing point of 
the chip removal process. 
The results give an insight into the impact of the 

cutting parameters on the effective diameter. Besides, they 
give a clear image of the effect of feed direction and the 
inclination of the surface on the effective diameter and the 
cutting speed. Using a relatively high value of depth of cut 
increases the effective diameter and achieves more 
engagement of the tool in the workpiece, but the load of the 
cutting tool increases too. While increasing the width of cut 
increases the change of the effective diameter along the 
chip removal section. Therefore, taking into consideration 
this parameter can help in reducing the change in the 
working diameter. 

The impact of the feed direction and surface 

inclination is demonstrated. However, while nothing can 
be done related to the surface inclination, the feed direction 
is the parameter that can be chosen carefully to achieve a 
constant working diameter. The change in the working 
diameter leads to a change in the real cutting speed, which 
will affect the changing of the surface roughness of the 
milled surface. Therefore, as a solution, the milling speed 
should be controlled and adjusted at each point to keep the 
cutting speed at the same value. During the optimization 
algorithm of the ball-end milling process, the working 
diameter has to be calculated point-by-point. The geometric 
information and the technological data are determined by the 
connection of the CAD model of the surface and the NC 
program. 

The result of the simulation presents the importance of 
the effective diameter to the changing of the cutting speed 
considering the inclination of the surface and the feed 
direction. The developed simulation makes it possible to 
investigate the changing of the cutting speed during the chip 
removal section, and the simulation algorithm can be the core 
of the optimization solution. The control of the constant 
cutting speed, based on the presented simulation method, 
and the investigation of the surface roughness of the free 
form surface in different cutting condition are the goal for 
future work. 
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Appendix 

Working diameter at cutting point 1 ap = 0.3 mm A = 30° Working diameter at cutting point 2 ap = 0.3 mm A = 30° 

Cutting speed at cutting point 1 ap = 0.3 mm A = 30° Cutting speed at cutting point 2 ap = 0.3 mm A = 30° 

Working diameter at cutting point 1 ap = 0.3 mm A = 60° Working diameter at cutting point 2 ap = 0.3 mm A = 60° 

Cutting speed at cutting point 1 ap = 0.3 mm A = 60° Cutting speed at cutting point 2 ap = 0.3 mm A = 60° 
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