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Abstract: The vortex structures in a draft tube of a Francis turbine are confused, primarily when cavitation occurs, which may induce severe vibration and noise. 
Understanding this vortex's periodical precession and investigating the vortex rope influence in the draft tube cone is required for stable operation at off-design conditions. 
This study captured the cavitating flow with high accuracy by utilizing the SST turbulence and ZGB cavitation models. The Omega and Liutex methods are employed and 
compared with the traditional Q - criterion to determine the vortex rope behavior in the Francis-99 turbine draft tube. The result showed that the Liutex/Rortex method is 
advantageous over the Q - criterion for representing the vortex rope structure. The Liutex method can effectively remove the boundary layer's influence on visual vortex 
structures from the draft tube's wall. Moreover, the local hydraulic loss distribution was clarified by using entropy production. By comparing Liutex magnitude distribution and 
entropy production rate, the vortex rope behavior effects on local hydraulic loss were significantly illuminated. 
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1 INTRODUCTION 
 

Francis turbines are the most popular in the generating 
capacity, and internal turbulence is highly complex. However, 
many Francis turbines are old and need renovation. Moreover, 
many studies have been done to redesign and renovate the 
runner to improve the cavitation characteristics. Among them, 
runners with splitter blades are considered the most promising 
way. Splitter blades can improve the load distribution on the 
runner blades, improve cavitation characteristics and decrease 
pressure pulsation compared with traditional runners [1]. The 
Francis-99 workshop series [2] looks to discuss and explore 
CFD techniques with application to Francis turbines with 
splitter blades. These studies proved to help a deeper 
understanding of the flow dynamics, mainly at transient 
operating and off-design conditions in a Francis-99 turbine. 
However, the internal vortex flows in the draft tube are complex; 
more studies are needed to demonstrate further Francis turbines' 
cavitating flow mechanism with splitter blades. Therefore, a 
rigorous capture of a vortex structure is indispensable for flow 
cavitation research. 

The flow in the Francis turbine working at partial-load (PL) 
or high-load (HL) is unstable, leading to the development of the 
vortex rope. Various efforts have been performed to 
determine vortical structures in the Francis turbine. Tran et 
al. [3] used the Q - criterion to detect and analyze the vortex 
development at PL conditions. However, it is challenging 
to choose a threshold value and depends on the author's 
experience. Furthermore, by traditional vortex 
identification cannot be removed non-physical vortex 
structures. These will directly influence one's 
understanding of the hydraulic loss caused by vortex rope 
evolution. Recently, Liu et al. introduced the Ω method and 
Liutex/Rotex method [4] to determine the vortex. The 
Liutex/Rotex method has provided better performance and 
more reliability in revealing vortex structures [5, 6]. Hence, 
this method needs applying to analyze vortex rope's 
influence on the Francis turbine draft tube. 

Usually, in a hydraulic turbine, hydraulic losses are 
determined by the difference in the total pressure of the 
inlet and the outlet. This method will not be able to 
illuminate the losses at any location's internal flow. 
Moreover, to overcome this, many works have been done 

to prove the relationship between entropy production and 
hydraulic loss [7]. The entropy production theory [8] helps 
predict the turbine's hydraulic performance, so it is much 
simpler to get a quantitative locating address where energy 
dissipation occurs. However, they did not compare entropy 
production with vortex motion in a draft tube, which 
further clarifies the influence of vortex rope on hydraulic 
loss. 

Motivated by the above literature, this paper aims to 
determine and illuminate better the cavitating vortex rope's 
influence on hydraulic loss. Hence, by the SST turbulence 
and ZGB cavitation models [9], the cavitation flow in the 
Francis-99 turbine is simulated. The cavitating vortex 
ropes in the draft tube of the Francis-99 turbine are 
captured. The vortex structure visualized by the 
Liutex/Rortex method is compared with the Ω method and 
Q - criterion. Furthermore, by comparing the distributions 
of entropy production rate, Liutex/Rortex and Ω method 
vortex rope's influence on hydraulic loss is further clarified. 
 
2 MATHEMATICAL METHOD 
 

The simulations are conducted based on the geometry 
and parameters provided by the second Francis-99 
workshop. One of the crucial characteristics of the fluid 
flow problem in turbomachines is the runner rotational 
motion. Therefore, the rotating reference frame was used. 
Additionally, when simulating cavitating flow, the two 
phases are needed to be considered. 
 
2.1 Governing Equations and Cavitation Model 
 

In a rotating reference frame, the governing equation 
for absolute velocities can be expressed as follows:, 
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where ρm - the mixture density; ui - the absolute velocity 

components; r
iu  -  the relative velocity components; p - the 

mixture pressure t
ij  - the turbulent stress tensor; n

ij  - the 

viscous stress tensor, εijk - the Levi-Civita symbol; v, ρv - 
the volume fraction and density of vapor, respectively; Re 
and Rc stand for evaporation and condensation during 
phase change. 

Several mass transfer models can be used as the 
cavitation model, and it is presented to relate the single 
bubble radius RB with the vapor volume fraction v. The 
ZGB cavitation model is adopted in the present study. 
 
2.2 Vortex Identification Methods 
 

The symmetric matrix and antisymmetric matrix of the 
velocity gradient tensor  V are employed to identify the 

vortex. 
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a) Q - criterion 

The Q- criterion can be written as: [10] 
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And the zone with Q  0 indicates the existence of the 

vortex. The Q criterion is widely used to identification 
vortex. 

b) Ω method 
Liu et al. [11] presented the Ω method as follows: 
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where a, b is defined the same as those in Eq. (5). 

It is suggested that the vortex structures for most flows 
are most clearly identified when Ω = 0.52. Therefore, the 
uniform value Ω = 0.52 is used to visualize vortex 
structures on the Francis turbine in different operational 
points. However, Ω is adjusted in the range depending on 
the velocity flow. 

c) Liutex/Rortex method 
Unlike the above methods, the Liutex method shows 

both the magnitude R and direction r


 of the vortex as a 
vector [12]. The Liutex vector can be obtained by: 
 

R Rr
 

                                                                                     (9) 
 

2 2, , 4 ciR r r    
   

                                                (10) 

 
2 2, , 4  ciR r r r  

 
   
 

     
                                              (11) 

 
2.3 Entropy Production Theory 
 

Entropy production is an excellent variable for 
evaluating hydraulic loss and can be calculated by Eq. (13): 
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For turbulent flows, DS'''


 can be separated into two 
terms as: 
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where Q


 stands for the energy transfer rate; DS'''


 and 

D'S'''


 are specific entropy production rate, and can be 

defined as follows: 
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where ,  and u v w  are time-averaged velocity components; 

,  and u' v' w'  cause by velocity fluctuation components. 
However, when the results of simulations are obtained 

through the RANS approach, DS'''


 can be immediately 

determined, D'S'''


 is not obtainable. According to Kock 

[13], for this, D'S'''


 can be approximately calculated by: 
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where k is the kinetic energy of the turbulent fluctuations. 

Therefore, the local entropy production has been 
obtained after the numerical simulation. The overall 



Cong Trieu TRAN, Duc Cuong PHAM: Application of Liutex and Entropy Production to Analyze the Influence of Vortex Rope in the Francis-99 Turbine Draft Tube 

Tehnički vjesnik 29, 4(2022), 1177-1183                                                                                                                                                                                                       1179 

entropy production rate is the volume integration of the 
specific entropy production rate and can be obtained by: 
 

dpro D
v
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2.4 Numerical Setup 
 

This study used the Francis-99 model turbine as the 
study object. The main flow passage components of the 
Francis turbine are shown in Fig. 1. The Francis-99 
workshop provided the grids on the corresponding flow 
zones. According to Trivedi et al. [14] the quality of these 
meshes satisfied the common industrial standard. 
 

Table 1 Grid independence investigation [14] 
Schemes Grid number / 106 Efficiency  / % Discrepancy / % 

1 4.83 96.89 4.5 
2 10.94 95.44 3.05 
3 20.73 94.46 2.07 

 
In this paper, the hydraulic efficiencies are chosen to 

evaluate the grid size's effect on the simulation results. As 
shown in Tab. 1, further increasing the grid number does 
not affect the calculation result. Grid scheme 3 (20.73 
million nodes) is used for the numerical calculations. 

The flow in hydro turbines is unsteady. Thus, unsteady 
simulations with one of the advanced turbulence models 
are necessary to predict the processing vortex rope. 
Moreover, in this case, the cavitating phenomenon could 
not be avoided. Therefore, the SST turbulence model was 
considered an appropriate model for predicting the vortex 
rope. Therefore, the SST turbulence model and ZGB 
cavitation model are approved in this study. 

The boundary condition of the mass flow inlet was 
defined at the spiral casing inlet.  The static pressure 
calculated from the cavitation coefficient (σ) is specified at 
the outlet of the draft tube. The zones between the runner 
and the guide blade/draft tube zone (interface) were used 
for the frozen rotor for steady-state. Also, for unsteady 
simulation, the transient rotor-stator condition was set. The 
runner rotational frequency for the present study was set at 
5.54 Hz. The transient simulation time step corresponded 
to one degree of runner revolution (t = 510−4s), and the 
value 10−5 was the maximum of convergence criterion. 
 

 
Figure 1 Francis-99 turbine 

 
3 RESULTS AND ANALYSES 
3.1 Validation of CFD Results 
 

This paper used the data experiment provided by 
NTNU under the Francis-99 workshop series [2]. The axial 
velocities were presented with laser Doppler anemometry 

(LDA) measurements along two horizontal planes in the 
draft tube [15]. We consider the two planes, Plane 1 and 
Plane 2 are located at lines L1 and L2 (see Fig. 2), 
respectively, along which we obtain the instantaneous 
velocity. In Fig. 3, for BEP condition operation, 
instantaneous velocity values and laser Doppler 
anemometry measurements data on Plane 1 and 2 
corresponding Line 1 and Line 2 are normalized to be 
compared. As a result, there is an agreement between the 
experimental and numerical results. 
 

 
Figure 2 Positions of the experimental measurement lines 1 and 2 [2] 

 

 
Figure 3 Vertical velocity at Plane 1 and Plane 2, comparison of numerical 

(above) and experimental (below) 
 

Usually, the development of vortices is often related to 
fluctuations in pressure. Fig. 4 shows the frequency 
spectrum obtained by performed FFT analysis of the 
monitoring dynamic pressure fluctuation on the DT5 point 
(see Fig. 2) for PL condition. The figure shows a peak 
value of about 0.29 times the runner frequency, indicating 
vortex rope [16]. Fig. 4 also shows a second peak value at 
a lower frequency f0 (about 0.1ꞏfrunner). This phenomenon 
suggests that the vapor volume in the draft tube cone causes 
a significant drop in the wave speed. The pressure 
fluctuations are significantly amplified in the resonance 
case, which can put the hydro-mechanical system's 
stability in the harmful case. 
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Figure 4 Pressure fluctuation frequency at DT5 point for the PL condition 

 
From the above comparisons, the simulation results are 

in good agreement with the experimental data. Therefore 
 
3.2 Spiral Vortex Breakdown Visualized by Ω Method and 

Liutex/Rortex Method 
 

Cavitation and vortex interact in the flow field; thus, a 
rigorous capture of a vortex structure is essential for flow 
cavitation investigation. This section identifies and 

investigates vortex structures in the Francis-99 turbine 
draft tube operating under PL conditions. 

Fig. 5 shows the comparison of the iso-surfaces given 
by the Q - criterion,  method, and Liutex/Rortex method. 
The pictures reveal no graphical differences between the 
results of the  method and Q - criterion for visualization 
vortex rope, where the chosen Q - criterion values are 
optimized.The method, which  = 0.52, could successfully 
capture the vortex structure that misses the subjective 
adjustment of the threshold values. However, when using 
the Q - criterion and  method, some non-vortical structures 
(see Fig. 5b) are still observed, caused by the draft tube's 
boundary layer. In particular, the Q - criterion does not 
capture the vortex structures when a high threshold is used.  

In contrast, in the Liutex/Rortex method in Fig. 5c, the 
unique vortex rope is observed more clearly. Furthermore, 
the Liutex method can effectively remove the boundary 
layer's influence of the draft tube's wall on visual vortex 
structures. Thus, for multi-phase flows, the Liutex/Rortex 
method works better than the method and Q - criterion. 

 

 
Figure 5 Comparisons for the vortex identification between the Q - criterion (a), Ω method (b), and Liutex/Rortex (c) iso-surfaces 

 

 
Figure 6 Vortex structures evolution in one cycle for two critical cavitation conditions at PL operating point 
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To further understand the turbulent flow 
characteristics in the draft tube, the visualization vortex 
evolutions using Liutex/Rortex method and Q - criterion 
based on the unsteady simulation are employed and 
compared. Fig. 6 shows the evolution of vortex structure in 
a revolution period under critical cavitation conditions. 
The vortex rope is divided into three axial sub-regions. In 
Region 1 (near the runner outlet regime), a nearly straight 
vortex rope is observed. Region 2 consists of a spiral rope, 
which rotates and translates with predetermined velocities. 
Region 3 shows vortex breakdown, shedding, and moves 
downstream. The cavitation is strongly developed within 
the first region, and its precession motion almost looks like 
a symmetrical axis. Within region 3, the diameter near the 
tail of the vortex rope decreases. The vortex rope 
precession loses its coherence, and the volume of the 
vortex rope changes a lot in one rotation period due to the 
vortex breakdown. As shown in Fig. 6, the vortex strength 
represented by the Q - criterion has significantly been 
diminished at the downstream (region 3), which is 
discrepant from the results shown by the Liutex/Rortex 
method. Furthermore, it can be seen that the process of 
vortex breakdown occurs rapidly but is only well captured 
by Liutex/Rortex method without any vortices cloud. 
 

 
Figure 7 Distribution of instantaneous pressure (a) and instantaneous 

Liutex/Rortex (b) 
 

Fig. 7 shows the comparison of the Liutex/Rortex 
distribution's relative locations with the pressure. Fig. 7a 
the low-pressure zones represent cross-sections of the 
spiral vortex rope due to the balance of centripetal force in 
the vorticity axis [17]. The figure shows that the 
distribution of the instantaneous pressure and 
Liutex/Rortex is similar. These results are further 
confirmation of the genuineness of the Liutex method. 
 
4 INFLUENCE OF VORTEX ROPE ON ENERGY LOSS 
 

In hydraulic machinery, the hydraulic efficiency of the 
turbine usually can be calculated as: 
 

M

gHQ





                                                                                            (18) 

 
where H is the head calculated by (p1 − p2)/g and p1 and 
p2 represent total pressure at the turbine inlet and outlet. 

Fig. 8 compares the hydraulic efficiency calculated by 
entropy production and the method of the total pressure 
drop. It can be seen that both curves of the hydraulic 
performances calculated using entropy production and the 
pressure drop are in agreement. At lower flow conditions, 

the flow in the turbine occurs with strong vortex rope and 
cavitation. High entropy production rate focuses where the 
cavitating vortex rope occurs. The loss of energy 
determined through entropy included the vortex behavior 
and effect of the boundary layer. Therefore, there is a 
deviation between the results of both methods at the low 
flow condition, hence further confirmations of the close 
relationship between entropy production and hydraulic loss. 
 

 
Figure 8 Efficiency calculated by simulations and experiment 

 

 
Figure 9 Distribution of entropy production on the meridian plane of the draft 

tube 
 

The draft tube is designed to reduce the exit velocity 
of flow; thus, recovery pressure decreases the exit loss and 
improves efficiency. However, it has been shown that 
effective pressure recovery is prevented according to the 
flow conditions. It is assumed that the significant 
development of a dead water region preventing the main 
flow in the draft tube cone causes significantly high 
specific energy losses. Fig. 9 shows the entropy production 
distribution on the draft tube's meridian plane for three 
operating conditions. The pictures indicate the significant 
dissipation in the draft tube. The high entropy production 
region occurs at off-design operating conditions (Fig. 9a 
and Fig. 9c), which shows that hydraulics losses are higher 
at these conditions. The entropy production in the draft 
tube is remarkably high, which indicates that the specific 
energy loss in the draft tube is exceptionally high. 

As discussed above, under off-design operating 
appears vortex rope in the draft tube. Therefore, to clarify 
the vortex rope's influence on hydraulic loss further, the 
entropy production is compared with vortex motion in a 
Francis turbine draft tube. Fig. 10 compares the high 
entropy production region in the draft tube, and the high 
entropy region rotates with the vortex rope motion at 
several time steps. The area with high entropy production 
appears in the draft tube. Moreover, it turns with the vortex 
rope and contains the vortex rope center but has a more 
extensive range. The presented results suggest that the high 
entropy production regime covers the vortex structure. The 
evolution of a vortex rope at the centerline of the draft tube 
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is responsible for the development entropy production rate. 
Also, the formation of the vortex rope can be predicted well 
by analysis of entropy production. 

 

 
Figure 10 Contours of (a) instantaneous distribution of entropy production, (b) instantaneous Liutex/Rortex on the meridian plane of the draft tube at PL 

 
Fig. 10 also shows that the vortex ropes' processing 

affects the generated entropy production. It indicates that 
the vortex rope had the same evolution cycle with entropy 
production rate. Therefore, the behavior of evolution 
vortex rope in the draft tube significantly affects the local 
Liutex magnitude distribution. As a result, it increases the 
local entropy generation rate causing the local hydraulic 
loss. It shows that the vortex rope induced unsteady flow 
and increased the hydraulic loss. 
 
5 CONCLUSIONS 
 

For the identifications of the vortex rope structure, the 
W method has more advantages than other current methods 
(e.g., Q - criterion) and can avoid subjective errors in 
threshold value selection. However, the Liutex method can 
effectively remove the boundary layer's influence on visual 
vortex structures from the draft tube's wall. 

By comparing entropy production with the evolution 
of cavitating vortex rope, the study of entropy production 
can predict the development of the vortex rope. 
Furthermore, the agreement of vortex and local entropy 
production rate was illustrated. The influence of the vortex 
rope on local hydraulic loss was addressed. 
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