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GRAPHS OF CURVES FOR SURFACES WITH
FINITE-INVARIANCE INDEX 1
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ABSTRACT. In this note we make progress toward a conjecture of
Durham-Fanoni—Vlamis, showing that every infinite-type surface with fi-
nite-invariance index 1 and no nondisplaceable compact subsurfaces fails
to have a good graph of curves, that is, a connected graph where vertices
represent homotopy classes of essential simple closed curves and with a
natural mapping class group action having infinite diameter orbits. Our
arguments use tools developed by Mann—Rafi in their study of the coarse
geometry of big mapping class groups.

1. INTRODUCTION

For the purposes of this note, surfaces are connected orientable 2-mani-
folds and curves are homotopy classes of essential simple closed curves. A
surface S is of finite or infinite type according to whether or not m(S) is
finitely generated. The mapping class group Map(S) is the group of homotopy
classes of orientation-preserving homeomorphisms of S.

A central object in the study of finite-type surfaces and their mapping
class groups is the curve complex C(S), which was introduced by Harvey
[7]. The vertices of C(S) represent curves on S and sets of vertices that
have disjoint representatives bound simplices. The curve complex is flag and
it is also referred to as the curve graph. Many variants of C(S) have also
been considered—for example, by replacing curves with subsurfaces or by
considering only separating or nonseparating curves. When S is of finite
type, C(S) has infinite diameter when equipped with the path metric induced
by letting each edge have length one (the standard graph metric), and its
geometry is Gromov hyperbolic, as shown by Masur-Minsky [11]. Further,
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the orbits of the natural action of Map(S) on C(S) have infinite diameter, and
analyzing these orbits gives information about the Nielsen—Thurston type of
a mapping class.

For any infinite-type surface S, it is not hard to see that C(S) has di-
ameter 2. If we have any hope of recovering the interesting mapping class
group actions found in the finite-type setting, it is necessary to build alter-
natives to C(S). One option is to replace curves with other objects; in this
direction, Calegari and Bavard initiated the study of ray graphs [5, 4]. In
this note, following Durham—Fanoni—Vlamis, we consider alternatives where
vertices correspond to curves on S, but where perhaps only a proper subset
of curves are included, and where edges need not correspond to disjointness
[6]. We will say that a graph I' is a graph of curves for S if the vertices of T
represent some (not necessarily proper) subset of curves on S and if the natu-
ral action of Map(.S) on the vertices of I" induces an action on I" by simplicial
automorphisms. When a graph of curves I' for S is connected and under the
natural action of Map(S) has an infinite diameter orbit in the standard graph
metric, we will call I' a good graph of curves for S. Note that the natural
action of Map(S) on a good graph of curves is an isometry and therefore
continuous.

Durham—Fanoni—Vlamis defined an invariant of infinite-type surfaces that
in most cases determines whether or not S has a good graph of curves [6].
The finite-invariance index f(S) of a surface is the size of the largest finite
Map(.S)-invariant collection of disjoint closed proper subsets of ends of S
see Section 2 for more details. Using this invariant, Durham-Fanoni—Vlamis
characterized in most cases whether S has a good graph of curves.

THEOREM 1.1 ([6], Main Theorem). If f(S) > 4, then Map(S) admits an
unbounded action on a graph consisting of curves. If (S) = 0, then Map(S)
admits no such unbounded action.

In earlier work, Aramayona—Valdez proved whether or not Map(S)-inva-
riant subgraphs of C(S) are good for certain classes of infinite-type surfaces
[2]. Their results break into two cases, depending on whether S has finite or
infinite genus. We summarize their relevant results as follows.

THEOREM 1.2 ([2, Theorems 1.4 and 1.7]). Let S be an infinite-type sur-
face.

(1) If S has finite genus and no isolated punctures, then a Map(S)-inva-
riant subgraph G(S) has infinite diameter if and only if it contains no
separating curves that cut off a disk containing some, but not all, of
the punctures.

(2) If S is a blooming Cantor tree and G(S) is a Map(S)-invariant subgraph
of C(S), then diam(G(S)) = 2.
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The statement given in (2) is a correction of the statement given by
Aramayona—Valdez [2, Theorem 1.7]; their original statement contradicts The-
orem 1.1. The proof that they give assumes not only that S has infinite genus
and no isolated ends, but also that every end is accumulated by genus [1];
this further hypothesis implies that S is a blooming Cantor tree. The sur-
faces treated in Theorem 1.2 are also treated in Theorem 1.1, since they all
have finite-invariance index either 0 or co.

In their paper, Durham-Fanoni-Vlamis make some observations about
the cases of finite-invariance index 1, 2, and 3. For f(S) = 2 and §(S) = 3, they
give examples showing that finite-invariance index is too coarse an invariant
to determine whether S has a good graph of curves. On the other hand,
they conjecture that f(S) = 1 implies that S has no good graph of curves [6,
Conjecture 9.1].

A subsurface F' of S is nondisplaceable if h(F) N F # () for each h €
Homeo(S). The main result of this note confirms the conjecture of Durham-—
Fanoni—Vlamis under the assumption that S has no nondisplaceable compact
subsurfaces.

THEOREM 1.3. Let S be a surface of infinite type with §(S) = 1 such that
S has no nondisplaceable compact subsurfaces. Then S does not have a good
graph of curves.

We give two proofs of this theorem. After reviewing some background in
Section 2, we begin Section 3 by proving a preliminary lemma that squares
up definitions introduced by Durham-Fanoni-Vlamis and Mann-Rafi. The-
orem 1.3 then follows directly from a strictly stronger result of Mann—Rafi
[10, Proposition 3.1]. Our second proof of Theorem 1.3 is given in Section 4.
This proof uses the same preliminary lemma but then follows the style of the
arguments of Durham-Fanoni—Vlamis.

It is an open question whether a surface S with §(S) = 1 can have a
nondisplaceable compact subsurface. In a previous version of this paper, we
claimed a proof that they cannot; Justin Malestein and Jing Tao pointed out
an error in our proof. We record this question here, phrased in light of our
Lemma 3.1.

QUESTION: Can an infinite-type surface S with either zero or infinite
genus have a nondisplaceable compact subsurface when M(FE) consists of a
unique equivalence class that is either a point or a Cantor set?

By Proposition 4.8 of Mann—Rafi, an equivalent formulation asks whether
the end space of an infinite-type surface S with either zero or infinite genus
can fail to be self-similar if M(FE) consists of a unique equivalence class that
is either a point or a Cantor set.
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2. BACKGROUND

The goal of this section is to overview the aspects of infinite-type surfaces
relevant to our work. We review the classification of infinite-type surfaces as
well as notions related to the finite-invariance index, the Mann-Rafi partial
order, self-similarity, and coarse boundedness of a group. For more compre-
hensive treatments of these topics, we refer the reader to [3, 12, 6, 10].

Classifying infinite-type surfaces. The classification of infinite-type sur-
faces was first given by Kerékjarté and was clarified and extended by Richards
[8, 12].

The classification implies that every connected orientable 2-manifold may
be constructed as follows. Begin with a sphere. Puncture it along some
closed subset of a Cantor set. This set of punctures is denoted E(S), and
punctures are called ends. Finally, add handles to the surface so that the only
accumulation points of sequences of handles are in F(S). This marks some
closed subset of E(S) as being accumulated by genus. This space of genus
ends is denoted EY9(S) and is recorded as a subspace of E(S). Note that
E9(S) is also a closed subset of a Cantor set. Observe that closed surfaces
and punctured surfaces of finite type are special cases of this construction.

Let g(S) € NU {00} equal the genus of S. The classification states that
the pair (g(5), (E(S), EY(S))) uniquely determines S up to homeomorphism.
For more details on the classification and on the definition of the spaces of
ends, see [6].

The finite-invariance index. Following Durham—Fanoni—Vlamis, we make
the following definitions. We say that a collection P of disjoint subsets of the
space of ends is Map(.S)-invariant if for every P € P and for every ¢ € Map(S)
there exists @ € P such that ¢(P) = Q. The finite-invariance index of S,
denoted f(.5), is defined as follows:

e §(S) > n if there is a Map(S)-invariant collection P of disjoint closed
proper subsets of E(S) satisfying |P| = n;

e f(5) = oo if g(9) is finite and positive;

e f(S) = 0 otherwise.
We say that f(S) = n if f(S) > n but §(S) 2 n+ 1.

For any Map(S)-invariant collection P of disjoint closed proper subsets
of E(S), call the elements of P finite-invariance sets. When P contains only
one set, we also call P a finite-invariance set.

A partial order and self-similarity. Following Mann—Rafi, we make the
following definitions. For z,y € E(S), we say = < y if every clopen neigh-
borhood U of y there is a clopen neighborhood V' of z and a clopen neigh-
borhood U’ C U of y such that the pair (V,V N E9(S)) is homeomorphic to
(U, U'NEI(S)). We say = and y are equivalent if z < y and y < . We will
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make use of the following result concerning this partial order on equivalence
classes of ends.

PROPOSITION 2.1 ([10, Proposition 4.7]). The partial order < has max-
imal elements. Furthermore, the equivalence class of every mazimal element
is either finite or a Cantor set.

We let M(E) denote the set of equivalence classes of maximal ends of E(S).

Continuing to follow Mann—-Rafi, a pair (F, EY) is self-similar if for any
decomposition £ = Fy L FEy Ll---U E, of E into pairwise disjoint clopen sets,
there exists a clopen set D contained in some E; such that the pair (D, DNEY)
is homeomorphic to (E, E9).

A Polish group G is (globally) coarsely bounded, or CB, if every compat-
ible left-invariant metric on G gives G finite diameter. Mann—Rafi proved the
following sufficient condition for Map(S) to be CB.

PROPOSITION 2.2 ([10], Proposition 3.1). Let S be a surface of infinite
or zero genus. If the space of ends of S is self-similar, then Map(S) is CB.

A helpful characterization of CB groups, which we will utilize in Section 3,
relies on the notion of a length function. A length function on a topological
group G is a continuous function ¢ : G — [0,00) such that ¢(g) = (g7 1),
((id) = 0, and £(gh) < L(g) + £(h) for all g,h € G. It follows from work
of Rosendal [13, Theorem 10] that a topological group G which admits an
unbounded length function ¢ is not CB.

Good graphs of curves vs. coarse boundedness. If a surface S has a good
graph of curves, then Map(S) is not CB; for instance, this follows from our
Proposition 3.2. However, the converse is not true. There are surfaces whose
mapping class groups are not CB, and so admit a continuous action with
an unbounded orbit on some metric space, but fail to have a good graph of
curves.

Examples of such surfaces include the plane minus a Cantor set and the
tripod surface, which has exactly three ends, all accumulated by genus. These
surfaces have finite-invariance index 2 and 3, respectively. Since these surfaces
have nondisplaceable subsurfaces, their mapping class groups are not CB by
the work of Mann—Rafi [10, Theorem 1.9]. However, Durham—Fanoni-Vlamis
showed that neither surface has a good graph of curves [6, Proposition 9.2].

In cases where such a “gap” exists, we can hope to find a substitute for
graphs of curves by constructing graphs of other objects naturally associated
to a surface. For instance, in the case of the plane minus a Cantor set,
Bavard showed that the ray graph is connected and §-hyperbolic and has
infinite diameter orbits under the natural action of the mapping class group
[4].
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3. MAIN THEOREM: FIRST APPROACH

In this section we begin by relating the finite-invariance index and the
partial order on equivalence classes of ends in the case f(S) = 1. We then
show that if S has a good graph of curves, then Map(S) has an unbounded
length function. We close by giving our first proof of Theorem 1.3.

LEMMA 3.1. Let S be a surface of infinite type with §(S) = 1. Then M(E)
consists of a unique equivalence class that is either a point or a Cantor set.

PROOF. Let S be a surface with f(S) = 1 and with end space E. Tt
follows that M(E) consists of a unique equivalence class, for otherwise two
of the equivalence classes could be taken as a collection of finite-invariance
sets for S, as these would be closed, Map(.S)-invariant, proper, and disjoint,
contradicting f(S) = 1.

By Proposition 2.1, an individual maximal equivalence class is either finite
or a Cantor set. If M(FE) is finite, it must consist of a single point. Otherwise
each of the points could be taken as a finite-invariance set for S, as these would
be closed, Map(S)-invariant, proper, and disjoint, contradicting f(S) = 1.
Therefore M(E) is either a point or a Cantor set. O

PROPOSITION 3.2. If S is an infinite-type surface with a good graph of
curves T, then Map(S) has an unbounded length function.

PROOF. Define ¢ : Map(S) — Z>o by £(f) = d(f(c),c) for f € Map(S),
d the path metric in ', and ¢ a fixed base point in I' such that the orbit of ¢
under the natural action of Map(.S) has infinite diameter. We first verify that
¢ is a length function. Since the action of Map(S) on I' is isometric, it follows
that ¢(f) = ¢(f~1) and £(id) = 0. Since I is path connected, the value £(f)
is finite and non-negative for all f. The inequality ¢(gh) < £(g) + £(h) follows
from the triangle inequality in I'. Finally, we have that ¢ is continuous, since
for any given f € Map(S), the preimage of £(f) under ¢ is open; it consists
of a union of open sets in Map(S) in its compact-open topology, namely the
open sets {h € Map(S) | h(c) = g(c)} for all g where £(g) = £(f). Since
the orbit of ¢ under the natural action of Map(S) has infinite diameter, ¢ is
unbounded. O

PROOF #1 OF THEOREM 1.3. By Lemma 3.1, M(FE) consists of a uni-
que equivalence class that is either a point or a Cantor set. Since by hypothesis
S has no nondisplaceable compact subsurfaces, Proposition 4.8 of Mann—Rafi
implies that E(.9) is self-similar. By Proposition 2.2, this implies that Map(S)
is CB. It follows from a theorem of Rosendal that a CB group cannot have
an unbounded length function; see Section 2 of Mann-Rafi. We conclude by
Proposition 3.2 that S has no good graph of curves. o
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4. MAIN THEOREM: SECOND APPROACH

In this section we will first review the approach introduced by Durham-—
Fanoni—Vlamis to show that a surface has no good graph of curves. We then
extend their approach under the hypothesis f(S) = 1. We conclude with our
second proof of Theorem 1.3.

Durham—Fanoni—Vlamis introduced the following tool for showing that a
graph of curves is not good.

PROPOSITION 4.1 ([6], Proposition 4.1). Let S be an oriented surface and
I' = T'(S) be a connected graph consisting of curves on which the mapping
class group acts. Let V C I' x I' satisfying:

1. there exists a vertex ¢ € ' such that, up to the action of Map(S), there
is a finite number of pairs (a,b) € V with a,b € Map(S) - ¢, and

2. for every a,b € Map(S) - ¢ with (a,b) ¢ V, there exists d € Map(S) - ¢
such that (a,d) and (b,d) belong to V.

Then every Map(S)-orbit in T' has finite diameter.

Durham—Fanoni—Vlamis use this tool to derive three easily-applied crite-
ria for showing that a graph of curves is not good. They use these criteria to
show that surfaces with finite-invariance index 0 do not have good graphs of
curves. These three criteria are given in the following proposition.

PROPOSITION 4.2 ([6, Proposition 4.2]). Suppose that T =T'(S) is a con-
nected graph consisting of curves with an action of Map(S) and:

1. S has infinitely many isolated punctures and I' contains a vertex bound-
ing a finite-type genus-0 surface, or

2. genus(S) = oo, S has either no punctures or infinitely many isolated
punctures (and in the latter case has an end accumulated by both genus
and punctures), and T' contains a curve bounding a finite-type surface,
or

3. genus(S) = oo and T’ contains a nonseparating curve,

then Map(S) acts on T'(S) with finite-diameter orbits.

The statement given in (2) adds a parenthetical hypothesis to the state-
ment given by Durham-Fanoni—Vlamis. Without some hypothesis on the
positioning of the genus and punctures in the case that S has infinite genus
and infinitely many punctures, their proof of their Proposition 4.2(2) does not
go through. For instance, take S to be a surface with end space consisting
of one end accumulated by genus and a second end accumulated by isolated
punctures. Let ¢ be a separating curve that bounds a subsurface of genus 1
with one puncture. Then there are curves a,b € Map(S) - ¢ such that a and b
fill a separating finite-type subsurface F' where one component of S\ F' has no
punctures and the other component has no genus. Because of this there is no
curve d € Map($S) - ¢ that is disjoint from both a and b, and so Proposition 4.1
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does not apply directly. The additional hypothesis we introduce avoids this
situation.

In all of the cases where Durham-Fanoni—Vlamis apply their Proposi-
tion 4.2(2), the further hypothesis in fact holds, and so the further results
they prove that rely on the proposition remain true. This hypothesis also
holds in all of the cases we consider in the present note.

The upshot of Proposition 4.2 is that certain curves in S are “bad”, in
the sense that no good graph of curves for S can contain such a curve. For
instance, under certain hypotheses, separating curves are bad when they cut
off a finite-type surface from an “infinite pool” of genus and/or isolated punc-
tures. In our proof of Propositions 4.5 we show that, under the hypotheses
of §(S) = 1 and self-similarity, separating curves are also bad when they cut
off an infinite-type subsurface, as they leave behind in one complementary
component an “infinite pool” of subsurfaces homeomorphic to the other com-
plementary component.

We will require the following result of Malestein—Tao about self-similarity.

LEMMA 4.3 ([9, Lemma 2.8]). Suppose (E, F) is self-similar. Then for
all mazimal points x,y € M(E) and all clopen neighborhoods U,V resp. of
x,y, there exists a homeomorphism ¢ : (U, UNF) — (V,V N F) such that
p(r) =y

Setting V' to be the full end space E directly yields the following:

PROPOSITION 4.4. Suppose (E(S), E9(S)) is self-similar and that U is
a clopen subset of E(S) containing a mazimal end of (E(S), E9(S)). Then
(U, UNEI(S)) is homeomorphic to (E(S), E9(S)).

A noteworthy consequence of this proposition is that the following def-
inition of self-similarity is equivalent to the Mann-Rafi definition of self-
similarity: a pair (E,EY) is self-similar if for any decomposition E =
EyUE;U---UE, of F into pairwise disjoint clopen sets, for some E; the
pair (E;, E; N EY9) is homeomorphic to (E, E9). This is because some F; must
contain a maximal end.

For a surface S with a self-similar end space E, we call two distinct disjoint
separating curves unnested if the end space of the subsurface they cobound
contains an end in M(FE). Otherwise, a pair of distinct disjoint separating
curves is nested.

PROPOSITION 4.5. Suppose S is of infinite type with §(S) = 1 and that
E(S) is self-similar. Suppose further that T is a connected graph of curves for
S. Then Map(S) acts on T with finite-diameter orbits.

PROOF. Let S and I' be as in the statement. Let ¢ be a curve in I'.
Since f(S) = 1, we have g(S) = 0 or co. If ¢ is a nonseparating curve, then
g(S) = oo, Proposition 4.2(3) applies, and Map(S) acts on T'" with finite-
diameter orbits.
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If ¢ is separating and cuts off a finite-type surface, then Map(.S) acts on
I with finite-diameter orbits since either Proposition 4.2(1) or (2) applies, as
follows. Since we already have that g(S) = 0 or oo, we next show that S has
either O or infinitely many isolated punctures. The surface S cannot have two
or more (but finitely-many) isolated punctures, since these would be maximal,
contrary to the condition on M(E) granted by Lemma 3.1. If there is a single
isolated puncture, then it must be maximal and so equal to M(FE) and in fact
all of F. But then S is the plane and so not of infinite type. Finally, if S has
infinite genus and infinitely many isolated punctures, then every maximal end
is accumulated both by genus and by isolated punctures by maximality. We
conclude that the proposition applies.

Otherwise, c is separating but does not cut off a finite-type subsurface.
Set

V ={(a,b) | a and b are unnested}.

There is a unique pair of separating curves (a,b) € V with a,b € Map(S) -
¢, up to the action of Map(S). This follows from Proposition 4.4 and the
classification of surfaces. Therefore condition (1) of Proposition 4.1 is satisfied.

Next, consider a,b € Map(S) - ¢ such that (a,b) ¢ V. This means that
either a and b intersect, or they are nested, or they are not distinct. In
each case we will find d € Map(S) - ¢ such that (a,d) and (b,d) belong to
V. If a and b intersect, then together they fill a finite-type subsurface F'. By
Proposition 4.4, one of the components of S\ F' has end space homeomorphic
to E(S) since its end space contains a maximal end. Then there exists a
separating curve d in this component that is in Map(.S) - ¢ and unnested with
each of a and b. Therefore, (a,d), (b,d) € V. Similarly, if « and b are nested,
there is again a component of S\ {a U b} with end space homeomorphic to
E(S) where there exists the desired curve d that is unnested with each of a
and b. A similar argument applies if a and b are not distinct. Condition (2)
of Proposition 4.1 is therefore satisfied, and Map(S) acts on I" with finite-
diameter orbits.

Since this exhausts the possibilities for ¢, we conclude that Map(S) acts
on I with finite-diameter orbits and that S has no good graph of curves. O

PROOF #2 OF THEOREM 1.3. By Lemma 3.1, M(FE) consists of a uni-
que equivalence class that is either a point or a Cantor set. Since by hypothesis
S has no nondisplaceable compact subsurfaces, Proposition 4.8 of Mann-Rafi
implies that E(S) is self-similar. By applying Proposition 4.5, we conclude
that S has no good graph of curves. O

ACKNOWLEDGEMENTS.

The authors would like to thank Javier Aramayona, Federica Fanoni,
Justin Malestein, Katie Mann, Hugo Parlier, Jing Tao, Ferran Valdez, and
Nick Vlamis for a number of helpful conversations and correspondences. They



128

J. LANIER AND M. LOVING

thank Justin Malestein and Jing Tao for identifying an error in a proof in an
earlier version of this paper. They also thank an anonymous referee for a
number of helpful suggestions.

(1]
2]

3]
[4]

[5]

[6]

[7]

=)

(10]
(11]
(12]

(13]

REFERENCES

J. Aramayona, private communication, 2018.

J. Aramayona and F. Valdez, On the geometry of graphs associated to infinite-type
surfaces, Math. Z. 289 (2018), 309-322.

J. Aramayona and N. G. Vlamis, Big mapping class groups: an overview,
arXiv:2003.07950, 2020.

J. Bavard, Hyperbolicité du graphe des rayons et quasi-morphismes sur un gros groupe
modulaire, Geom. Topol. 20 (2016), 491-535.

D.  Calegari, Big  mapping class groups and  dynamics, Geometry
and the tmagination, https://lamington.wordpress.com/2009/06/22/
big-mapping-class-groups-and-dynamics/, 2009.

M. G. Durham, F. Fanoni and N. G. Vlamis, Graphs of curves on infinite-type surfaces
with mapping class group actions, Ann. Inst. Fourier (Grenoble) 68 (2018), 2581-2612.
W. J. Harvey, Boundary structure of the modular group, in: Riemann surfaces and
related topics, Princeton Univ. Press, Princeton, 1981, 245-251.

B. Kerékjarto, Vorlesungen iiber Topologie. I, Springer, Berlin, 1923.

J. Malestein and J. Tao, Self-similar surfaces: Involutions and perfection,
arXiv:2106.03681, 2021.

K. Mann and K. Rafi, Large scale geometry of big mapping class groups,
arXiv:1912.10914, 2019.

H. A. Masur and Y. N. Minsky, Geometry of the complex of curves. I. Hyperbolicity.,
Invent. Math. 138 (1999), 103-149.

I. Richards, On the classification of noncompact surfaces, Trans. Amer. Math. Soc.
106 (1963), 259-269.

C. Rosendal, Large scale geometry of metrisable groups, arXiv:1403.3106, 2014.

J. Lanier

Department of Mathematics

University of Chicago

5734 S. University Ave., Chicago, IL 60637
USA

E-mail: jlanier@math.uchicago.edu

M. Loving

Department of Mathematics
University of Wisconsin — Madison
480 Lincoln Dr, Madison, WI 53706
USA

E-mail: mloving2@wisc.edu

Received: 24.8.2021.
Revised: 6.1.2022.



