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SUMMARY 

Peristaltic transport of viscoelastic fluid through a divergent tube is studied by approximations of 
long wavelength and low Reynolds number. This type of study explains the interesting 
phenomenon of swallowing food bolus through the oesophagus affected by hiatus hernia. The 
amplitude of peristaltic waves is increase exponentially, the food bolus to be a viscoelastic fluid 
and the affected oesophagus a diverging tube. The expressions for axial and radial velocities, 
pressure and reflux limit are obtained. Both cases have been considered when the whole tube 
diverges and when it diverges only near the end. Another case in which the tube converges near 
the last end has also been analysed. 

KEY WORDS: peristaltic transport; hiatus hernia; viscoelastic fluid; diverging tube; tube 
gradient. 

1. INTRODUCTION The hiatus hernia is one of the most common diseases in the human body. In the case of hiatus hernia, the upper part of the stomach protrudes the chest through an opening of the diaphragm called the oesophageal hiatus. The lower part of the oesophagus then amplifies. Since the movement of food bolus through the oesophagus occurs due to peristaltic transport, during modelling of movement of food bolus through the oesophagus affected by hiatus hernia it is necessary to consider the gradual amplification in the radius of its lower part. Roman et al. [1] studied the diagnosis and management of hiatus hernia. Richter et al. [2] examine the variability of pressures with age and frequency of abnormal contractions. Shapiro et al. [3] and Li and Brasseur [4] studied peristaltic transport in infinite and finite length tubes, respectively. Batra [5], Guha and Ahmad [6] investigated peristaltic transport through vas deferens with supposition that the ejaculatory phase occurs due to contraction and the nonejaculatory phase due to epididymal pressure and peristalsis. Jaffrin [7] discussed inertia and streamline curvature effects on peristaltic pumping. Gupta and Seshadri [8] 
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analyzed peristaltic pumping in non-uniform tubes. Hariharan et al. [9] studied the peristaltic transport of power law and Bingham fluid in a diverging tube with different wave forms as sinusoidal, multi-sinusoidal, triangular, trapezoidal and square waves and employed Fourier series to get the equations and results. Eytan et al. [10] developed a model of wall-induced fluid flow within a tapered two-dimensional channel and simulate intrauterine fluid flow. They showed that the transport phenomena are strongly dependent on the phase shift of wall displacement and the angle between the walls. They also discussed cases of reflux and trapping in a tapered channel. Misra and Pandey [11] investigated the peristaltic flow of a viscous incompressible Newtonian fluid through an axisymmetric circular tube of varying cross sections and used a perturbation technique to solve the problem. Further, Pandey and Chaube [12] discussed the peristaltic transport of viscoelastic fluid through an axisymmetric circular tube with varying cross sections. Pandey and Tripathi [13] also analyzed unsteady peristaltic transport of Maxwell fluid through a finite length tube. Sankad et al. [14] studied the peristaltic transport of a Herschel-Bulkley fluid in a channel of the non-uniform cross section. They analysed the effects of these parameters on flow patterns for converging and diverging channels. Misra and Maiti [15] discussed the peristaltic motion of blood flow in the microcirculatory system in varying cross-section vessels. They assumed the blood as a Herschel-Bulkley fluid and consider the progressive peristaltic waves as sinusoidal in nature. Jyothi et al. [16] investigated the unsteady peristaltic flow of a Jeffrey fluid in a uniform and non-uniform tube. They solved governing equations numerically for both cases and discussed the effect of several parameters on flow characteristics. Akbar [17] analysed the different characteristics of peristaltic flow of a nano-fluid in a diverging tube and assumed the fluid as viscoelastic fluid. Kahrilas et al. [18] experimentally found a high-pressure zone in the lower part of the oesophagus. Further, Xia et al. [19] measured oesophageal wall thickness in contracted as well as the dilated state. Pandey et al. [20] modified the previous model with consideration that the upper part of the oesophagus is thicker in the dilated state and the lower part of the oesophagus is thicker in the contracted state. They also considered that the amplitude of peristaltic waves increased exponentially during propagation through the oesophagus. Pandey and Tiwari [21] studied the swallowing of Casson fluid through the oesophagus under the influence of peristaltic waves of varying amplitude. Murad and Abdulhadi [22] discussed peristaltic transport of power-law fluid in an elastic tapered tube with variable cross-section induced by dilating peristaltic wave and showed that the flux is sinusoidal in nature. Fluids such as bread and white eggs are considered viscoelastic fluids by Barnes et al. [23]. Sahin and Sumnu [24] assumed wheat flour dough, dairy cream, ice cream mix, marshmallow cream and cheese as viscoelastic fluid. Sweet potato puree is also observed as viscoelastic fluid by Ahmed and Ramaswamy [25]. Afoakwa et al. [26] supposed fermented maize as viscoelastic fluid. Further, above mentioned swallowing food is considered as viscoelastic Maxwell fluid. Spurred by the above studies, a new model is constructed to study the swallowing food through the oesophagus affected by hiatus hernia disease with the consideration above results [18, 19, 20]. Oesophagus is assumed as an axisymmetric diverging tube, and the amplitude of peristaltic waves increases exponentially during propagation. 
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2. MATHEMATICAL FORMULATION In this paper, peristaltic waves propagate with exponentially increasing amplitude along the walls of the diverging tube. The shape of the walls is changed as [20]: 
 ݄ᇱሺݔᇱ, ሻ′ݐ ൌ ܽ  ′ݔ′ܾ െ ߶ᇱ݁ᇲ௫ᇲ cosଶ గ ሺݔᇱ െ ᇱ is the time, ܽ is the radius of the tube, ߶ᇱ is the amplitude of the wave, ݇ᇱ the amplitude dilation parameter, λ is the wavelength, c is the wave velocity, and ܾ′ is a constant which depends on the length of the tube and dimensions of inlet and outlet radius of the tube. The constitutive equation of Maxwell fluid is given as:  ቀ1ݐ ,ᇱ is the axial coordinateݔ ,ᇱሻ, (1) where ݄ᇱ is the radial displacement of walls from the centre lineݐܿ  ′ݐ డడ௧ᇱቁ ߬ᇱ ൌ μߛ′ሶ , (2) where μ is the coefficient of viscosity, ݐ ᇱ is the relaxation time, ߬ᇱ is the extra stress tensor and ߛ′ሶ  is the rate of strain. The governing equations of the Maxwell fluid through the diverging tube are expressed as: 
 

డ௨ᇱడ௫ᇱ  ଵᇱ డሺᇱ௩ᇱሻడᇱ =0, (3) 
ߩ  ቀ1  ′ݐ డడ௧ᇱቁ ቀడ௨ᇱడ௧ᇱ  ′ݑ డ௨ᇱడ௫ᇱ  ′ݒ డ௨ᇱడᇱቁ ൌ െ ቀ1  ′ݐ డడ௧ᇱቁ డᇱడ௫ᇲ  ߤ ቀ ଵᇱ డడᇱ ቀݎ′ డ௨ᇱడᇱቁ  డమ௨ᇱడ௫ᇱమቁ, (4)  ߩ ቀ1  ′ݐ డడ௧ᇱቁ ቀడ௩ᇱడ௧ᇱ  ′ݑ డ௩ᇱడ௫ᇱ  ′ݒ డ௩ᇱడᇱቁ ൌ െ ቀ1  ᇱݐ డడ௧ᇲቁ డᇲడᇲ  ߤ ቀ డడᇲ ቀ ଵᇲ డሺᇲ௩ᇲሻడᇲ ቁ  డమ௩ᇲడ௫ᇲమቁ, (5) where ߩ is the fluid density, ݎᇱ is the radial coordinate, ݑ′ is the axial velocity, ݒ ′ is the radial velocity and ᇱ represents the pressure. The following parameters are introduced to transform the governing equations into a non-dimensional form: 
۔ۖەۖ 

ݔۓ ൌ ௫ᇱఒ , ݎ ൌ ᇲ , ݐ ൌ ௧ᇱఒ  , ݐ ൌ ௧ᇱఒ  , ݑ ൌ ௨ᇱ ݒ, ൌ ௩ᇱఈ , ݄ ൌ ᇱ , ݈ ൌ ᇱఒ , ߶ ൌ థᇱ  ,  ൌ ᇱమఓఒ ߙ, ൌ ఒ , ߰ ൌ టᇱగమ  , ܳ ൌ ொᇱగమ  , ܴ݁ ൌ ఘఈఓ .  (6) 
where ߙ is the wave number, ݈′ is the tube length, ߰′ is the stream function, ܳᇱ is the volume flow rate, ܴ݁ is the Reynolds number, and left side parameters are in non-dimensional form. Using the parameters (6) in (1) to (5), the wave and governing equations are given as: 
 ݄ሺݔ, ሻݐ ൌ 1  ݔܾ െ ߶݁௫ cosଶ ݔሺߨ െ  ሻ, (7)ݐ
 

డ௨డ௫  ଵ డሺ௩ሻడ =0, (8) 
 ቀ1  ݐ డడ௧ቁ ቀడ௨డ௧  ݑ డ௨డ௫  ݒ డ௨డቁ ൌ െ ଵோ ቀ1  ݐ డడ௧ቁ డడ௫  ଵோ ቀଵ డడ ቀݎ డ௨డቁ  ଶߙ డమ௨డ௫మቁ, (9)  ቀ1  ݐ డడ௧ቁ ቀడ௩డ௧  ݑ డ௩డ௫  ݒ డ௩డቁ ൌ െ ଵோఈమ ቀ1  ݐ డడ௧ቁ డడ  ଵோ ቀ డడ ቀଵ డሺ௩ሻడ ቁ  ଶߙ డమ௩డ௫మቁ. (10) where ݇ሺൌ ݇ᇱߣሻ and ܾ ቀൌ ఒᇱ ቁ are constants. 
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Fig. 1  Phase portrait of propagation of the peristaltic waves along the wall of the oesophagus. a,h,c and λ 
represent the radius of the tube, the wall displacement due to wave propagation, the wave velocity, the 

wavelength of the wave respectively. Introducing the low Reynolds number and long wavelength approximations, the Eqs. from ሺ8ሻ to (10) can be written as: 
 

డ௨డ௫  ଵ డሺ௩ሻడ ൌ 0, (11) From Eq. (11) with boundary condition (16), the above equation becomes: 
 మଶ డ௨డ௫  ݒݎ ൌ 0, (11’)  ቀ1  ݐ డడ௧ቁ డడ௫ ൌ డమ௨డమ  ଵ డ௨డ  (12)  ቀ1  ݐ డడ௧ቁ డడ ൌ 0. (13) Further, introducing the following boundary and regularity conditions:  ݑሺݔ, ,ݎ ሻ|ୀݐ ൌ ,ݔሺݒ  (14) ,0 ,ݎ ሻ|ୀݐ ൌ డሺ௫,௧ሻడ௧ ,ݔሺݒ  (15) , ,ݎ ሻ|ୀݐ ൌ 0, (16)   డ௨ሺ௫,,௧ሻడ |ୀ ൌ 0. (17) Pressures at the both ends of the tube are assumed as: 
௫ୀ|  ൌ , ௫ୀ| ൌ  :. (18) Introducing the boundary conditions (14) and (17) in Eq. (12), the axial velocity is obtained as
ݑ  ൌ ଵସ ሾݎଶ െ ܼሺݔ, ሻሿݐ ቀ1  ݐ డడ௧ቁ డడ௫ (19) where ܼ ሺݔ, ሻݐ ൌ ߶ଶ݁ଶ  ௫ cosସ ݔሺߨ െ ሻݐ െ 2߶ሺ1  ݔሺߨሻ݁ ௫cosଶݔܾ െ ሻݐ  ܾଶݔଶ  ݔܾ 2  1. Further, the derivative of ݑ w.r.t. to ݔ, is expressed as: 
 డ௨డ௫ ൌ ଵସ ሾݎଶ െ ܼሺݔ, ሻሿݐ డడ௫ ቄቀ1  ݐ డడ௧ቁ డడ௫ቅ െ ଵସ డడ௫ ቀ1  ݐ డడ௧ቁ డడ௫ (19’) where డడ௫ ൌ ሾ1  ݔܾ െ ߶݁௫ cosଶ ݔሺߨ െ ሻሿሼ2ܾݐ െ 2߶݇݁௫ cosଶ ݔሺߨ െ ሻݐ  ௫݁ߨ߶2 sin ݔሺߨ2 െ  :ሻሽ. From (11’) with the use of the boundary condition (16) and substituting (19’), the radial velocity is obtained asݐ
ݒ  ൌ ସ ቂଵଶ డడ௫ ቀ1  ݐ డడ௧ቁ డడ௫ െ ଵସ ሾݎଶ െ 2ܼሺݔ, ሻሿݐ డడ௫ ቄቀ1  ݐ డడ௧ቁ డడ௫ቅቃ. (20) 

c

a h

ߣ
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Using boundary condition (15) in (20), the డడ௧ is expressed as: 
 డሺ௫,௧ሻడ௧ ൌ ሺ௫,௧ሻ଼ ቂడሺ௫,௧ሻడ௫ ቀ1  ݐ డడ௧ቁ డడ௫  ଵଶ ܼሺݔ, ሻݐ డడ௫ ቄቀ1  ݐ డడ௧ቁ డడ௫ቅቃ. (21) Now, integrate Eq. (21) the pressure gradient is expressed as follows: 
 డడ௫ ൌ ݁ି  ቈడడ௫ |௧ୀ  ଵ௧  ݁  ቄఉሺ௧ሻା଼  ങೋሺೣ,ሻങ ௗ௫బೣ ቅమሺ௫,௧ሻ௧ , (22) where డడ௫ݐ݀ |௧ୀ is the pressure gradient at ݐ ൌ 0, and ߚሺݐሻ is an arbitrary function of ݐ. Integrating Eq. (22) from 0 to ݔ, the pressure is: 
,ݔሺ  ሻݐ െ ,ሺ0 ሻݐ ൌ ݁ି  ቈሺݔ, 0ሻ െ ሺ0,0ሻ  ଵ௧   ݁  ቄఉሺ௧ሻା଼  ങೋሺೣ,ሻങ ௗ௫బೣ ቅమሺ௫,௧ሻ௧௫  :ሻ is expressed asݐሺߚ , (23) whereݔ݀ݐ݀
ሻݐሺߚ  ൌ ቀଵା௧ ങങቁሺିబሻି଼   ങೋሺೣ,ሻങ ೣబೣ ೋమሺೣ,ሻ ௗ௫బ భೋమሺೣ,ሻௗ௫బ . (24) 
2.1 VOLUME FLOW RATE The volume flow rate is derived as ݍሺݔ, ሻݐ ൌ ߟ  ݎ݀ݑݎ2 . where ߟ ൌ 1 for the train waves and ߟ ൌ    for the single waves. In view of Eq. (19), ݍሺݔ,  :ሻis given byݐ
,ݔሺݍ  ሻݐ ൌ ߟ  ݎ2 ቂଵସ ሼݎଶ െ ܼሺݔ, ሻሽݐ ቀ1  ݐ డడ௧ቁ డడ௫ቃ ݎ݀ ,  
 ൌ ఎସ ቄଶସ െ ݄ଶܼሺݔ, ሻቅݐ ቀ1  ݐ డడ௧ቁ డడ௫ (25) To transform from laboratory frame to wave frame, the following transformations are further used: 
 ൜ܺ ൌ ݔ െ ,ݐ ܴ ൌ ,ݎ ܷ ൌ ݑ െ 1, ܸ ൌ ሺܺሻܳ,ݒ ൌ ,ݔሺݍ ሻݐ  ܼሺݔ, .ሻݐ  (26) The time average volume flow rate in wave frames is defined as: 
 തܳሺܺሻ ൌ ,ݔሺݍ ሻݐ  ଷ଼ ߶ଶ݁ ଶ ௫ െ ߶ሺ1  ሻ݁௫ݔܾ  ܾଶݔଶ  ݔ2ܾ  1.  The average time volume flow rate in the laboratory frames is given as: 
 തܳሺܺሻ ൌ ܳሺܺሻ  ଷ଼ ߶ଶ݁ ଶ ௫ െ ߶ሺ1  ሻ݁௫ݔܾ  ܾଶݔଶ  ݔ2ܾ  1 െ ܼሺݔ,  :ሻ. (27) Now, in the term of volume flow rate, pressure is expressed asݐ
,ݔሺ  ሻݐ െ ,ሺ0 ሻݐ ൌ ݁ି  ሺݔ, 0ሻ െ ሺ0,0ሻ െ ଼ఎ ௧   ݁  ொሺ௫,௧ሻమሺ௫,௧ሻ௧௫  ൨. (28)ݔ݀ݐ݀
2.2 REFLUX LIMIT The dimensional form of the stream function is given as: 
 ݀߰ᇱ ൌ ᇱሺܷᇱܴ݀ᇱܴߨ2 െ ܸ′݀ܺ′ሻ (29) Using the Eqs. (19), (20) and (26) in (29), the dimensionless stream function is obtained as: 
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 ߰ ൌ ሼଶమሺ௫,௧ሻିమሺ௫,௧ሻሽ൬ொതିయఴథమ మ ೖೣାథሺଵା௫ሻೖೣିమ௫మିଶ௫ିଵାሺ௫,௧ሻ൰మሺ௫,௧ሻ െ  :ଶ. (30) The stream function at the wall isݎ
 ߰|ୀ ൌ ߰௪ ൌ തܳ െ ଷ଼ ߶ଶ݁ ଶ ௫  ߶ሺ1  ሻ݁௫ݔܾ െ ܾଶݔଶ െ ݔ2ܾ െ 1. (31) The reflux volume flow rate is defined as:  ܳట ൌ ߰  ,ଶሺ߰ݎ  :ሻ (32) The average reflux volume flow rate may be evaluated from (32) and obtained asݔ
 തܳట ൌ ߰  ଵఎ  ,ଶሺ߰ݎ ఎݔሻ݀ݔ  (33) The coefficients of the second and third terms in the expansion of ݎଶሺ߰, ሻݔ ൌ ݄ଶ  ܽଵߦ ܽଶߦଶ  ⋯ are expressed as: 
 ൝ ܽଵ ൌ െ1,ܽଶ ൌ െ ொതିయఴథమ మ ೖೣାథሺଵା௫ሻೖೣିమ௫మିଶ௫ିଵାሺ௫,௧ሻమሺ௫,௧ሻ   (34) 
Finally, the reflux limit is expressed as: 
 തܳ ൏ ଷ଼ ߶ଶ݁ ଶ ௫ െ ߶ሺ1  ሻ݁௫ݔܾ  ܾଶݔଶ  ݔ2ܾ  1 െ  భೋሺೣ,ሻௗ௫ആబ భೋమሺೣ,ሻௗ௫ആబ  (35) Since Eq. (35) does not involve ݐ, the relaxation time does not have any impact on reflux. 
3. NUMERICAL RESULTS AND DISCUSSION In this section, the effect of different parameters on swallowing food bolus in the oesophagus suffering from hiatus hernia is studied. It has assumed that the cross section area of the oesophagus varies from the upper end to the lower end. Two cases of the effect of hiatus hernia have been analysed. In the first case, it has also assumed that hiatus hernia affected the whole oesophagus. In this situation, hiatus hernia is formed in intensive form and the cross section area of the oesophagus varies from the upper end. In the second case, only the lower part of the oesophagus is affected by hiatus hernia. So mild hiatus hernia occurs and only some parts of the oesophagus are affected by this disease. Therefore, the cross section area of the lower part of the oesophagus varies and the remaining parts are not affected. For simulation purposes, the oesophagus is assumed as a tube with varying cross-section area and the radius of the tube is ܽሺݔሻ ൌ ܽ   .where ܾ represents the tube gradient. This study was carried out to investigate the effects of relaxation time, tube gradient and the amplitude dilation parameter on the flow pattern of the Maxwell fluid. Graphs of pressure difference against axial distance are plotted with free pumping. Further, to analyse the numerical results, C programming is used. For the entire discussion, it is considered that only one bolus moves through the oesophagus which is more appropriate for the study of non-Newtonian fluid ,ݔܾ
3.1 EFFECT OF RELAXATION TIME ON THE PRESSURE WHEN WHOLE TUBE DIVERGES To study the influence of relaxation time on the movement of Maxwell fluid, pressure curves are plotted in Figure 2(a-f). To discuss the behaviour of the solution numerically, the values of different parameters are considered to be ߶ ൌ 0.9, ܾ ൌ 0.001, ݇ ൌ 0.005 , ݈ ൌ 2, and 
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ݐ ∈ ሼ0, 1ሽ. In this study, the relaxation time is varied in the range ݐ ∈ ሼ0.01, 0.09ሽ. To analyse the results, it is assumed that the oesophagus carries only a single bolus at an instant. 
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Fig. 2  The diagrams display pressure vs. axial distance and dotted lines represent positions of bolus, and 
other lines show pressure distributions based on (23) corresponding to different relaxation times. The rest 

of the parameters are ߶ ൌ 0.9, ܾ ൌ 0.001, ݇ ൌ 0.005 ܽ݊݀ ݈ ൌ 2. 
3.2 EFFECT OF TUBE GRADIENT ON THE PRESSURE WHEN WHOLE TUBE DIVERGES Pressure curves are plotted in Figure 3(a-f) to study the influence of tube gradient on swallowing food bolus through the oesophagus. The values of parameters are taken to be 
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߶ ൌ  0.9, ݇ ൌ 0.005, ݐ ൌ 0.03, ݈ ൌ  2 and ܾ ∈ ሼ0, 0.01ሽ for the numerical study. It revealed that the pressure decreases with the increase of tube gradient.  
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Fig. 3  The diagrams display pressure vs. axial distance and dotted lines represent positions of bolus, and 
other lines show pressure distributions based on (23) corresponding to different tube gradients. The rest of 

the parameters are ߶ ൌ 0.9, ݇ ൌ 0.005, ݐ ൌ 0.03 ܽ݊݀ ݈ ൌ 2. 
3.3 EFFECT OF TUBE GRADIENT ON THE PRESSURE WHEN TUBE DIVERGES NEAR THE 

END In this section, the lower part of the oesophagus affected by hiatus hernia disease and a single bolus moving through the tube with cross sectional diverges towards the end caused by the presence of mild hiatus hernia is observed (see Figure 4(a-d)). For the analysis, it is assumed 
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that the last part of the oesophagus diverges and pressure is measured at different ݐ ∊ ሼ0.11, 0.38, 0.67, 0.79ሽ and at ܾ ∈ ሼ0, 0.01, 0.1ሽ. For ܾ ൌ 0, the tube is a uniform tube but at ܾ ൌ 0.01 & 0.1 , the tube diverges. The wave amplitude dilation factor is fixed at ݇ ൌ 0.005. For ݐ ൌ 0.11 (see Figure 4(a)), observation of the pressure curves depict that the pressure in a diverging tube (i.e., ܾ ൌ 0.01 & 0.1) rises more than that in the uniform tube (i.e.ܾ ൌ 0), but falls less than that in the uniform tube, although the divergence is located towards the end. Further, the pressure required for flow in the diverging tube is lower than that in the uniform tube. It is also found that the pressure rises to zero in all the cases but in the uniform tube, the pressure rises linearly while it rises concavely when the tube diverges towards the end. For ݐ ൌ 0.38 (see Figure 4(b)), when the bolus is farther from the initial end, pressure curves depict similar behaviour with ݐ ൌ 0.11. At this instant, the magnitude of the pressure difference is much smaller than in the previous case. At ݐ ൌ 0.67(see Figure 4(c)), bolus passes the middle of the tube and pressure in a diverging tube (i.e., ܾ ൌ 0.01 & 0.1) rises less than that in the uniform tube (i.e. ܾ ൌ 0) but falls more than that in the uniform tube. It is also observed that the magnitude of the pressure is greater in the case of the uniform tube and lower in diverges tube. At ݐ ൌ 0.79, the bolus is near the outlet and is situated where the tube actually diverges. Pressure rises here but it is lower in comparison for the divergent than the uniform tube. Although the tube diverges toward the end only, its impact is felt on the pressure distribution starting from the beginning.  
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Fig. 4  The diagrams display pressure vs. axial distance and dotted lines represent positions of bolus, and 
other lines show pressure distributions based on (23) corresponding to different tube gradients. The other 

parameters are ߶ ൌ 0.9, ݇ ൌ 0.005, ݐ ൌ 0.03 ܽ݊݀ ݈ ൌ 2. 
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3.4 EFFECT OF TUBE GRADIENT ON THE PRESSURE WHEN TUBE CONVERGES NEAR 
THE END Since in the case of hiatus hernia the stomach moves upward through the hiatus, for better modelling, it is more appropriate if the oesophagus is taken as a converging tube. For the analysis, the pressure difference is measured at ൌ ሼ0.11, 0.38, 0.67, 0.79ሽ and at the tube gradient ܾ ൌ ሼ0, 0.01, 0.1ሽ for a fixed value of wave amplitude dilation factor ݇ ൌ 0.005 with the assumption that the end part of the oesophagus diverges. Although the convergence is located near the lower end, at ݐ ൌ 0.11 (see Figure 5(a)), it is observed that the pressure in a converging tube (i.e., ܾ ൌ 0.01 & 0.1) rises less than that in the uniform tube (i.e.ܾ ൌ 0), but falls more. It is also visualized from the figure that more pressure is required for the flow in the converging tube than for the uniform tube. It is also shown that the pressure rises to zero in all the cases but in the converging tube, pressure rise convexly while in the uniform tube it rises linearly. At ݐ ൌ 0.38 (see Figure 5(b)), the food bolus moves farther from the initial end. At this instant, the magnitude of the pressure difference is much smaller than in the previous case. Bolus passes the middle of the tube at ݐ ൌ 0.67ሺsee Figure 5ሺcሻሻ, in this case pressure curves show that the pressure in a converging tube (i.e., ܾ ൌ 0.01 & 0.1) rises less than that in the uniform tube (i.e.ܾ ൌ 0), but falls more.  
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Fig. 5  The diagrams display pressure vs. axial distance and dotted lines represent positions of bolus, and 
other lines show pressure distributions based on (23) corresponding to different tube gradients. The rest of 

the parameters are ߶ ൌ 0.9, ݇ ൌ 0.005, ݐ ൌ 0.03 ܽ݊݀ ݈ ൌ 2. 
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It is also noted that the magnitude of the pressure difference is lower in the case of the uniform tube and greater in converges tube. At ݐ ൌ 0.79 the bolus reaches near the outlet and more pressure is required to push the bolus through this region, and with convergences, tube pressure difference also increases. 
3.5 EFFECT OF AMPLITUDE DILATION ON THE PRESSURE WHEN WHOLE TUBE 

DIVERGES The pressure difference is plotted in Figure 6 (a-f) to study the influence of amplitude dilation on swallowing food bolus through the oesophagus. For analysing the effect of amplitude dilation, the values of other parameters are taken as ߶ ൌ 0.9, ܾ ൌ 0.001, ݐ ൌ 0.03, ݈ ൌ 2 and ݐ ∈ ሼ0,1ሽ. The amplitude dilation parameter is varied in the range ݇ ∈ ሼ0, 0.01ሽ. It indicates that the pressure increases when the food bolus moves in the lower part of the oesophagus.  
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Fig. 6  The diagrams display pressure vs. axial distance and dotted lines represent positions of bolus, and 
other lines show pressure distributions based on (23) corresponding to different amplitude dilation 

parameters. The rest of the parameters are ߶ ൌ 0.9, ܾ ൌ 0.001, ݐ ൌ 0.03 ܽ݊݀ ݈ ൌ 2. 
3.6 EFFECT OF TUBE GRADIENT ON REFLUX The variations of average volume flow rate against amplitude ratio for different parameters are displayed in Figure 7. It is observed that the flow rate diminishes as the tube gradient ܾ increases. These results are analysed for the values of ߶ ൌ 0.9, ݇ ൌ 0.005, ݈ ൌ 2 and ݀ ∈ ሼ0, 0.05ሽ. 
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Fig. 7  The diagram displays the average volume flow rate against the wave amplitude based on (35) 
corresponding to different tube gradients. The rest of the parameters are ߶ ൌ 0.9, ݇ ൌ 0.005, ߟ ൌ0.5 ܽ݊݀ ݈ ൌ 2. 

3.7 EFFECT OF AMPLITUDE DILATION ON REFLUX Plots between the amplitude ratio and the average volume flow rate for different values of tube gradient and amplitude dilation parameter are displayed in Figure 8. The investigation revealed that the flow rate increases as the amplitude dilation parameter increases. For this study, the value of parameters are ߶ ൌ 0.9, ܾ ൌ 0.001, ݈ ൌ 2 and the amplitude dilation parameter ݇ ∈ ሼ0, 0.09ሽ. 



V.K. Shukla: Mathematical Modelling of Swallowing of Viscoelastic Nature Food Through the Oesophagus Affected by Hiatus Hernia 

 ENGINEERING MODELLING 35 (2022) 2, 17-31 29 

 

 

0

0,05

0,1

0,15

0,2

0,25

0,3

0,35

0,4

0,45

0 0,2 0,4 0,6 0,8 1

Q
¯

Φ

k=0
k=0.05
k=0.09

No reflux region Reflux region

Fig. 8  The diagram displays the average volume flow rate against the wave amplitude based on (35) 
corresponding to different amplitude dilation parameters. The rest of the parameters are ߶ ൌ 0.9, ܾ ൌ0.001, ߟ ൌ 0.5 ܽ݊݀ ݈ ൌ 2. 

4. CONCLUSION Peristaltic transport of viscoelastic fluid is analysed in circular cylinder diverging and converging tubes with the supposition that the length of the tube is finite. Both cases when the whole tube diverges and only near the end are discussed. For better modelling, another case in which the tube converges near the last end is also investigated. It is observed that as the relaxation time increases, pressure decreases for the fixed value of other parameters if the whole tube diverges. But when the tube diverges near the last end, pressure varies concavely near the last end and when the tube converges near the last end, the pressure varies convexly. Moreover, when the tube gradient increases, pressure decreases but with the increase of the amplitude dilation parameter, the pressure difference increases. In addition, it is concluded that the reflux region increases with the amplitude dilation parameter. The reflux region is also investigated for different tube gradients. It is also observed that the reflux region diminishes as tube gradient increases and relaxation time does not affect the reflux region. If the whole tube diverges, the relaxation time increases and pressure decreases. In contrast, when the tube diverges near the last end the pressure varies concavely near the last end. Further, it is also investigated that when the tube gradient increases, pressure decreases, and when the amplitude dilation parameter increases, pressure difference increases too. Simultaneously, the reflux region increases with the amplitude dilation parameter and the reflux region diminishes with the increase of the tube gradient. The reflux region also increases with the amplitude dilation parameter but decreases when the tube diverges. It is also revealed that the relaxation time does not influence the reflux region even when the tube diverges. 
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