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DIOPHANTINE QUINTUPLES CONTAINING TWO PAIRS
OF CONJUGATES IN SOME QUADRATIC FIELDS

ZRINKA FRANUSIC

ABSTRACT. In this paper, we describe constructions of Diophantine
quintuples of the special form in rings Z[\/E] for certain positive integer D.
The term “special form” refers to Diophantine quintuples of the form {e, a+
bWD,a—bVD,c+dvVD,c— d\/ﬁ}, where a, b, ¢, d, e are integers. Also, we
assume these quintuples contain two regular Diophantine quadruples.

1. INTRODUCTION

The two most significant historical examples of Diophantine quadruples
are {%, :1)’—2, 14—7, %} and {1, 3,8,120} found by Diophantus and Fermat, re-
spectively (see [5], pp. 517-520). Each of them has the property that the
product of every two distinct elements increased by 1 gives perfect square of a
rational number (in the first example) and an integer (in the second example).
Therefore, it makes sense to set the following definition:

DEFINITION 1.1. Let R be a commutative ring with the unity. A Dio-
phantine m-tuple in R is a set of m elements in R\{0} with the property
that the product of any two of its distinct elements increased by the unity is a
square in R.

The reasonable question is how large these sets can be, i.e., can we find
an upper bound on m for a particular ring? So far, the complete answer
is known for the case of Diophantine m-tuples in the ring of integers (Z)
where it is proved that an integer Diophantine quintuple does not exist (see
[15]). For the case of Diophantine m-tuples in the field of rational integers
(Q), i.e., for so called rational Diophantine m-tuples, infinitely many rational
Diophantine sextuples have been found (see [9]) but there is no example of
rational Diophantine septuple. Also, no Diophantine quintuples were found in
imaginary quadratic number rings (Z[v/D], D < 0) although the only known
result on the upper bound says that m is less then 43 (see [1]). It is easy to
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see that in some real quadratic number rings (Z[v/D], D > 0 and D is not
a perfect square) there exist Diophantine quintuples since every Diophantine
triple can be extended to a Diophantine quadruple (see [3]). So, for instance
if {a1, a9, a3, a4} is a Diophantine quadruple in Z then the triple {as, as, as}
can be extended by the fourth element as and {a1, as, a3, a4, a5} represents a
Diophantine quintuple in Z[/ajas + 1].

As just mentioned, any Diophantine triple {a1, a2,a3} can be extended
to a Diophantine quadruple. It can be done by adding one of the following
two elements

(1.1) d+ = a1 + as + a3z + 2aia2a3 £ 2rst,

where ajas+1 = 72, aya3+1 = 52, azasz+1 = t2, but just in case the appended
element (d_ or d4) is not zero or one of the first three elements (a1, as, as).
Obviously, {a1,as2,as,d—,d;} is a Diophantine quintuple if d_dy +1 = O
and d_,d; € {a1,a2,a3,0}. In this context we state the following definition:

DEFINITION 1.2. A Diophantine quadruple {ay, as,as, a4} such that ay =
d_ or ay = dy, where di are given by (1.1), is called regular.

A Diophantine quintuple containing two reqular Diophantine quadruples
is called biregular.

A classification of Diophantine quadruples and quintuples with examples
in Q can be found in [13]. Also, biregular quintuples in Q were applied to
construction of high-rank elliptic curves and rational Diophantine sextuples
(see [6,10]).

In this paper, we deal with the construction of explicit examples of Dio-
phantine quintuples of the special form in Z[\/ﬁ] for infinite families of pos-
itive integers D. Namely, in [14], Gibbs listed 160 examples of Diophantine
quintuples in real quadratic number rings Z[\/ﬁ] for all square free D with
1 < D < 50 except for D € {23,35,42,43,47}. (The example of Diophan-
tine quintuple in Z[v/43] was found in [11]). Among these, we observed the
examples of biregular Diophantine quintuples of the form

(1.2) {e,a+bVD,a—b/D,c+dVD,c—dvVD}

where e,a,b,c,d € Z, i.e., Diophantine quintuples containing two pairs of
conjugate elements. So here, by “Diophantine quintuples of the special form”
we mean on Diophantine quintuples of the form (1.2) where elements ¢+dv/D
are regular extensions (1.1) of the set {e,a &+ bv/D}. In [11], some explicit
polynomial formulas for such quintuples for certain values of D (e.g. for

D =n?(n+1)% + 1) were found. It has also been shown that the set (1.2) is
a biregular Diophantine quintuple if the following conditions hold:

(1.3) e(a+bVD)+1= (u+vVD)?
(1.4) (a+bVD)(a —bVD) +1 = 22D,
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(1.5) c+dVD = e+ 2a+ 2e(a® — Db?) + 2(u? — Dv?)zVD,

(1.6) (c+dVD)(c—dVD)+1=y*or =4°D,

for some u,v,z,y € Z.

Here, we present some new families of biregular Diophantine quintuples
of the form (1.2) in Z[v/D], for certain values of D. The main theorems are
as follows:

THEOREM 1.3. If D = %, where a > 3 is an integer solution of the

equation 5x% — 2a® = 27, then there exists a bireqular Diophantine quintuple
of the form (1.2) in the ring Z[v/D].

THEOREM 1.4. Let n be a positive integer and D = n?(8n+1)2+1. There
exists a biregular Diophantine quintuple of the form (1.2) in the ring Z[v/D).

2. PROOF OF THEOREM 1.3

The proof is carried out in several steps.
1) Let us consider the equation
(2.1) 5x% — 2a% = 21,

a Diophantine equation of Pellian type. Since 19 + 61/10 is a fundamental
solution of a related Pell’s equation X2 —1042 = 1, and 154 31/10, 254 7/10
are fundamental solutions of a related Pellian equation X2 — 1042 = 135, all
integer solutions of equation (2.1) with a > 0 are given by:

XEVE+aiv2 = (3V5 £ 3v2)(19 + 6V10)",
YEVB +dEV2 = (5v5 £ 7v2)(19 + 6v10)", n € No.

+

n

(22) Xn+2 = 38Xn+1 — Xn, n Z 07

Sequences (a£), (a'F), (xE), (x'T) satisfy the same binary recurrence

with initial conditions:

) ’ (a1+7 X1+) = (147’ 93)7
ag 5 Xo ) = (-3, 3)? (a;7 X;) = (337 21)7
¢ ) (CLIT, Xqi_) = (2837 179)7
-7,5), (d'i{,x'7)=@17,11).

2) We show that D = aigl is well-defined, i.e., D is an integer which is

not a perfect square. Let a € {aff,a'i :n € Ng}. Then a = +3 (mod 10).

n

Indeed, using (2.2) and (2.3) and arguing by induction, we easily prove that
at,a’, =(~1)"3 (mod 10), n >0,

n’ n

a;,a} =(~1)"*t'3 (mod 10), n > 0.

n? n -
. . . 2 . .
So, for any integer solution of equation (2.1), D = algl is an integer.

(2.3)
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If, for some integer z, D = 22, then the system of equations
5x% —2a% =27, a®—102°> = -1

is solvable in integers and vice versa. It is easy to see that the only integer
solutions (in a) of this system are a = +3 and they correspond to D = 1.

3) In this step we construct a Diophantine triple {e,a 4+ bv/D,a — bv/D}
in Z[v/D]. Let b =3 and a € {a,a’S : n € Ny}, a > 3. Further, let us define

n

201_@ s ifae (ar_l)7(a/+)’

n

(2.4) u =

Wl Wl

2a+@ s ifCLE(ajy,_)?(a/’;)’

and

4w

=5

Note that w is a positive integer since 2a? + 27 = 52, for some y € Z and

V2a? + 27 2a° — 27
2a — = ) > 0,

NG \/5(2(1—&— V2a? 4+ 27

(2.5) e

for a > 4.

Now let us verify that e is a positive integer. Using (2.2), (2.3), and the
induction principle, we conclude that u = 3(2a £ x) = 0 (mod 3) in each of
the following four cases:
a=a,: Since ay,a; = 6 (mod 9), then a, = 6 (mod 9) for n > 1. Also

Xo X1 =3 (mod 9) and so is x,, =3 (mod 9) for n > 1. Therefore,

2a,; —x, =0 (mod 9),

n

for all n > 0.
a=a}: It is easy to see that a;f, x;; =3 (mod 9) and therefore

2a} +x,F =0 (mod 9),
for all n > 0.
a=a',: We have
a,, =2,8528, ... (mod9),
X' =5,2,8,5,2,... (mod9).
So, (a’,,,x') mod9 € {(2,5),(8,2),(5,8)} and 2d',, + X,
(mod 9), for all n > 0.
a=a'}: Since

Il
o

o) =7,4,1,7,4... (mod9),
Y =5,8,258... (mod?9),
we get 2a’} — X' =0 (mod 9), for all n > 0.
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Finally, we have to check that the product of any two elements in {e,a +
bv/D} increased by 1 is a square in Z[v/D]. So,

4 4(2a +
e(a+bV/D)+1 = gu(a+3x/D)+1:%a+4m/D+1

8 4

= §a2:|:§ax+1—|—4u\/D
1 2 4 2 1 2

= §(2aix) +§a — X +1+4uvD
1 4 1

= 50+ )%+ §a2 - £(2a2 +27) + 1+ 4uvD

= u? +4D + 4uVD = (u+2VD)? =: 12,
Analogously,
e(a—bVD)+1= (u—2VD)? = s2.
And, it is easy to see that
(a+bVD)(a—bVD)+1=a>-9D+1=D =: 2.
4) The triple {e,a+bv/D}, defined in the previous step, can be extended
to a Diophantine quadruple with its regular extensions given by (1.1):
c+dVD = e+ (a+bVD)+ (a — bVD) + 2e(a + bV'D)(a — bV D) + 2rst
e+ 2a + 2e (a® — b2D) +2(u® — 4D)VD
—_——
=D-1
= 2a+e(2D — 1) +2(u?® — 4D)VD,
if each of them does not equal zero or repeat one of the first three numbers

which is clearly not the case here. Finally, if the product of these two appended
elements increased by 1 is a square, i.e., if

(¢ +dvVD)(c—dvD)+1=10],

then {e,a + bv'D,a — bv/D,c + dv'D,c — dv/D} is a biregular Diophantine
quintuple. In our case, it turns out to be true. We have

(¢ +dVD)(c—dVD) +1=(2a+e(2D — 1))? — 4(u* — 4D)*D.
Implementing (2.4), (2.5) and D = (a® + 1)/10 into previous expression, we

get
74a® 16 5
8? + ﬁ\/5\/2a? +27a + 3
where “—7 is obtained for ut = % (2a+ 7v2‘z2f;'27) = %(Qa—i—x) and vice

versa. Further, taking into account that a is a solution of 5x? — 2a? = 27, we
have
5 T4 80 1 (5x + 8a)?

S+l —ay=—(25v2+ 80 64a?) =
3T gr% T g x = g (30X ax +64a%) 81
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So,

9

It remains to conclude that (5x £ 8a)/9 is an integer. All cases are listed
below:

(c+d¢5xcd¢D)%1_(5Xi8a)2

) mod 9 = (6,3) implies 5x,, + 8a,, =0 (mod 9).
) mod 9 = (3,3) implies 5x,; — 8at = (mod 9).

n —

a=da,: (d ,x',) mod9 € {(2,5),(8,2),(5,8)} implies 5x',, —8a’,, =0
(mod 9).

a=at: (a/f,x'F) mod9 e {(7,5),(4,8),(1,2)} implies 5x,7 + 84’} = 0
(mod 9)

We obtained examples expressed in the following table:

TABLE 1. Some Diophantine quintuples from Theorem 1.3

D ‘ e ‘ (a,b) ‘ (¢c,d)

5 4 (7, 3) (50, 22)

20 |20 | (17,3) | (1174, 218)

109 20 | (33,3) | (4406, 422)

2161 | 172 | (147, 3) | (743506, 15994)
8009 | 172 | (283, 3) | (2755490, 30790)
42641 | 764 | (653, 3) | (65155990, 315530)

3. PROOF OF THEOREM 1.4

We show how we effectively constructed Diophantine quintuples of the
form (1.2) in Z[V/D] for D =n?8n+1)2 +1,n € N,
Let us assume that e, a, b, u, v,z € Z\{0} satisfy (1.3) and (1.4), i.e

(3.1) ea +1=u®+v2D,
(3.2) eb = 2uv,

and

(3.3) a®> — Db? + 1 = 22D.

Therefore, {e,a + bv/D,a —byv/D} is a Diophantine triple in Z[v/D]. Observe
that in the previous case we had x = 1. Now, assume that z is “small” again,
ie, x =2. So, (3.3) gives

a?+1

(3.4) = m'
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Also suppose that there is a linear connection between a and u, and b and v:

(3.5) a=u+k, b=v+1, k,l €Z.
Putting (3.2), (3.4), (3.5) into (3.1) yields
2uv(u + k) s o(utk)Z+1
Sl 2 A TR T
v+ + vt (v+0)2+4+1

The previous expression can be recognized as a quadratic equation in the
variable wu:

(3.6) (4l+1*—dv+1Pv)u? —2kv(4+ 1 + 1) u— (1 +v)(4+12 +2v—k*v?) = 0.
Since u € Z, the discriminant of the previous equation

p(v) = 4k%*0% (4 + 12 + 10) + 4(41 + 1P — 40 + 1Po) (1 + v) (4 + 12 + 200 — k*0?)

should be a perfect square. This is fulfilled for I = 2k — 2 because the expres-
sion 2k — [ — 2 divides the discriminant of the quartic polynomial p(v) (i.e.,
the discriminant of p(v) is zero for [ = 2k — 2). In that case (I = 2k — 2),
solutions of (3.6) are:

1 260+ 2) + K2 (v? —12) — 4k(v — 4) + 4(v — 2)

T=Z(w-2), ut =
w=g=2)u k3 + 2k (v — 6) — 4k(v — 4) - 8

We can reject the solution v~ since it yields D = %.
For k =1 we get ut = —1(2+v) and D = 1. For k = 2 we obtain

1
ut = 5(2+3v+v2)

which is an integer for all v € Z and corresponding D = i(5 +2v + v?) is
an integer for v = 2m — 1, m € Z. Taking all that (k =1=2, v =2m — 1,
u = 2m? + m) into account we get that

{e,a+bVD} = {2m(2m — 1),2m? + m + 2+ (2m + 1)v/m?2 + 1}

is a Diophantine triple in Z[v/m? + 1], for m € Z, m # 0.
Next we try to find conditions on m such that regular extensions given
by (1.5), i.e., by

c+dVD = e+ 2a+ 2e(a® — Db?) + 4(u? — v>D)VD
extend the triple {e,a + bv/D} to a quintuple. This is fulfilled, if
A —d’D+1=32m+1=1>

for y € Z. Assuming that 32m + 1 = y?D = y?>(m? + 1), y € Z, we get
only finitely many solutions of which only one corresponds to a Diophantine
quintuple (m = 32). On the other hand, 32m + 1 = y2, y € Z, implies that
y=16n+1,n € Z, i.e.,

m = ((16n+1)* —1)/32 = n(8n £ 1).
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Finally, for

D = n*(8n+1)? +

e = 2n(8n+1)(2n (8n:t1)
a = (

h =

c = 4(8n*(8n £ 1)* — 4n?
d = 4(8n*(8n+1)3

2n(8n+ 1)+ 1 =160 +2n + 1,

(8n+1)3 +8n%(8n+ 1) - 3n(8n+1)+1

4(32768n° £ 16384n" + 1024n° F 512n° + 424n* £ 124n> — 160> F 3n + 1),
—4n*(8n £ 1) +4n(8n+1) — 1),

= 4(4096n° + 1536n°

Z. FRANUSIC

n(8n £ 1)(2n (8n:|:1)+1)+2*128n +32n% 4 10n% +n + 2,

— 64n? F 56n° 4 28n% +4n — 1),

{e,a +bV/D,c=+dyV/D} is a biregular Diophantine quintuple in Z[v/D].

Examples obtained by evaluating the above expressions for the first few
values of n are listed in the following table:

TABLE 2. Some Diophantine quintuples from Theorem 1.4

d)

72832, 10300)

25516444, 850076)

(¢,
(
(200776, 22172)
(
(

42170476, 1239772)

D ‘ e

50 182

82 306

901 | 3540

1157 | 4556
ACKNOWLEDGEMENTS.

The author acknowledges support from the QuantiXLie Center of Excel-
lence, a project co-financed by the Croatian Government and European Union
through the European Regional Development Fund- the Competitiveness and
Cohesion Operational Programme (Grant KK.01.1.1.01.0004)

REFERENCES

[1] N. Adzaga, On the size of Diophantine m-tuples in imaginary quadratic number rings,
Bull. Math. Sci. 11(1) (2021), Paper No. 1950020 (10 pages).

[2] N. Adzaga, A. Filipin and Z. Franu$ié, On the extensions of the Diophantine triples
in Gaussian integers, Monatsh. Math. 197 (2022), 535-563.

[3] J. Arkin, V. E. Hoggatt and E. G. Strauss, On Euler’s solution of a problem of Dio-
phantus, Fibonacci Quart. 17 (1979), 333—-339.

[4] A. Bayad, A. Filipin and A. Togbé, Extension of a parametric family of Diophantine
triples in Gaussian integers, Acta Math. Hungar. 148 (2016), 312-327.

[5] L. E. Dickson, History of the Theory of Numbers, Vol. 2, Chelsea, New York, 1966.

[6] A. Dujella, Diophantine triples and construction of high-rank elliptic curves over Q
with three non-trivial 2-torsion points, Rocky Mountain J. Math. 30 (2000), 157-164.

[7] A. Dujella, Diophantine m-tuples,

https://web.math.pmf.unizg.hr/~duje/dtuples.html.



DIOPHANTINE QUINTUPLES 53

(8] A. Dujella, What is ... a Diophantine m-tuple?, Notices Amer. Math. Soc. 63 (2016),
T72-774.

[9] A. Dujella, M. Kazalicki, M. Miki¢ and M. Szikszai, There are infinitely many rational
Diophantine sextuples, Int. Math. Res. Not. IMRN 2017 (2) (2017), 490-508.

[10] A. Dujella, M. Kazalicki and V. Petri¢evié, Rational Diophantine sextuples containing
two regular quadruples and one regular quintuple, Acta Mathematica Spalatensia 1
(2021), 19-27.

[11] A. Dujella, Z. Franusi¢ and V. Petricevi¢, Formulas for Diophantine quintuples con-
taining two pairs of conjugates in some quadratic fields, Period. Math. Hungar., to
appear.

[12] Z. Franusié, On the extensibility of Diophantine triples {k — 1,k + 1,4k} for Gaussian
integers, Glas. Mat. Ser. III 43 (2008), 265-291.

[13] P. Gibbs, Some rational Diophantine sextuples, Glas. Mat. Ser. III 41 (2006), 195-203.

[14] P. E. Gibbs, Diophantine quintuples over quadratic rings, preprint, 2018,
https://www.researchgate.net/publication/323176085_Diophantine_Quintuples_over_
Quadratic_Rings.

[15] B. He, A. Togbé and V. Ziegler, There is no Diophantine quintuple, Trans. Amer.
Math. Soc. 371 (2019), 6665-6709.

Diofantove cetvorke koje sadrze dva para konjugata u nekim
kvadratnim poljima

Zrinka Franudié

SAZETAK. U ovom radu opisujemo konstrukcije Diofantovih
petorki posebnog oblika u prstenima Z[\/ﬁ], za neke prirodne
brojeve D. Pojam Diofantove petorke “posebnog oblika” odnosi
se na petorke oblika {e,a + bv/D,a — bv/D, ¢ + dvD, ¢ — dv/D},
gdje su a, b, ¢, d, e cijeli brojevi. Nadalje, pretpostavljamo da ove
petorke sadrze dvije regularne Diofantove Cetvorke.
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