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MATRIX MORPHOLOGY AND COMPOSITION OF HIGHER
DEGREE FORMS WITH APPLICATIONS TO
DIOPHANTINE EQUATIONS

AJar CHOUDHRY

ABSTRACT. In this paper we use matrices to obtain new composi-
tion identities f(x;)f(yi) = f(2:), where f(x;) is an irreducible form,
with integer coefficients, of degree m in m variables (n being 3, 4, 6 or

8), and z;,y;, @ = 1,2,...,n, are independent variables while the
values of z;, ¢ = 1,2, ..., n, are given by bilinear forms in the vari-
ables x;, y;. When n = 2,4 or 8, we also obtain new composition

identities f(x;)f(vi)f(z:) = f(w;) where, as before, f(z;) is an irre-
ducible form, with integer coefficients, of degree m in n variables while
i, Yi, 2i, © = 1,2, ..., n, are independent variables and the values of
wi, ¢ =1, 2, ..., n, are given by trilinear forms in the variables z;, vy, z;,
and such that the identities cannot be derived from any identities of the
type f(zi)f(yi) = f(z;). Further, we describe a method of obtaining both
these types of composition identities for forms of higher degrees. We also
describe a method of generating infinitely many integer solutions of cer-

tain quartic and octic diophantine equations f(z1, ..., zn) = 1 where
f(z1, ..., zn) is a form that admits a composition identity and n = 4, 6
or 8.

1. INTRODUCTION

Let f : R — R be an algebraic form, or simply a form, i.e., a homo-
geneous polynomial in n variables. A form f is said to be a form admitting
composition or a composable form if

(11) f(xlv T2y vvny xn)f(yh Y2, ..., yn) = f(zla 22y ey Zn)7

where each variable z;, ¢ = 1,2, ..., n, is a bilinear form in the variables
T, Yi, ¢ =1,2, ..., n, that is,
n n
(1.2)  zi=¢(T1,-- -, Tn, Y1y, Yn) = ZZ)\ijkxjyk, i=1,2,...,n,
j=1k=1
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for certain constants \;;; and for all z;,y; € R.

The subject of higher degree forms that admit composition has been stud-
ied by several authors [1,2,4-7]. Dickson [1, pp. 222, 224] has given general
theorems describing all high degree ternary and quaternary forms admitting
composition. While these theorems yield higher degree composable forms with
complex coefficients, they are of little help in finding higher degree forms that
admit composition and have only integer coefficients. It seems that the ex-
isting literature contains only two explicit nontrivial examples of high degree
composable forms with integer coefficients, namely the determinant of an nxn
matrix yields a composable form of degree n in n? variables, and the norm of
an algebraic integer yields a composable form of degree n in n variables.

In this paper we will study forms admitting composition with a view to
obtaining infinitely many integer solutions of certain higher degree diophan-
tine equations and accordingly, we will consider only those forms which have
integer coefficients, i.e., f € Z[x1, xa, ..., z,], and such that the constants
Aijk in the relations (1.2) are also all integers. Further, when we refer to a
form being irreducible, we mean irreducibility over Q.

We describe a new technique of finding composition identities (1.1) by
using matrices. We use this technique to obtain composition identities (1.1)
when f is an irreducible form of degree n in n variables and n = 3, 4, 6 or 8.

Further, by using the new technique described in this paper, we also
obtain forms that satisfy a law of composition that is an extension of the
usual composition law defined by (1.1). We say that a form f admits threefold
composition if, for all z;,y;,z; € R,

(1.3) fl@r, oo xn) flyr, o yn) f(z1, oy 20) = flw, .. wy),

where each w; = ¢(x1, Ta, ..., Tn, Y1, Y2, « -+ Yns 21, 22, -+ - 2n) 1S a trilin-
ear form in the variables z;,y;, z;, and the identity (1.3) cannot be derived
from an identity of type (1.1). In fact, the form f need not admit any com-
position identity of type (1.1) for it to admit a threefold composition identity.

We will show that every binary quadratic form admits threefold compo-
sition. We also obtain examples of quaternary quartic forms and octonary
octic forms that admit threefold composition. Such threefold composition of
forms has not been studied till now and all these results are new.

It would be recalled that, when d is a positive integer which is not a
perfect square, the well-known identity for composition of forms, namely

(ﬁ - dyf)(x% - dy%) = (v122 — dy1y2)2 —d(r1y2 — 56291)27

may be applied to generate infinitely many integer solutions of Pell’s equation
2% — dy? = 1 starting from a single known integer solution. We describe an
analogous method for obtaining infinitely many integer solutions of certain
quartic and higher degree diophantine equations,

(1.4) flxy, zo, ..., xy) =1,
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by using the composition identities (1.1) and (1.3). We give several examples
to illustrate the method.

In Sect. 2 we discuss how matrices may be used to obtain forms that satisfy
composition identities. In Sect. 3 we construct examples of higher degree
forms admitting composition and solve certain related diophantine equations.
Similarly, in Sect. 4 we construct forms admitting threefold composition and
consider related diophantine equations. We conclude the paper with certain
remarks and open problems regarding matrix morphology, composition of
higher degree forms and related diophantine equations.

2. MATRIX MORPHOLOGY, COMPOSABLE FORMS AND DIOPHANTINE
EQUATIONS

All the matrices considered in this paper are square matrices over the
field of real numbers. The determinant of the product of square matrices is
equal to the product of their determinants. So, if A = [z;;] and B = [y;;] are
two arbitrary n X n matrices and C = AB, then

(2.1) det Adet B = det C.

The identity (2.1) and the fact that the entries of the matrix C' are bilinear
forms in the entries of the matrices A and B immediately yield the composable
form f of degree n in n? variables:

f : Rn2 — ]R, f(ZL'll, T12y -y xnn) = det [IU]

The form f is, however, of little interest as the number of variables is too
large compared to the degree of the form. In Sect. 2.1 we will show that the
identity (2.1) can be used to obtain composable forms of degree n in just n
variables for several values of n > 3.

2.1. The morphology of matrices. The set M, (R) of all real square matrices
of order n is a vector space over the field of real numbers with vector addi-
tion being the usual matrix addition and scalar multiplication being the usual
scalar multiplication of matrices. Since matrix multiplication is distributive,
and (aMy)(bMz) = (ab)(M1M3) when a,b € R and M;, My € M, (R), it fol-
lows that matrix multiplication is bilinear. Thus, the vector space M, (R)
is equipped with a bilinear product, and hence the set M, (R) of all n x n
matrices over R is an algebra over the field R. In fact, M, (R) is a unital
associative algebra since matrix multiplication is associative and there is a
neutral element, namely the identity matrix, for the bilinear product (matrix
multiplication). Every subalgebra of M,,(R) is closed under the operations of
matrix addition, scalar multiplication, and multiplication of matrices. Fur-
ther, the set of all n x n matrices whose entries are integers, namely the set
M, (Z), is also closed under addition, scalar multiplication by integers, and
multiplication of matrices.
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Let £ be a subalgebra of M,,(R) whose dimension is 0 < h < n?, dim £ =

h, and whose basis is {A1,..., Ap}. Every matrix in £ can be written in a
unique way as a finite linear combination of elements of the basis, i.e., for
each A € L, there exist unique coefficients z1,...,z, € R such that

A=x141 + - x,A,.

Obviously, each entry of the matrix A is a linear form in the variables x4, .. .,

xp,. Since the coefficients x1, ...,z of A are unique, with respect to the basis
{Ay1,..., Ap}, each matrix A € £ can be seen as a function,

(2.2) ARM 5 £ Az, xpn) =21 A1 + xR A

Therefore, each matrix in £ can be naturally denoted by A(x1,...,z).

Since the subalgebra £ is closed with respect to matrix multiplication,
the product of two arbitrary matrices A(z1,...,zn), A(y1,...,yn) € L may

be written as A(z1,...,2,) € L where the values of z;,i = 1,..., h, are given
by bilinear forms in the variables x1,...,%p,y1,...,yn. It follows from the
relation A(xy,...,2n)AWY1,--.,yn) = A(21,...,25) that

(23) det (A(‘Tla s ,l’h)) det (A(y17 s 7yh)) = det (A(Zla ceey Zh))7

and hence the form f : R" = R, f(z1,...,2) = det (A(z1,...,z3)), satisfies
the identity,

(24) f(1'17 .. 'azh)f(yla s 7yh) = f(z17 . -azh)v

for all z;,y; € R, and is thus a composable form of degree n. If the matrices
Aq,..., Ay have integer entries, we get a form f : Z" — Z with integer
coefficients.

‘We note here that the set
(2.5) L(Z) ={A(x1,...,xp) =21A1+ - a2pAp 12 €EZ,i=1,... h},

is also closed under addition, scalar multiplication by integers and multipli-
cation of matrices.

We now give an example of a subalgebra of M,,(R). Let the minimal poly-
nomial of the matrix M € M, (R) be g(z) = ag + arz + - + apz™, ap # 0.
Obviously, the set {I,,M,M? ..., M"~'} is linearly independent. Fur-
ther, M" = a;l(aofn +a1M + - + ap_1M"') implies that all powers

M¥*, 'k > h, can be written as linear combinations of I,,, M,..., M1
Hence, span{I,,, M, M? ... ,M"~'} ie.,
(2.6) {11, +2oM + -+ 2, M"Y o2y, .z € R},

represents a subalgebra of M, (R). In fact, this particular subalgebra is also
commutative and contains unity (). Thus, it is an example of a unital
commutative algebra over R. We could choose the matrix M suitably and try
to obtain examples of composable forms but this approach did not yield any
interesting results.
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We give below a couple of preliminary lemmas that we will use to con-
struct further examples of subalgebras of M,(R). In these lemmas and,
in fact, throughout this paper, whenever we refer to the span of a set
of matrices, My, Ms,...,M,, we mean the set of all linear combinations
x1 My + xo My + - - - + 2, M, where x1,24,..., x, € R.

LEMMA 2.1. If V = span{Aj, Ao, ..., Ap}, where {41, As, ..., Ap} is a
linearly independent set of matrices in M, (R), and the matriz product A;A; €
V, for alli,j € {1,...,h}, then'V is closed under matriz multiplication.

PROOF. The product of two arbitrary matrices in V is readily seen to be
expressible as a linear combination of the matrix products A;A; and hence it
is in V. This proves the lemma. 0

LEMMA 2.2. If Ay and Ay are two matrices defined by

-n m

(2.7) Ar=1, A= [0 1],

where m,n, are arbitrary integers, then L = span{Ay, A2} is a unital com-
mutative subalgebra of My(R). Further, for arbitrary parameters x1,xs € R,
if the matriz A(x1,x2) is defined by A(x1,22) = 2141 + 2249, the form f
defined by

(2.8) fiR? SR, f(zx1,x2) = det (A(21,22)) = 27 + mxy22 + nas,

is a composable binary quadratic form that satisfies, for all x;,y; € R,i = 1,2,
the identity,

(2.9) [z, m2) f(y1,y2) = f(21, 22),
where
(2.10) Z1 = T1Y1 — NT2Ys, 2o = T1Y2 + Toly1 + MTays.

PROOF. Clearly £ is a 2-dimensional vector subspace of Ma(R). It is
readily seen that A2 = —nA; + mA, and A; Ay = AyA;. It now follows
from Lemma 2.1 that £ is closed under matrix multiplication and is hence a
unital commutative subalgebra of M3(R). Further, as discussed in Sect. 2.1,
the form f satisfies the identity (2.9). The values of z;,7 = 1,2, stated in
(2.10), are readily obtained by direct computation. The identity (2.9) is the
well-known identity on composition of binary quadratic forms. 0
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2.2. A subalgebra of M3(R) and a composable cubic form.
THEOREM 2.3. If Ay, As, Az are three matrices defined by

Al = I3a
I 0 1 0
Ay = | =d3(A1 = A2 — A3+ X5) A As,
(2.11) i —A3(A2 — Ag) A2 Az
[ 0 0 1
Az = —A3(A2 — A1) A2 Az,
_—)\1)\4 + )\% —XAs+ A3 M A5

where A\;,i = 1,...,5, are arbitrary integers, then L = span{A; = I3, As, A3},
is a unital commutative subalgebra of M3(R). Further, for arbitrary parame-
ters x1, xo,x3 € R, if the matriz A(xy,x2,x3) is defined by

(2.12) A(JZl, Zo, 1‘3) = 1‘1A1 + IQAQ + x3A3,
the form f, defined by f : R3 — R, f(x1,x2,73) = det (A(z1,22,23)), is a

composable ternary cubic form.

PrROOF. Clearly, £ is a 3-dimensional vector subspace of M3(R). It is
readily verified that 4;A; = A;A; for 1 <i < j <3, and further,

A% = )\3(—)\1 + Ao+ A3 — )\5)[3 + M Ay + N3A3 € L,
(2.13) AzAz = (= AaA3 + A3A\a) I3 + Ao Az + A3A3 € L,
A2 = (A3 = Ma + Ashs — Mods)]5 + \aAz + A5 Az € L.

It now follows from Lemma 2.1 that £ is closed under multiplication of ma-
trices, and is thus a unital commutative subalgebra of M3(R). It now follows,
as before, that f(x1,xe,x3) = det (A(x1,x2,x3)) is a ternary cubic form ad-
mitting composition. 0

The form f(x1,x2,x3), which may be written explicitly as

(2.14)  f(z1, T2, 3) = 25 + (A + A3)x220 + (Ao + A5)2323
+ A3(201 — 202 — A3 + As)z1w5 + (A1 s + 2X0d3 — 3A3A\g) 1203
+ (A1 = A3+ 20005 — 2030 0)z123 + A3 (A1 — 202 — Az + Mg + As)2h
— A3(2X01 0 — M As — 203 — Aoz 4 3Xods — Ashg 4+ Ashs — AD)adas
+ (A2 = M2 4+ X dods — 3A A3 4+ A2s + dods)y
+ 2020 — 2234 \5)Z222 + (A dads — A3 + A2 — 200 d3 My + A3A)as,

satisfies the composition identity,

(2.15) f(z1, 22, ©3) f(y1, Y2, y3) = f(21, 22, 23),
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for all z;, y; € R, ¢ =1, 2, 3, and the values of z; i = 1, 2, 3, are given by
21 = T1Y1 — /\3(/\1 — Ao — A3+ /\5)ﬂ?2y2 - /\3(/\2 - )\4)332213
= A3(A2 = Aa)z3ye + (= A1 As + A3 — Aads + Az ha) 233,

(2.16)
Zg = T1Y2 + Tay1 + MTay2 + AaT2y3 + AaT3y2 + Aax3Ys3,
23 = T1Y3 + A3Tay2 + A3T2y3 + T3y1 + A3T3Y2 + Asw3Yys3.
We note that for various numerical values of the parameters \;, i = 1,...,5,

(for instance, when (A1, Aa, A3, Ay, As) = (1,1,1,1,2) or (1,1,1,2,1)), the form
f(z1, @2, x3) is irreducible.

2.3. Subalgebras of My, (R) where m > 2 and n > 2. We will now construct a
unital commutative algebra of matrices of order mn by combining two unital
commutative subalgebras of M, (R) and M,,(R), respectively, by using the
right Kronecker product of matrices denoted by ®. We note that the Kro-
necker product of two matrices satisfies the associative and distributive laws,
and is bilinear. Further, it satisfies the following mixed-product property [3, p.
408]:
“If A,C € M,(R) and B, D € M,,(R), then

(2.17) (A® B)(C @ D) = AC ® BD.”

THEOREM 2.4. ]f {Al = In7A2, - 7Ah} and {Bl = Im, BQ, ceey Bk} are
linearly independent sets of matrices in My, (Z) and M,,(7Z), respectively, such
that

L, =span{4; = [,, As, ..., Ap},

2.18
(2.18) and L, =span{By = I, Ba, ..., By},

are unital commutative subalgebras of M, (R) and M,,(R), respectively, then
(219) Ezspan{Bi@)Aj,izl,...,k,jzl,...,h}
is a unital commutative subalgebra of M, (R).

PrROOF. We first construct a set S of kh square matrices of order mn
given by {B; ® 4;, i = 1,...,k, j =1,...,h}. We note that By ® 4; =
I, ® I, = I,,,, and hence the neutral element I,,, € L. Further, since
{A41,..., Ay} and {By,..., By} are linearly independent sets of matrices, it is
readily seen that the set S consists of kh linearly independent square matrices.
It follows that the set £, defined by (2.19) as the span of all the matrices in
the set S, is a subspace of the vector space M,,,,(R) and dim £ = kh.

Since L, and £,, are commutative subalgebras of of M, (R) and M, (R),
respectively, we note that for any 41,io € {1,...,k} and any ji,jo €
{1, .. .7h}, we have Aj1Aj2 = AjzAj1 € L, and BilBiz = BizBi1 € L,,. We
may thus write A; A;, = 2?21 sjA;, s; € R, and B; B;, = Zle riBi, ;i €
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R. It now follows from (2.17) that
k h
(Bil ® Ajl)(Bi2 ® Ajz) = (BilBiz) ® (Alejz) = (Z riB;) ® (Z SjAj)'
i=1 j=1

In view of the bilinearity of the Kronecker product, we may now write,
kE h

(2.20) (Bi, ® Aj)(Bi, ® Aj,) = > > 1is;(Bi® Aj) € L.

i=1 j=1
It now follows from Lemma 2.1 that the subspace L is closed under ma-
trix multiplication, and hence £ is a subalgebra of M,,,(R). Further, since
Aj1 Aj2 = Aj2Aj1 and Bil BiQ = BZ‘QB,'“ it immediately follows from (217)
that (B;, ® 4;,)(Bi, ® 4;,) = (Bi, ® Aj,)(B;; ® Aj,). This proves that £ is
a unital commutative subalgebra of M,,, (R). |

COROLLARY 2.5. If {A; = I, Aa,..., Ap} is a linearly independent set
of matrices in M, (Z) such that L,, = span{A1, As,..., Ap} is a unital com-
mutative subalgebra of M, (R), and the matriz C(x1,...,xap) is defined by

A(xq,...,x Alxpyt,...,x
(2.21) Cfzi) = —qA((J:;;l, e ,hi%) Axq,... 73511;:_1])14(3;,;};)7 ceyXop) |
where A(x1,...,xp) = Z?:1 x;A; and p,q are arbitrary integers, the form f
defined by
(2.22) fiR™ SR, f(xg,...,29,) = det (C(x1, ..., x21)),
is a composable form of degree 2n in the variables x1,xo, ..., Top.

PROOF. In view of Lemma 2.2, if p, ¢, are arbitrary integers, span{B; =

I3, By = _Oq 117 }, is a unital commutative subalgebra of Ma(R). It now
follows from Theorem 2.4 that £ = span{B; ® 4;, i = 1,2, j =1,...,h}
is a unital commutative subalgebra of Ms,(R). An arbitrary matrix C' =

C(z1,xa,...,x2,) € L may be written as
h h
C(:L‘l,xg, R ,Z’Qh) = Zl‘jBl ® Aj + Z$h+jB2 (9 Aj
j=1 j=1
(2.23) h h
=B ® ijAj + By ® th‘*‘jAJ'
j=1 j=1

=B ® A(x1,...,7n) + B2 ® A(Tpy1,- .., T2n)

which, on using the definition of the Kronecker product, may be written as
stated in (2.21). Since L is closed under multiplication of matrices, it follows,
as before, that the form f defined by (2.22) is a composable form of degree
2n in the variables x1, o, ..., xop. 0
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2.4. Composable forms and diophantine equations. Let {Ay = I,,, Ao, ..., Ay}
be a linearly independent set of n x n matrices with integer entries such that
(2.24) £L={A(x1,22,...,2pn) = 2141 + 2240+ -+ 2, A, : 21,..., 2, ER}

is a unital commutative algebra, that is, a subalgebra of M, (R), so that the
form

flay,xa, ... xy,) = det (A(z1, 2o, ..., 2y)),

is a composable form of degree n in n variables x;,i =1,...,n.

We also assume that the set of the first rows of the matrices A =
I,, Ay, ... A, forms the canonical basis for R™ (that is, the first rows are
given by (1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)) so that the first row of
the matrix A(xy,za,...,2,) may be written as (z1,xa,...,Z,).

Let S denote the set of all integer solutions of the diophantine equation,
(2.25) flrr,xa,... 2n) =1,
that is,
(2.26) S ={(x1,22,...,2n) €Z" : f(x1,22,...,25) = 1}.

We will show that S is an abelian group under a suitably defined operation
of multiplication.

We first note that f(1,0,...,0) = det (A(1,0,...,0)) = det I,, = 1. Thus
(1,0,...,0) € S, and hence the set S is nonempty. Let (x1,x9,...,2,) and
(y1,92,--.,Yn) be two arbitrary elements of S so that f(x1,zo,...,z,) =1
and f(y1,y2,-.-,Yn) = 1. As we have already noted, the set £(Z) is closed
under multiplication and accordingly, we define the multiplication operation
on elements of S as follows:

(2.27) (T1,, 22y oy n) - (Y1, Y2y« -+ s Un) = (21,22, - -+, Zn),

where

(2.28) A(zy, 29, .., 20) AY1, Y2, - -y Un) = A(21, 22, -« -, Zn)-

In view of our assumption that the set of the first rows of the matrices A; =
I,,As, ..., A, forms the canonical basis for R", it is sufficient to compute the

first row of the matrix product A(xy,...,%,)A(Y1,-..,Yn) to determine the
values of z;,i=1,...,n.
Since f is a composable form,

f(213227"'azn) :f(xl;l'%~-~7xn)f(y17y2;---,yn) :17

and hence (z1,29,...,2,) € S. Thus, the set S is closed under the binary
operation defined by (2.27). Further, the binary operation defined on the set
S is associative (since matrix multiplication is associative) and commutative
since matrix multiplication is commutative on the ambient space £). It is also
readily seen that (1,0,...,0) € S is a neutral element for our binary operation
since A(1,0,...,0) = I,,.
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Finally, we will show that any arbitrary element (z1,z2,...,z,) € S has
its inverse in S. Since det (A(z1, z2,...,2y,)) = f(z1,22,...,2,) = 1, the ma-
trix A(xq, T2, ..., 2,) is invertible and in fact, (A(z1, 22, ..., 2,)) "t € M,(Z).
Further, it follows from the well-known Cayley-Hamilton theorem [3, Theorem
4, p. 252] that there exists a polynomial p such that (A(zy1,xo,...,2,))" ! =
p(A(x1,22,...,2,)) and hence (A(x1,22,...,2,))"t € L. Moreover, all the
entries of (A(z1,xa,...,2,)) " are integers, and so are the entries of the first
TOW, Say Yi,Y2,---,Yn. Hence (A(z1,z2,...,2,)) " = A(y1,y2,...,yn) €
L(Z) where y; € Z,i=1,...,n. It follows that

A(l’17$27--~733n)A(y17y2a-~-7yn) = I’rL = A(1707"'70)7

and hence f(y1,y2,...,yn) = det(A(y1,¥2, ..., yn) = 1, and further, we have,
(1,22, -, Zn) (Y1,Y2, - - -, Yn) = (1,0,...,0). This shows that (y1,y2,...,Yn)
= (21,%9,...,2,) L ES.

We have thus proved that the set .S of integer solutions of the diophantine
equation (2.25) is an abelian group with the binary operation on S defined
by (2.27).

3. HIGHER DEGREE FORMS ADMITTING COMPOSITION AND RELATED
DIOPHANTINE EQUATIONS

We will now construct composable forms of degree n in n variables when
n =4, 6 and 8 and solve certain related diophantine equations of type (2.25).

3.1. Quartic forms. In Sect. 3.1.1 we will obtain a quaternary quartic form
admitting composition and in Sect. 3.1.2 we will consider a related quartic
diophantine equation.

3.1.1. A composable quartic form.

THEOREM 3.1. If C;,i =1,...,4, are four 4 x 4 matrices defined by

[0 1 0 O
-n m 0 0
C1 =1y, Cy = 0o o0 o 1l°
0 0 —n m
(3.1) -
0 0 1 0 0 0 0 1
0 0 0 1 0 0 -n m
03 - _q O p 0 9 C4 - O _q O p 9
0 —q 0 p lgn —gm —pn pm

where m,n,p and q are arbitrary integers, then L = span{Cy,Cq,C3,Cy4} is
a unital commutative subalgebra of My(R). Further, for arbitrary parameters
x; € R i =1,...,4, if the matriz C is defined by

(32) C’(:cl, T9, X3, 134) =x1C1 + 29C5 + 23C3 + £E4C4,
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the form f, defined by
(33) f : R4 — Ru f(x1,$27$3, 1.4) = det(C(xtha 1'3,.’154)),
is a composable quaternary quartic form that satisfies the identity

(34) f(x17x27m37$4)f(y17 Y2,Y3, y4) = f(zh 224,23, Z4)u

where the values of z;,i = 1,...,4, are given in terms of arbitrary parameters
.Z'i,yi,i = 1,...,4, by

Z1 = T1Y1 — NT2Y2 — qT3Y3 + qNIT4Y4,
Z2 = T1Y2 + T2Y1 + MTaY2 — qT3Ys — qT4Y3 — MGT4Y4,
23 = T1Y3 — NT2Y4 + T3Y1 + PT3Y3 — NT4Y2 — NPT4Y4,

24 = T1Ys + 22(ys + mya) + x3(y2 + pya) + x4 (y1 + my2 + pys + mpya).

PROOF. In view of Lemma 2.2, if the matrices Ay, Ay are defined by
(2.7) and matrices By, By are defined by By = Iy, By = [_Oq ]j, where
p,q are arbitrary integers, both span{A;, A2} and span{B;, Bo} are unital
commutative subalgebras of M2(R). We note that

01:B1®A1, CQZB1®A2, 03:32®A1, C4:BQ®A2,

and it now follows from Theorem 2.4 that £ = span{C1, Ca, C3,Cy4} is a unital
commutative subalgebra of M4(R), and hence the form f defined by (3.3) is
a composable form which satisfies the identity (3.4). We note that the form
f(z1, 2, x3, 24) is irreducible for various values of the parameters m, n, p and
q (for instance, when (m,n,p,q) = (1,2,1,1) or (1,3,1,1)). The values of z;
in the identity (3.4) are readily obtained by direct computation. d

3.1.2. A related quartic diophantine equation. We will now consider the
diophantine equation,

(35) f(:L‘l, o, T3, .%‘4) = 17

where f(x1, x2, 3, x4) is the quartic form defined by (3.3). We note that the
conditions mentioned in Sect. 2.4 are satisfied. Thus, the integer solutions of
Eq. (3.5) form a group and we can combine two integer solutions of Eq. (3.5)
using the binary operation (2.27) and obtain a new solution of Eq. (3.5).
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We will now consider a special case of Eq. (3.5) when m = 5,n =
—23, p =2, ¢ = —7, that is, the equation,
(3.6) z1 4+ 102520 + 42wy + 102824 — 212722 + 302% 203 — 42222074
— 10;1:%3:3 — 503@?303304 589a:11:4 23Ox1x2 423:13:2303 — 690x1x2m4
— 50m1mgx§ + 1388x1x22324 + 1150x1m2m4 - 28w1x3 — 210m1m§x4
+ 294z 2525 + 16102175 + 52975 — 230x525 + 21162524 — 5892573
+ 1150:5%:&3:54 — 529030%:0421 — 70m2m§ + 294:52:&3,:54 + 4830302:03:6421
— 14812025 + 4975 + 4902524 — 1029z225 — 11270z375 + 2592125 = 1.

It is readily verified that Eq. (3.6) is irreducible, and (6,2, 3, 1) is a
numerical solution of Eq. (3.6). If (a1, ag, as, a4) is an arbitrary integer
solution of Eq. (3.6) such that «; > 0 for each 4, on combining (6, 2, 3, 1) with
the solution (aq, aa, a3, ay) using the binary operation (2.27), we obtain a
new solution of Eq. (3.6), and we may now combine (6, 2, 3, 1) with the new
solution just obtained to obtain yet another solution, and in fact, by repeated

application of this process, we can obtain an infinite sequence of solutions in

positive integers of Eq. (3.6). If we denote the nth solution of the sequence by
(agn) (n) _(n) _(n)

, @y, as, ay ), the (n+ 1)th solution is given by the following linear
recursive relations:

agn+1) — 6a ( )y 46a(n) + 2104:(), QR 161a(n),

o — 9 ( ) 1608 + 7al™ + 568,

af"t = 3a ( )+ 230" + 1208 + 92087,

Ctz(ln—H) (n) + 804(n) + 4a(n) + 320[51”).

If we take (6, 2, 3, 1) as the initial solution of the sequence, the next
three solutions of Eq. (3.6) obtained by the above process are (352, 121, 192,
66), (22336, 7680, 12215, 4200), and (1420011, 488257, 776628, 267036).

3.2. Sextic forms. In Sect. 3.2.1 we obtain two senary sextic forms admitting
composition and in Sect. 3.2.2 we consider related diophantine equations.
3.2.1. Composable sextic forms.

THEOREM 3.2. ]f A(JL‘l,l‘g, 1?3) = 1‘1A1 + iL’QAQ + 583143 where A17A27A3
are the three matrices defined by (2.11), and the matriz C(x1,x2,...,x¢) is
defined by

A(zq, 2, x3) A(xa, x5, T6)

3.7) Clzy, ..., xg) =
(3.7) (21 %) —qA(z4,25,26) A(x1,22,23) + pA(24, 5, T6)

where p and q are arbitrary integers, the form f, defined by
(3.8) f:RS 5 R, f(x1,20,...,16) = det(C(21, 22, ..., 7)),

is a composable senary sextic form.
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PROOF. In view of Theorem 2.3, when the matrices A, As, A3 are defined
by (2.11), span{A;, A3, A3} is a unital commutative subalgebra of Mj3(R),
and it immediately follows from Corollary 2.5 that the form f defined by
(3.8) is a senary sextic composable form. It has been verified, using the
software MAPLE, that the sextic form f(x1,...,z¢) is irreducible for various
numerical values of the parameters \;, p and q. We do not give the sextic
form f(z1,...,x6) explicitly as it is too cumbersome to write. According to
MAPLE, there are 11926 terms in the expansion of f(z1,...,xg). |

As in the case of Eq. (3.5), it is readily established that the integer
solutions of the sextic equation f(z1,...,26) = 1 form an abelian group.

We note that if A;,4 = 1,2,3, are any three matrices € M3(R) such that
span{ A, Ay, A3} is a unital commutative subalgebra of M3(R), Theorem 3.2
is still valid since exactly the same proof remains applicable. In the following
lemma we obtain three such matrices and we use them in the next theorem
to obtain a second example of a senary sextic form admitting composition.

LEMMA 3.3. If Ay, Aa, Az are three matrices defined by

010 00 1
(3.9) A =13, A,=10 0 1|, A3=1|1 0 0,
100 010

then £ = span{A; = I3, As, A3} is a unital commutative subalgebra of M3(R).

PROOF. Clearly, £ is a 3-dimensional vector subspace of M3(R). Since
the matrices Ay, Ao, A3 satisfy the relations Ay Az = AzAy = I3, A3 = Aj,
A% = Ay, it follows from Lemma 2.1 that £ is closed under multiplication of
matrices, and it is thus a unital commutative subalgebra of Ms3(R). O

THEOREM 3.4. If the matriz C(x1,xa,...,x¢) is defined by

1 ) I3 Ty Ty Xg
I3 Z1 T2 Te T4 T
(3.10) Clxy, ..., x6) = qu24 ;"5 ;}6 if ij i;‘ ,
qTeé (qr4 (qTs5 T3 T1 T2
qrs (4Te¢ (T4 T2 T3 T1

where q is an arbitrary integer, the form f, defined by
(3.11) f:R® =R, f(x1,20,...,26) = det(C(21, 22, ..., 6)),
is a composable senary sextic form which satisfies the identity

(3.12) flxy, o, ooy 26) f(y1, 2, -, Ys) = f(21,22, - .o, 26),
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where the values of z;, i =1, ..., 6, are given by

Z1 = T1Y1 + T2Yy3 + T3Y2 + qT4Y4 + qT5Ye + qTeYs,
Zo = Z1Y2 + T2Y1 + T3Y3 + qTayYs + qT5Y4 + qTeYe,
Z3 = T1Y3 + T2Y2 + T3Y1 + qTaYs + qT5Ys + qTeYa,
Z4 = T1Y4 + T2Ye + T3Ys + Tay1 + Ts5Y3 + TeY2,

Z5 = T1Ys + T2Ys4 + T3Ye + TaY2 + T5Y1 + TeYs,

26 = T1Y6 + T2Ys + T3Y4 + TaY3 + TsY2 + TeY1-

(3.13)

PRrROOF. In view of Lemma 3.3, we may apply Theorem 3.2 with the
matrices Aj, Ao, A3 defined by (3.9). In the matrix C(zq, ..., xg) defined
by (3.7), we take p = 0 and replace ¢ by —¢, and thus obtain the matrix
C(x1, ..., x¢) defined by (3.10). It now immediately follows that the form f
defined by (3.11) is a composable senary sextic form that satisfies the identity
(3.12) in which the values of z;,7 = 1,...,6, obtained by direct computation,
are given by (3.13). d

We note that the senary form defined by (3.11) has two irreducible factors
given by
(314) f(SCl,.’,EQ, ey 1176) = fl(l‘l,IQ, ey l‘ﬁ)fg(fﬂl,.Ig, ey .TG),

where
(3.15) fi(@1, 30,23, 24, 5, 26) = (21 + 22 + 23)° — q(24 + 25 + 76)°,
(3.16)  fo(z1, 22,23, 24,25,%6) = zt— (2z2 + 23:3)33? + (3m§ + 323 — 223
+ 2qraxs + 2qraTe + qxg —4dqrsTe + qm%)m? + (—ng’ + 2qa:2a:i — 8qrazas
+ 4qroxsxe + qugmg + 4qroxsxre — 4qm2x§ — 22:3 + qugmz + 4qrsxaxs
— 8qr3raxes — 4qm3m§ + 4qr3xsTe + 2qx3x(23)x1 + x% — 23733:3 + 3m§m§ + qx%xi
+ 2qm§x4m5 — 4qx§x4x6 — quéxé + 2qw§x5x6 + qx%xg — 23:2962 — 4qx2x3xi
+ 4qroxsxaxs + 4qraxrsraxe + 2q:r2x3x§ — 8qxar3T576 + quzmgxg + x§ + qx%xi
— 4qm§m4x5 + 2qx§x4:176 + qx%x% + 2qx§x5x6 — 2q:r§m(2; + qui — 2q2xix5
— 2q2xia)6 + 3q2xix§ + 3q2xiw§ — 2q2m4wg — 2q2x4x2 + q2x§ — 2q2x:§a)6
2.2 2

+3q w525 — 2(12935332 + quév

and, in accordance with a theorem of Dickson [1, p. 219, Theorem 3|, we now
get the simultaneous composition identities,

fi(@, @2, oo @6) f1(y1,y2, -5 Y6) = fr(z1, 22, - 26),
(3.17)
fa(z1, w2, - 26) fa(y1, Y2, -+, Us) = fa(21,22, -+, 26),
where x;, y;, @« = 1,2,...,6, are arbitrary while the values of z;, i =

1,2, ..., 6, are given by (3.13).
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3.2.2. A related pair of simultaneous diophantine equations. We will now
consider a pair of simultaneous diophantine equations related to the forms
fi(z1, ..., x6) and fo(xq,...,x6) defined by (3.15) and (3.16), respectively,
in the special case when ¢ = 3. We note that the form fi(x1,...,26) has
just two independent variables and accordingly, we make a suitable linear
transformation after which we can rewrite the formulae (3.17) for simultaneous
composition of forms as follows:

(3.18) Ji(ug) fr(vi) = fi(ws),  faui) fo(vi) = fa(wi),
where fi(u;) = u?3 — 3u?, and
(3.19)  fo(u;) = ut — 6utus — 6udus + 3uius — 18uiusus + 15uul + 24utusug
— 9u%u§ + 18’LL%U4U5 + 18u?u§ + 15u%u§ — 18u1u§u6 — 36uiususzus
+ 36uiususus + 36uiususue + 72U usUs UG — 18u1u§ — 36u1u§u6 + 54u1U3ui
— 54u1U3u§ — 36u1U3u§ —108ujugusus — 54u1u§u6 — 18wy ug + 9u§l — 54u§1L4 — 54ugu5
— 9u§u§ + 18u§U3u6 + 135u§ui + 216u§u4u5 + 135u§u§ + 18u§u§ + 54uQu§u4
— 108ugususueg — 162u2ui — 324uzuiu5 — 324u2u4u§ — 54u2u4u§ — 162u2u§
— 54uQU5ug + 9u§ + 18ugu6 — 54u§u§ — 54u§U4u5 + 27u§u§ + 27u§u§
— 54u3u421u6 + 108uzususue + 108u3u§u6 + 18u3ug + 81ui + 162uizm + 243uiu§
+ 27ulud + 162usud + 108ususus + 8lus + 27uzups + Yug,

and the values of w;, i =1, 2, ..., 6, in the simultaneous composition formu-
lae (3.18) are given by

w1 = u1v1 + 3usva,
Wg = U1V2 + U201,
w3 = U3 + 3U2U4 + usvy — 2U3’l)3 — Uu3vVg + 3U41)2
— 6ugvy — 3ugvs — 3usvy + 3usvs — UgU3 + UgUg,
W4 = ULV4 + UV — U3V4 + U3V5 + ULVT — U4V3 — 2U4V6 + USV3
(3.20) — UsVg + UgUs — 2UgV4 — UgUs,
W5 = ULV5 + UgV3 + U3V — UVg — 2U3V5 — U4V3
+ ugvg + usv1 — 2Uu5vV3 — UsVg + UgV4 — UGUs,
We = U1V + 3UsVy — 3UsVy — 3UV5 + UV3 — U3Vg — SU4LVo + FU4V4
+ 6uqv5 — 3usve + 6usvy + 3usvs + UV — UV3 — 2UgUg-
We will now consider the simultaneous diophantine equations,
(3.21) fi(wi) =1, fa(u;) = 1.
It is readily verified that fo(u;) = 1 is an irreducible equation, and a numerical
solution of the simultaneous equations (3.21) is given by

(322) (ulau27u37u47u5;u6) = (27173a71737 74)
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By applying the composition identities (3.18), we can combine any integer
solution u; = a4, i = 1, 2, ..., 6, of the simultaneous diophantine equations
(3.21) with the known solution (3.22) to obtain a new solution, and as in the
case of Eq. (3.6), by repeatedly combining each successive solution with the
known solution (3.22), we get an infinite sequence of solutions in integers of the
simultaneous equations (3.21). If we denote the nth solution of the sequence

by (agn), aén), cey aén))7 the (n+1)th solution is given by the following linear
recursive relations:

oMt = 20(™ 4 3,

ol = ol 4 9afm

a§n+1) _ 3a§”) _ 3a§”) + 12aé") - 70één)7

o™ = —a{™ — 4™ + 4a{ + 7a{ + 7™,

agnﬂ) = 3a§”) + 3a§”> — 404&”) — 7045{0 — 4ozé.n),

(3.23)

ol = —40{" — 30" + 70" + 1208 + 70",

If we take (2,1,3,—1, 3,—4) as the initial solution of the sequence, the
next three solutions of the infinite sequence of integer solutions of Egs. (3.21)
are given by (7, 4, 67, 20, 20, —30), (26, 15, 459, 525, —255, 459), and (97, 56,
—6240, 3640, —7224, 12577).

3.3. Octic forms. We will now construct an octonary octic form admitting
composition and consider a related octic diophantine equation.
3.3.1. A composable octic form.

THEOREM 3.5. If the matriz P(x1,xo,...,xs) is defined by

C(l'h RS I4) O(il?5, ceey 378)

Plz1, @, ..., wg) = —sC(xs, ..., x3) Cl(x1, ..., z4) +1A(T5, ..., Ts)

where C(x1,x2,x3,24) 15 defined by (3.2) and r, s are arbitrary integers, the
form f, defined by

(3.24) f:R® SR, f(x1,29,...,28) = det(P(zy, 2, . ..,25)),
is a composable octonary octic form.

PROOF. When the matrices C;,i = 1,...,4, are defined by (3.1), we have
already proved in Theorem 3.1 that £ = span{C,Cs,C3,C4} is a unital
commutative subalgebra of My(R). We now apply Corollary 2.5 where we
replace p, g by r, s, respectively, and immediately obtain the composable form
f defined by (3.24). It has been verified using MAPLE that the octic form
f(x1, e, ..., xg) is irreducible for various numerical values of the parameters
m,n,p, q, T, S. 0
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3.3.2. A related octic diophantine equation. We will now consider the dio-
phantine equation

(325) f(xla T2y .y IS) :17

where f(z1, xa,..., xg) is the octic form defined by (3.24). As in Sect. 3.1.2,
the integer solutions of the octic diophantine equation (3.25) form an abelian
group, and we can combine two integer solutions of Eq. (3.25) using the
binary operation (2.27) for the group of integer solutions of Eq. (3.25).

We will now consider Eq. (3.25) when (m, n, p, ¢, r, s) = (0, —5, 0, —3,
0, —14). This is an irreducible equation and it is readily verified that a nu-
merical solution of this equation is given by

(326) ($17w27$37$4,375,.%'671'7,-'178) = (47 27 27 17 147 77 83 4)

If (a1, ag, ..., ag) is an arbitrary integer solution of our numerical oc-
tic equation such that a; > 0 for each i, we may use the binary operation
(2.27), and the solutions (3.26) and (a1, a2, ..., as), to obtain a new solu-
tion, and as before, by repeatedly combining each successive solution with
the known solution (3.26), we get an infinite sequence of solutions in positive
integers of our octic equation. If we denote the nth solution of the sequence
by (ozgn), ozé"), . ozén)), the (n + 1)th solution may be written in terms of
the nth solution as follows:

(4a{ +10a8" + 605" + 1505 + 1960 + 490" + 3360l + 840a",
20{™ + 405" + 30l + 60" + 980" + 1960 + 1680L™ + 3360,
20{" 4 508" + 40l + 1008 + 11200 + 280a{™ + 1960 + 4900,
a§”) + 2ozén) + 204:(),”) + 4afln) + 56aén) + 112aén) + 9804571) + 196a§5n),
1404571) + 35aén) + 24045),”) + 60afln) + 4ozén) + lOagn) + Gagn) + 15@5;"),

7o + 1408 + 120" + 2408 + 20 + 408 + 308 + 60,

8ai" +20a8" + 1408 + 3508 + 20{" + 50" + 40t + 100",

4a§”) + 8(15”) + 704:(371) + 14@5171) + ozén) + QOlén) + 204;”) + 4aén)).

If we take (4,2,2,1,14,7,8,4) as the initial solution of the sequence, the
next three solutions of our octic equation are as follows:

(12285, 5460, 7092, 3152, 468, 208, 270, 120),
(578740, 258910, 334134, 149481, 729790, 326485, 421344, 188496),
(612075793, 273723336, 353382120, 158034240, 45691800, 20433600,
26380172, 11797344).
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4. THREEFOLD COMPOSITION OF FORMS AND RELATED DIOPHANTINE
EQUATIONS

We will now consider forms that admit threefold composition and solve
related diophantine equations.

4.1. Quadratic forms.

THEOREM 4.1. For arbitrary integers a, b, ¢, the binary quadratic form
Q(x1, 3) = ax? + bx1x2 + cx3 admits the threefold composition identity,

(4.1)  Qz1, 22)Q(y1, ¥2)Q(21, 22) = Q(u1, u2) = Q(v1, v2) = Q(wr, wa),
for all x;,y;,z; € R,i = 1,2, and, if we write,

b1(71, 22, Y1, Y2, 21, 22) = aT1Y121 + bT1Y221 + CT1Y222 — CT2Y122 + CT2Y221,
P2(21, T2, Y1, Y2, 21, 22) = aT1Y122 — aT1Y221 + aTay121 + bTay122 + cT2yaz0,

the values of u;,v;, w; are given by,

(4.2) ur = ¢1(x1, T2, Y1, Y2, 21, 22), Up = ¢o(x1, T2, Y1, Y2, 21, 22),
(4.3) v1 = $1(Y1, Y2, 21, 22, L1, T2), vy = ¢2(y1,Y2, 21, 22, T1, T2),
(4.4) w1 = ¢1(21, 22, T1, T2, Y1, Y2), wo = ¢2(21, 22, T1, T2, Y1, Y2)-

PROOF. Let M; and Ms> be two matrices defined by

t 0 0 1
(45) M, = |:b t:| , My = |:C 0:| , t,bceZ, t7é 0.
Clearly M = span{Mj, M>} is a 2-dimensional vector space which is not

closed under multiplication of matrices since it is readily seen that M? ¢ M.
An arbitrary matrix in M may be written as M(z1,z2) = z1 My + z2Ms
where x1,z2 € R. It is readily verified that

(4.6) M (z1,22) M (y1,y2) M (21, 22) = M (u1, u2),
where u; and wuo are trilinear forms in the variables x;, y;, z; defined by

(47) uy = Px1y121 + ba1yez + criyazs — cray1 22 + CT2Y221,
. uy = tPw1y122 — a1y + Paay121 + bray1 22 + cray22s.

It follows from (4.6) that the product M (x1, z2) M (y1, y2)M (21, 22) € M.
Taking determinants on both sides of (4.6), and replacing > by a, we get the
threefold composition identity,

(4.8) Q(z1, 22)Q(y1, ¥2)Q(21, 22) = Q(u1, uz).

We note that on permuting the three pairs of variables (x1, z2), (y1, ¥2),
(21, z2) in the identity (4.8), while the left-hand side of the identity remains
unchanged, the values of wuy, us get changed either to vi,vs, or to wi,ws,
whose values are given by (4.3) and (4.4), respectively. We thus get the
complete identity (4.1).
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In the form Q(z1,x2), we may choose the integers a,b and ¢ such that
Q(z1,x2) is a negative definite form. The product Q(z1, 22)Q(y1, y2) is thus
necessarily positive, and hence cannot be expressed by the form Q(z1, 22).
Thus there cannot exist an identity Q(x1, £2)Q(y1, y2) = Q(z1, 22) for arbi-
trary a, b, ¢, and hence the form Q(z1,z2) indeed admits threefold composi-
tion. ]

It follows from the identity (4.1) that a solution of the diophantine chain,

(4.9) Q(u1, uz) = Q(v1, v2) = Q(w1, w2),
is given in terms of arbitrary parameters x;, y;, z; by (4.2), (4.3) and (4.4).

4.2. Higher degree forms admitting threefold composition. We will now give a
theorem, analogous to Theorem 2.4, for constructing forms that admit three-
fold composition. If § is a set of matrices, we will denote the span of S by

[S].

THEOREM 4.2. IfSl = {Al, AQ, ey Ah} and SQ = {Bl, BQ, . ,Bk} are
linearly independent sets of matrices in M, (Z) and M,,(Z), respectively, such
that for any three, not necessarily distinct, matrices in S;, their product is
in [Si], both fori =1 and i = 2, and either [S1] or [Sa] is not closed under
multiplication of matrices, then

(4.10) V=span{B; ® A, i=1,...,k, j=1,...,h},

is a vector subspace of My, (R) such that for any three arbitrary matrices in
V, their product is also in V. Further, for arbitrary parameters x;; € R,i =
1,....k, j=1,..., h, if the matriz C = C(z;;) is defined by

k h
(4.11) C(z4) ZZ 2i(B; ® Aj)

the form f, of degree mn in the variables x;j,i = 1,...,k, 7 = 1,..., h,
defined by

(4.12) f: RF R, f(.’);‘ll, T12, ... ,xkh) = det (C(:L‘u, T12, ..., mkh)),
satisfies a threefold composition identity.

PROOF. As in the proof of Theorem 2.4, we first construct the set S =
{B;®A;,i=1,...,k,j=1,..., h} of kh linearly independent square matrices
of order mn so that V is a vector subspace of M,,,(R) and dimV = kh.

For any iy,i2,4i3 € {1,...,k} and j1, 42,73 € {1,...,h}, our assumption
implies that A; Aj,A;, € [S1] and B;, B;, B, € [S2]. We may thus write

Aj1Aj2Aj3 = Z?:l SjAj, S € R, and BilBiQBig = Zf:l riB;, r; € R.
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Hence, in view of (2.17), we have,
(Bi1 ® Ajl)(Biz ® A]z)(Bls ® AJ&) = ((BilBi2) ® (Alejz))(Bis ® Ajs)v
= (Bi1BizBi3) ® (AlejzAjs)

k h
=) _rB)® (> si4;)
i=1 =1

:Zi

=137

TS (Bi ® AJ) eV.
1

It now follows by a straightforward extension of the argument given in Lemma
2.1 that for any three arbitrary matrices in V), their product is also in V.

An arbitrary matrix C' = C(x;;) € V may be written as stated in (4.11).
Since for any three arbitrary matrices C(z;;), C(yi;), C(zi;) € V, their product
is also in V, we may write this product as C(w;;),w;; € Ryi=1,... .k, j =
1,..., h, that is, C(x;;)C(y:;)C(2i;) = C(w;j), and, on taking determinants,
we get, det (C(x;;))det (C(ys5)) det (C(z5)) = det (C(w;j;)), which gives the
threefold composition identity satisfied by the form f defined by (4.12). The
values of w;; are given by trilinear forms in the variables x;;,y;; and z;;.

Finally, we note that if both [S1] and [Ss] are closed under matrix mul-
tiplication, then the form f will satisfy the usual composition identity (1.1),
which may be used twice to yield the composition identity (1.3), hence the
stipulation imposed in the theorem. 0

4.3. Quartic forms and a related quartic diophantine equation.

THEOREM 4.3. The quartic form f(x1, ..., x4) defined by

(4.13)  f(z1, ..., z4) = 54254351l + 252t4mx§x2 + 254t2pw§’w3 + 52t2mpas‘;’a:4

+ (m2 + 2s2n)t4x§x% + 3s**mpaizas + (m2 + 232n)t2px%:c2:c4

+ (p° + 2t%q)s* aias + (p° + 2t°q)s*maiazszs + (s°np® + Pm’q — 25°t°ng)zix]
+ 2t4mna:11:§ + (m2 + 252n)t2px1m§m3 + 3t2mnpx1x§a:4 + (p2 + 2t2q)82m1’1m2a:§
+ (m2p2 + 832t2nq)x1x2x3x4 + (p2 + 2t2q)mmclﬂc2xi + 25 pqar 2
+ 352mpqx1x§x4 + (m2 + 252n)pqx1x3xi + mnpqui + t4n2m§ + tanpxgxg
+ 2% paiz + (san2 +*m?q — 252t2nq)x§x§ + (p2 + 2t2q)mna:§x3m4
+ (p2 + 2t2q)n2:c§:ci + $*mpqzazs + (m2 + 252n)pqx2x§x4 + 3mnpqrazsTs

+ 2n2pqac2xi + s4q21‘§ + 232mq2x§x4 + (m2 + 282n)q2x§xi + 2mnq2m3x2 + n2q2xi,
where s # 0, t #£ 0 and m,n,p,q,s,t € Z, admits threefold composition, and
forall x;, y;, z € R, i =1, ..., 4, it satisfies the identity,

(414) f(zla ey x4)f(y17 ey y4)f(zl7 ey Z4) = f(w17 ey ’LU4),
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where the values of w;, i =1, ..., 4, are given by
wy = 82t2x1y121 + mt2x1y221 + nt2x1y222 - nt2x2y122
+ -+ NQTAY124 — NGT4Y223 — NGT4Y322 + NGT4Ya21,
Wy = s2t2m1y1z2 - 82t2$1y22’1 + 82t2x2y121 + mt2x2y122

(4.15) + -+ NPTaYszo + NQT2Y4Z4 — NQTAY224 + NQT4Y422,
. w3 = $*Pr1y123 — SSPT1Y321 + STy 21 + mtPTiyezs

+ - F NPTaYz3 + NQT3Y4Z4 — NGTAY324 + NGT4Y423,
Wy = 32t2:c1y124 — 52t2z1y223 — 82t2x1y322 + 32t2:c1y4zl
+ s MPTY124 + MAT4Y324 + NPTaY224 + NGT4Y424-

PROOF. In the matrices My, My defined by (4.5), we first replace the
parameters t,b, ¢ by s, m,n, respectively, to get the matrices A, Ao, and we
then replace the parameters b, ¢ in the matrices My, Ms by p, g, respectively,
to get the matrices By and By. The matrices Aj, Aa, B1, By may be written
as

s 0 0 1 t 0 0 1
(416) Al - |:m _S:l bl A2 - |:n 0:| aBl - |:p _t:| ) B2 - |:q 0:| ’

where s # 0, t # 0 and m,n,p, q, s,t € Z. We note that the matrices {A;1, A}
and {Bj, By} satisfy the conditions of Theorem 4.2. A straightforward appli-
cation of Theorem 4.2 now gives the form f(z1, ..., x4) which satisfies the
threefold composition identity (4.14). It has been verified using MAPLE that
the quartic form f(x1, ..., x4) is irreducible for various numerical values of
the parameters m,n,p,q,s and t. The values of w;, i = 1, ..., 4, given by
(4.15) are obtained by direct computation.

We will now show that the form f(z1, ..., x4) defined by (4.13) does not
satisfy any composition identity of type (1.1). If such an identity exists, it
would be valid for all values of the integer parameters m, n, p, ¢, s, t. We now
choose (m, n, p, g, s, t) = (0, 1, 0, 2, 0, 0) when (1.1) reduces to (4z})(4yi) =
4z} which is false since the value of z;, must be given by a bilinear form with

integer coefficients. Thus the form f(x1, ..., z4) does not satisfy any identity
of type (1.1) and is indeed a form admitting threefold composition. ]
We will now consider the quartic diophantine equation f(z1, ..., x4) =1

when (m, n, p, q, s, t) = (=1, —4, 1, —1, 1, 1), that is, the equation,
(4.17) Ty — 223 we + 20825 — 2wy — Taiwh — 3x xoms — T T2 — TITH + TIT3T4
— 133:?30421 + 81:1:53 — 7x1x§x3 + 123:130%364 + xwgmg + 33r1x223T4 — 4%‘1%‘2.%421
— Qxlasg + 3aclac§:c4 + 7x1x3mz — 4m1x2 + 1630‘21 + 41‘%1‘3 + 322332:4 — 13:c§:v§
— 4x§x3x4 — 161‘%.%‘?1 + mzxg + 7x2x§x4 — 12x2m3m421 - 32x2x2 + x% — 2x§x4

— 7x§xi + 8x3$2 + 16302 =1.
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It is readily verified that (4.17) is an irreducible equation, and two nu-
merical solutions of Eq. (4.17) are (1, 0, 0, 0), and (21, 8, 33, 13).

If (a1, 9, a3, ) is any integer solution of Eq. (4.17) such that «; > 0
for each 7, in the identity (4.14) we take, (x1,x2,x3,24) = (a1, @2, a3, qy),
(ylv Y2, Ys, y4) = (13 O, 0’ 0)7 (Zlv 22 23, Z4) = (213 8; 333 13)3 anda on us-
ing the relations (4.15), we obtain a new solution of Eq. (4.17). As before,
we combine the solution just obtained with the solutions (y1, y2, Y3, ya) =
(1,0, 0, 0) and (z1, 22, 23, 24) = (21, 8, 33, 13) to obtain yet another solu-
tion of Eq. (4.17), and by repeatedly applying this process, we get an infinite
sequence of solutions in positive integers of Eq. (4.17). If we denote the nth
solution of the sequence by (agn), agn), aén)7 af[")), the (n + 1)th solution is
given by the following linear recursive relations:

oyt =8al™ +13a8" +13a{" + 20a{",
al™™ = 330" 4+ 5208 + 540" + 84al,
o =13a{™ + 2005 + 2108 + 330"

If we take (21, 8, 33, 13) as the initial solution of the sequence, the next
three solutions of Eq. (4.17) obtained by the above process are as follows:

(2462, 961, 3983, 1555), (294753, 115068, 476920, 186184),
(35291917, 13777548, 57103521, 22292541).

4.4. Octic forms and a related octic diophantine equation. We will now obtain
an octic form that admits threefold composition by applying Theorem 4.2 to
the linearly independent sets of matrices {M;, My} and {C;,i = 1,...,4}
where the matrices M; and C; are defined by (4.5) and (3.1), respectively.
Denoting the 8 matrices C; ® M;,¢ =1,...,4,7=1,2, by P;,i=1,...,8, we
write V = span{Py,...,Ps}. Any arbitrary matrix P = P(z1,...,28) € V
may now be written as P = 2?21 x; P; where x; € Rji =1,...,8. It follows
from Theorem 4.2 that the form f defined by f : R® = R, f(zy,...,78) =
det (P(z1,...,zs)) admits a threefold composition identity.

Since the entries of the matrices M; and C; are in terms of arbitrary pa-
rameters b, c,t,m,n,p, and g, the coefficients in the form f are polynomials
in these parameters. As the matrices P;, the form f and the related compo-
sition formula are too cumbersome to write, we do not give them explicitly.
We have, however, verified, using MAPLE that the form f is irreducible for
various numerical values of the parameters b, c,t,m,n,p, and ¢q. Further, it
has been verified, as in the case of the quartic form (4.13), that the form
f(x1, ..., xg) does not satisfy any composition identity of the type (1.1) and
it is indeed a form that admits threefold composition.
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We now consider the octic diophantine equation f(xy, ..., zg) = 1 when
(b,c,t,m,n,p,q) = (0,—14,1,3,—1,0, —3), so that the matrix P(x1, ..., zg)
may be written as,

X1 o xrs3 T4 s Te Xy xrg

3x1 — xo —x1 3x3 — x4 —x3 3x5 — xg —x5 3x7 —xg —x7

3123 3£E4 Xy ) 3£D7 3118 s e

P= 9I3 - 3:64 73{1}3 31’1 — T2 —x1 9:67 — 318 731?7 31?5 — Tg —I5
- 14:65 14I5 1417 1418 1 X2 x3 x4
42x5 — ldzg —14xs 42z7 — ldzxg —14zy 31 — a2 —x1 3x3 —xa —x3

422, 42xg 14z l4xg 3z3 34 x1 T2

126(127 — 4218 742937 42w5 — 14:D6 71415 9w3 — 3124 73113 3121 — T2 —x1
and now the octic equation is given by
(4.18) det P =1.

It is readily verified that (4.18) is an irreducible equation. We will show that
Eq. (4.18) has infinitely many solutions in positive integers.

We note that two numerical solutions of Eq. (4.18) are (1,0,0, 0,0,0,0,0)
and (2,6,1,3,7,21,4,12). If (a1, ..., ag) is an arbitrary solution of Eq. (4.18)
such that a; > 0 for each ¢, we may use the threefold composition iden-
tity satisfied by the form f to combine the three solutions (ag,..., as),
(1,0,0,0,0,0,0,0) and (2,6,1,3,7,21,4,12), taken in that order, and get a
new solution, and by repeatedly applying this process, we get an infinite se-
quence of solutions in positive integers of Eq. (4.18). As before, following
our earlier notation, the (n + 1)th solution of the sequence may be written in

terms of the nth solution (aﬁ”), aén), . ozén)) as follows:

(2a{™ + 603" + 305" + 908" + 980 + 294" + 1680l + 5040,

6™ + 2008 + 90l + 300l + 294a{™ + 9800 " + 50408 + 168001,

o™ 430" + 208" + 608" + 560l + 168af" + 98" + 294",

30 + 1005 + 60l + 200 + 1680 + 5600 + 294a™ + 9800,

78" + 218" + 1205 4 360" + 20 + 6a{” + 30 + 94",

21a{" + 7008 + 360" + 1200 + 60" + 200" + 9ai” + 304",

40{ + 1205 + 708" + 210 + ol + 30 + 208 + 60V,
120" + 4008 + 210" + 70a{"” + 3l +10a{"” + 6y + 20a").

If we take (2,6,1,3,7,21,4,12) as the initial solution of the sequence, the
next three solutions of Eq. (4.18) obtained by the above process are as follows:

(13650, 45045, 7880, 26004, 520, 1716, 300, 990),
(1660070, 5482800, 958437, 3165480, 2093345, 6913800, 1208592, 3991680),
(4520236757, 14929326951, 2609759880, 8619450840,
337438200, 1114482600, 194820028, 643446804).
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5. CONCLUDING REMARKS

The composable forms constructed in Sections 3 and 4 above are illustra-
tive examples, and many more forms admitting composition may be obtained
in a similar manner. In fact, the general methods given in this paper may be
used to construct forms of arbitrarily high degree admitting the composition
identity (1.1) or the threefold composition identity (1.3).

It would also be of interest to explore the existence of forms that admit
m-fold composition where m > 3, that is, we seek forms which satisfy a
composition identity,

(51) f(xu, . 7$1n)f($217 . ,l‘gn) e f(l‘kl, e ,Ikn) = f(’LUl7 - ,wn),

where k = m and the identity (5.1) cannot be derived from a similar identity
with & < m.

The examples of diophantine equations given in Sections 3 and 4 are also
only illustrative in nature. It would be of interest to construct diophantine
equations f(x;) = 1 with infinitely many solutions in positive integers when
f(z;) is a form of degree n in n variables and n > 8.
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Morfologija matrica i kompozicija formi viSeg stupnja s
primjenama na diofantske jednadzbe

Ajai Choudhry

SAZETAK. U ovom c¢lanku koristimo matrice za dobivanje
novih kompozicijskih identiteta f(x;)f(y:) = f(zi), gdje je f(z:)
ireducibilna forma s cjelobrojnim koeficijentima stupnja n u n
varijabli (n je 3, 4, 6 ili 8), z;, yi, ¢ = 1, 2, ..., n su nezavisne
varijable, dok su vrijednosti od z;, ¢ = 1, 2, ..., n dane bilin-
earnim formama u varijablama x;, y;. Za n = 2, 4 ili 8, takoder
dobivamo nove kompozicijske identitete f(z;)f(v:)f(zi) = f(w:)
gdje je, kao prije, f(x;) ireducibilna forma s cjelobrojnim koefici-
jentima stupnja n u n varijabli, dok su z;, vy, 2i, 1 = 1,2, ..., n
nezavisne varijable i vrijednosti od w;, ¢ = 1,2,...,n su
dane trilinearnim formama u varijablama x;, yi, z;, takve da se
ovi identiteti ne mogu izvesti iz identiteta oblika f(z;)f(y:) =
f(z:). Nadalje, opisujemo metodu dobivanja obje ove vrste
kompozicijskih identiteta za forme visih stupnjeva. Takoder
opisujemo metodu generiranja beskonac¢no mnogo cjelobrojnih
rjesenja odredenih kvarti¢nih i okti¢nih diofantskih jednadzbi
f(z1, ..., zn) = 1, gdje je f(z1, ..., z,) forma koja dozvoljava
kompozicijski identitet i n = 4, 6 ili 8.
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