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 The present paper aims to model ultrasonic effects such as 

temporary softening and residual hardening. While temporary 

softening is observed during simultaneous action of mechanical 

forces and ultrasound, residual hardening manifests itself after 

switching off the ultrasound. The analytical description of these 

phenomena is conducted in terms of the synthetic theory of 

irrecoverable deformation. The model results show good 

agreement with experimental data obtained for the ultrasound-

assisted compression of pure aluminum. 
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1 Introduction 
 

Nowadays, ultrasonic technology is a convenient and accessible tool to assist many metalworking 

processes, such as forming, welding, and microelectronic wire bonding. Ultrasound has various advantageous 

characteristics: high reliability and current carrying capacity, "cold process", short process time, comparatively 

low energy consumption, etc. For this reason, acoustoplasticity has gained much interest in science and 

industry. 

There are three central phenomena associated with acoustic energy and its effect on the deformation 

properties of metals [1]-[9]: 

(i) Stress-drop recorded at the moment as ultrasound is On.  

(ii) Ultrasonic temporary softening caused by ultrasound when unidirectional and oscillatory loading 

are applied simultaneously (acoustoplasticity) - the material flows at lower stress than when 

mechanical loading alone is applied. 

(iii) Ultrasonic residual hardening or softening detected after ultrasound is turned off - the development 

of plastic deformation of the material deformed after sonication requires greater (hardening) or 

lesser (softening) stress than normal plastic deformation. 

For decades, numerous studies have been conducted to improve the understanding of the factors that 

determine the above phenomena. Nevertheless, the problem is far from being solved. Nevertheless, it is 

possible to use dislocation theory to design a deformation mechanism that explains the elongation of metals in 

the presence of ultrasound. 

With temporary ultrasonic softening, there are the following suggestions about the effects of acoustic 

energy. 

1. Malygin [1] proposed a stress superimposition mechanism, implying that ultrasonic waves activate 

blocked dislocations hardened under ordinary deformation and decrease stresses for further plastic 

deformation. The microstructure includes an increase in dislocation density and the formation of blocked loops 

of vacancies (it is worth noting that the separation of the ultrasonic defects from those of unidirectional loading 

can be complicated [2]. However, Daud et al. [3] found that the simple addition of unidirectional and oscillatory 

stresses leads to incorrect results, i.e., a more nuanced approach is needed. 
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2. Localized heating produced by acoustic energy may also be sufficient to produce some annealing of the 

microstructure. Deshpande et al. [4] draw an analogy between the effects of hot deformation and ultrasound 

action and indicate that similar microstructure evolution results can be observed when thermal energy is 

replaced with ultrasonic energy. As a result, numerous investigators (e.g. [2], [5]-[7]) suggest that ultrasonic 

vibration induces sufficient heat input to the sample to initiate dynamic annealing, which leads to the reduction 

of dislocation density.  

The mechanism of dynamic annealing mainly depends on the stacking fault energy (SFE) of sonicated 

material. According to Deshpande et al [4], [8], although aluminum and copper have the same FCC crystal 

structure, they recover through different annealing mechanisms (polygonization and recrystallization, 

respectively), resulting in a significantly different microstructure after deformation in the presence of 

ultrasonic energy. Metals with low SFE (e.g., copper, titanium, gold) soften mainly by recrystallization, in 

which the rapid migration of grain boundaries intensively "cleans" the deformed matrix. For high SFE 

materials such as aluminum, the main microstructural evolution during dynamic recovery is the extinction of 

dislocations of opposite sign and the rearrangement of free dislocations into subgrains surrounded by grain 

boundaries of low angle, i.e., aluminum is softened by polygonization. 

Kulemin [9] summarizes the stated above: when external loading is applied along with ultrasonic 

irradiation, both hardening and softening occur, but the former is more intensive than the latter, and as a result, 

we observe the phenomenon of temporary softening. This expression is correct, but there is a lack of 

consideration of the influence of the defect structure formed during the acoustic plasticity on the plastic 

properties of the material after the US is switched off. 

Residual ultrasonic effects. The material's deformation properties that have undergone acoustoplasticity 

depend entirely on the microstructure developed during plastic deforming in the acoustic field. According to 

Lum [2], the residual acoustic effect is attributed to the net balance between dynamic annealing and the 

multiplication of dislocations. It is suggested that the appearance of acoustic residual softening or hardening 

is determined by the net result of ultrasonic effects on the internal structure of the materials, especially 

dislocation density. On this basis, we attribute the residual softening to the dominating role of recrystallization 

during acoustoplasticity, whose "cleaned" structure exerts fewer restrictions against the development of plastic 

deformation after the US is off. On the other hand, if the dynamic annealing mechanism manifests itself via 

polygonization, the dislocation net hardens the material. Therefore, at least for pure metals, we propose to 

relate the appearance of residual softening or hardening to the value of SFE, which governs the recovery 

mechanisms and, in this end, determines the potential opposing effect on activating and multiplying 

dislocations. 

This paper aims to give an analytical description of the following ultrasonic effects: a) ultrasound-induced 

stress drop, b) ultrasonic temporary softening, and c) ultrasonic residual hardening. For the mathematical 

apparatus, the synthetic theory of irrecoverable deformation is utilized. The present research extends the 

previously obtained results [10] that deal with ultrasonic softening alone. 

 

2 Synthetic theory 
 

In terms of this theory [12], the plastic deformation at a point of the body (plastic strain vector, e , in three-

dimensional stress deviator stress 3S ) is calculated as a sum of plastic shifts in active slips systems, i.e., where 

the resolved shear stress exceeds the material yield strength (the Schmidt law): 

 

,N

V

dV= e N
                                                              

 (1) 

 

  

where N  – plastic strain intensity – is an average measure of plastic deformation within one slip system; unit 

vector N  gives an orientation of slip systems; dV  is an elementary set of the slip systems involved in plastic 

deformation. 

A vital feature of the synthetic theory is the formulation of yield criterion and strain hardening rule. 

Namely, we work not with a yield surface itself but with its tangent planes, i.e., the yield surface is treated as 

an inner envelope of the tangent planes. The physical sense of the tangent planes is that every tangent plane 

corresponds to a slip system at the point of the body. The positions of planes are defined via their distances      
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( NH ) and unit normal vectors ( N ). Therefore, the Von-Mises yield criterion adopted in the synthetic theory 

is treated as a set of equidistant planes for all directions, N SH S=  (Figure 1a). A stress vector presents loading 

( S ). In the course of loading, the stress vector moves (shifts) at its endpoint (load point) a set of planes from 

their initial position.  

The movements of the planes located on the endpoint of the vector S  are translational, i.e., the plane 

orientations remain unchangeable. The planes that are not on the endpoint of the vector S  remain unmovable. 

The displacement of a plane on the endpoint of the stress vector symbolizes a plastic flow within the 

corresponding slip system ( N ). Figure 1b shows the loading surface for the case of uniaxial tension.  

It consists of two parts: a) sphere constructed as the envelope of motionless planes, and b) a cone whose 

generators are formed by the boundary planes shifted by the vector S . The planes shifted by the vector S  

during loading are located on the top of this cone. 

 

 
 

Figure 1. Yield (a) and loading surface (b) for uniaxial tension in terms of the synthetic theory in the S1-

S2 coordinate plane (angle 1  gives the orientation of the boundary planes shifted by the stress vector). 

 

Now, we can define the plastic strain intensity – and indeed the plastic flow rule on the microlevel of 

material – as [12] 

                                                 

( )
2 2

2 2 for planes reached by :  
.

0 for planes not reached by :  

S N
N N S

N

S H
r H S

H


  − = 
= − = 

 

S N S S N

S S N                                                               
 (2) 
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The scalar product S N  defines the resolved shear stress acting in one slip system. The plane distance 

NH  reflects the material's hardening because the greater the distance, the greater stress is needed to reach the 

plane. In Eq. (2), 2 3S SS = , where S  is the yield strength of the material; r  is the model constant 

determining the slope of stress~strain curves;   2MPar = . 

Consider the case of compression. Since, in terms of the synthetic theory, isotropy postulate holds, the 

results obtained for uniaxial tension [10], [12] can also be utilized for compression. So, the loading is 

represented by ( )2 3 ,0,0S  stress vector that elongates along the 1S  axis. Eqs. (1) and (2) take the 

following form [12] 

 

( ) ( )
2 2 2

1 1

1 2
sin cos ,

3
N S SS N S

r r
     = − = −

                                                                 
 (3) 

 

 

where angles   and   give the orientation of vector N  in 3S  [12]. 

Now the plastic deformation vector component ( e ) is calculated via (1) as 

 

( ) ( )
1

1

2
2 2

0

0

4
sin cos sin cos cos ,

3
Se d d a b

r






         = − = 

   
                                                              

 (4) 

 

                                                         

Where 

 

( )
2 2

2 2 2 4
0 2

1 1 1
,      2 1 5 1 3 ln ,      .

9

S Sb
a b b b b b b

r bb

 



 + −
 =  = − − − + =
 
 

                                                              
 (5) 

 

 

The integration boundaries in (4) are obtained from (3) by letting 0N =  and 0 = : 

 

1 1sin ,     cos .
sin

S S 
 

  
= =

                                                              
 (6) 

 

 

If to add E  to e  from (4), we obtain the total deformation at the stress   ( E  is the Young modulus of 

material). 

 

3 Extension of the Synthetic Theory to the case of plastic straining in the presence of           

ultrasound 
 

In order to model the effects of ultrasound on the plastic straining of metals, we extend Eq. (2) for the 

plastic strain intensity in the ultrasonic field ( NU ) by two terms, tU  and rU , which reflect the ultrasonic 

temporary softening and residual hardening, respectively: 

 

( )2 2 2 2,NU N t r Sr H U h U U S = + − − −
                                                              

 (7) 

 

where h  is the Heaviside step function and U  is ultrasonic energy density 3J m . The ultrasonic energy is 

readily expressed via vibration- or stress-amplitude (  and m  respectively: ( ) 2 21 2U  =  and 

m E c =  [16], where   is the density of a material,   is the angular frequency of vibration). 

As for  , it has the same unit as U  and we define it as 0   and 0 → . As will be seen below, the only role 

of ( )h U −  function is to separate the effect from tU  and rU . 
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3.1 Temporary softening 
 

It is easy to see that we have 0U −   and ( ) 0h U − =  during plastic deforming coupled with 

ultrasound. Consequently, Eq. (7) yields the following form 

 
2 2 2        during acoustoplasticity ( 0).NU N t Sr H U S U = + − 

                                                              
 

(8) 

  

The term tU  reflects the ultrasonic temporary softening because its appearance with a positive sign in Eq. (8) 

makes it possible to maintain a given value of the strain intensity at less value of the unidirectional stress 

involved into NH = S N . In other words, the plastic deformation in the ultrasonic field develops at lower 

stress due to the compensation from acoustic energy. 

We define tU  as 

 

( )( )  2
1 2 ,    0, ,

A pt
tU AU e t −= −  u N

                                                              
 

(9) 

  

 

where   is the sonication duration and u  is a unit vector indicating the vibration mode (longitudinal, torsional, 

etc.). For longitudinal sonication, the u  vector has ( )1,0,0  coordinates in 3S . If to denote through U  the 

vector ( )2
1 2

A ptAU e−− u , Eq. (9) becomes tU = U N , i.e., the action of ultrasound is presented by a vector 

whose component depends on acoustic energy/vibration amplitude and time. 

 

Eq. (9) correctly reflects numerous studies’ results carried out on many metals (zinc, cadmium, aluminum, 

copper, and steel [5], [2], [11], [13]-[15]. They report that the magnitude of ultrasonic temporary softening 

depends on the vibration/stress amplitude. We relate the temporary softening effect to the ultrasonic energy 

(stress amplitude) via power function 2
1

AAU . Further, the product 2
1

A ptAU e−  reflects the temporary 

multiplication of ultrasound-induced defects ( NU ), proposed in Rusinko's early work (2011). The pte−  

function reflects the well-known fact that the number of ultrasound defects first increases with time and then 

reaches a plateau [9], [10], [17]. Therefore, Eq. (9) is dual. On the one hand, the ultrasound defects harden the 

material, but, on the other hand, they become centers of softening processes. As evident from (9), since the 

term ( )2 pte−−  is always positive, the net effect is the prevalence of softening mechanisms during 

unidirectional and oscillating load simultaneous action. 

Formulae (8), (9), and (1) describe the plastic deformation superimposed by ultrasound, portions 

1 2 3C C C− − , or 1 2 3B B B− −  in Fig. 2. 1 2C C−  and 1 2B B−  are the stress drops at the instant as ultrasound 

On. 2 3C C−  and 2 3B B−  are the diagram portions in the acoustic field. It must be noted that, according to Yao 

et al. [11], the magnitude of the stress drop depends on the value of the stress when the US is On – 

1 2 1 2B B C C     (approximately 52.46 MPa vs. 44.45 MPa [11]) – at the same intensity of ultrasound applied. 

Therefore, the greater stress is acting, the more significant effect from the sonication can be expected. In other 

words, the greater deformation energy accepts the additional ultrasonic one, the more remarkable softening 

occurs. 

The 2 3A A  and 2 3B B  portions show identical tendencies – the simultaneous action of unidirectional and 

vibrating stresses results in smaller stress values needed to continue the plastic deforming. 

The consideration of Eqs. (8)-(9) and Figure 2 makes it possible to analyze the quantities (model constants) 

1A , 2A , and p  from (9). The function 2
1

A ptAU e−  governs the stress drop caused by the ultrasound ( 0t = ) and 

the kinetics of the    diagram in the acoustic field ( 0,t  . To catch the fact that this drop depends on 

the value of unidirectional stress when the US is On, we define 1A  as an increasing function of static stress: 

 

( )( )1 1 1' 1A A a f = +
                                                              

 (10)  
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where ( )f   is a linear function of the static stress, its concrete form is presented in the paper's final section. 

So, to plot the ultrasound-assisted stress-strain diagram, we need to choose the following four model constants: 

1 'A , 1a , 2A , and p . The constants 1 'A , 1a , and 2A  govern the magnitude of the stress drop as a function of 

ultrasound intensity and the point where the ultrasound is On. The model constant p  is responsible for the 

slope of the stress-strain diagram in the acoustic field. We choose these constants so to fit in the best way 

experimental data. 

 

 
 

Figure 2. Schematic stress~strain diagrams with the sonications of different duration (according to 

[11]). 

                                                                           

3.2 Residual hardening 
 

Consider the plastic strain intensity after the ultrasound is Off. Since at  0U =  we have 0tU =  and 

( ) 1h  = , Eq. (7) takes the following form 

 
2 2 2       after the ultrasound is Off ( ,  0)NU N r Sr H U S t U = − −  =

                                                              
 (11)  

 

The term rU , which stands with a negative sign in Eq. (11), suppresses the development of plastic slips NU

, i.e., it is responsible for ultrasonic hardening. We define rU  as 

 

4
3

0

,
A

rU A U dt


= 
                                                              

 (12)  

 

Again, we propose a power function to express the dependence of ultrasonic residual hardening upon the 

ultrasound intensity with model constants 3A  and 4A . At the same time, the intensity of sonication is not the 

only parameter governing the magnitude of the hardening effect. Namely, the sonication duration also plays 

an important role; in other words, the time-integral in (12) reflects the time-dependent magnitude of ultrasonic 

energy injected into the material. Therefore, the term rU  reflects a post-sonicated-defect pattern leading to 

material characteristics/response changes after the acoustoplasticity. Figure 3 demonstrates the temporary 

behavior of functions tU  and rU  from Eqs. 7, (9), and (12), respectively. 
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Figure 3. Temporary and residual terms in Eq. (7) as a function of ultrasonic action. 

 

Eqs. (9), (10), and (1) model the development of deformation from points 3C  and 3B  in Figure 2. To apply 

these equations, one must choose the model constants 3A  and 4A  to ensure the best agreement between the 

model and experimental results. 

As the ultrasound is off (points 3C  and 3B ), the plastic deformation starts after elastic portions 3 4C C  and 

3 4B B . The elastic deforming continues until the value of N  remains negative in (11) due to the presence of 

rU . The resumption of plastic deformation starts as N  becomes positive, but even in this case, greater stress 

value is needed to develop the plastic deformation. This conclusion follows from the comparison of Eqs. (11) 

and (2) – NU N   as the ultrasound is Off.  

That is the essence of ultrasonic residual hardening. Another interesting fact is that this phenomenon 

strongly depends, among other things, upon the sonication duration (8 sec for 2 3C C  and 2 sec for 2 3B B ). If 

the ultrasound is off at points 3C , i.e., after eight seconds of sonication, the plastic straining develops at a 

higher stress level than at ordinary loading. At the same time, the plastic straining, which follows two-second 

sonication, returns on    curve corresponding to the ordinary loading. Therefore, not only the US intensity 

but also its duration influences the post-sonicated material behavior. To put this another way, if the ultrasound 

energy, roughly speaking the product of US intensity and sonication time, does not provide substantial changes 

in the defect structure of the material, the residual effects are not observed. 

 

4 Uniaxial compression 
 

This section shows how the relationships presented in the previous section, formulae of Synthetic theory 

extended to the case of the ultrasound-assisted plastic deformation, work for the case of uniaxial compression. 

 

4.1 As vibration starts, formulae (8) and (9) at 0t =  give 

 

( ) ( ) ( )2 2
2 222 2 2

1 1

2 3
sin cos sin cos

3 2

A A
NU S U Sr AU S AU      

    =  +  − = + −     
S N u N

                                                              
 (13)  

 

The boundary angles   and   where 0NU =  are 

 

( ) ( )2 2

1 1
2 2

2 2
1 1

sin ,     cos .
3 3

sin
2 2

S S
U U U

A A
U U

b

AU AU

 
 

  

=  =

+ +
                                                              

 
(14)  
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To ensure the stress drop at the constant deformation value (portions 1 2C C  or 1 2B B  in Figure 2), we 

demand that NU N =  at the same set of planes where the strain intensity is positive ( 1 1U = , compare 

Figsure 4a and 4b). Equating Ub  to b  from (14) and (6) yields the value of stress ( U ) maintaining the same 

deformation as before the US was On: 

 

( )2
2

2
1

3
.

2

A
U AU = −

                                                              
 (15)  

 

The formula above enables us to calculate the ultrasound-induced stress drop. 

As seen from Figure 4b, the loading surface preserves its shape due to the compensation element U , i.e., 

less value of unidirectional stress is needed to keep the deformation at the instant as the ultrasonic vibration 

starts. 

 

4.2 During the simultaneous action of unidirectional loading and ultrasound (portions 2 3C C  or 2 3B B  in 

Figure 2), Eq. (9) gets 
 

( ) ( )  2

2
2 2

1

2 3
sin cos 2 sin cos    0, .

3 2

A pt
NU U Sr AU e t       −  = + − −                                                                   

 (16)  

 

 
 

Figure 4. Evolution of loading surface during the sonication (tangent planes are not shown): a) before 

the sonication; b) the first moment as US is On; c) the end of sonication. 
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Plastic deformation in acoustoplasticity ( Ue ) is calculated by Eq. (1) with the integrand from (16). As a 

result, 

                                                                                     

( )

( )( )2

0
2

2
1

,      .
3

2
2

S
U u U

A pt
U

e a b b

AU e



 −

=  =

+ −
                                                              

 
(17)  

 

Again, comparing Eq. (17) to (6), we can see that the presence of ultrasonic energy requires less stress to 

develop the plastic deformation of a specimen. The inner surface in Figure 4c, which corresponds to the end 

of sonication, clearly demonstrates that the common action of static ( S ) and acoustic (U ) vector-portions 

reaches the loading point A . 

Eqs. (13)-(15) describe the phenomenon of temporary ultrasonic softening analytically. 

 

4.3 After US is off ( t  ), 0tU =  and 0rU   (Figure 3). Compared to (9), the plastic strain intensity (11) 

loses the term tU , which facilitated the strain intensity, but includes rU  of negative sign. As a result, the 

plastic strain intensity becomes of negative sign, i.e., the development of plastic deformation ceases (portions 

3 4C C  or 3 4B B  in Figure 2). Eqs. (11) and (12) give that 

 

4
2

2 2
3 ,A

N NU SH r A U S  = + +
                                                                

 (18)  

 

where NU  is the plastic strain intensity accumulated during the acoustoplasticity. Eq. (18) says that when 

ultrasound is Off, the distances obtain jump-wise increments in all directions by the magnitude of rU  (Fig. 4c). 

Therefore, now, the endpoint of the stress vector is inside the loading surface, and plastic deformation will 

resume only when the stress vector reaches the first tangent plane, point B . In other words, till the plastic 

strain intensity from (11) and (12), 

 

( ) ( ) ( )4
22 2

3

2 3
sin cos     ,

3 2

A
NU S Ur A U       

 
= − −  

                                                                
 (19)  

 

remains negative, we have only an elastic deformation increment, corresponding to the linear portions 3 4C C  

or 3 4B B  in Figure 2. If to compare (19) to (2), it is clear that material has been harder after the sonication, i.e., 

more significant stresses are needed to develop the same deformation as for the basic    diagram. This fact 

reflects the phenomenon of ultrasonic residual hardening. 

The increment in plastic strain intensity ( NU ), after the elastic portion (stress-strain diagrams beyond 

points 4C  or 4B  in Figure 2), is calculated as the difference of strain intensities from Eqs. (19) and (16) 

 

( ) ( ) ( ) ( )2 4

2 222

1 3

2 3 3
sin cos sin cos 2 sin cos ,

3 2 2

NU

A Ap
U AU e A U

r





        −

 =

   − + − −     
                                                              

 (20)  

 

where U  is the value of stress at t = . 

Plastic strain increment ( e ) after the elastic portion is calculated by Eq. (1) as 

 

2

2

2

0

2
sin cos cos .NUe d d

r






      =  

                                                              
 (21)  
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The integration boundaries in (21) are determined from Eq. (19) at 0N =  and 0 = . It is because the 

movements of planes on the endpoint of the stress vector for the range 2 1U     start from the sphere of 

radius S rS U+  (Figure 5). 

 

 
 

Figure 5. Evolution of loading surface after the sonication (point B is from Figure 4): a) the start of plastic 

deforming after the elastic portion; b) plastic deforming under the residual hardening. 

 

So 

 

( ) ( )4 4
2 2

2 2
3 3

2 2

3 3

2 2
sin ,     cos .

sin

A A
S SA U A U   

 
  

+ +

= =  
(22)  

 

Therefore, starting from the instant as US is Off, the total deformation takes the following form 

 

.Ue e e
E


= +  +

                                                              
 (23)  

 

where 𝑒𝑈 is calculated via (17) at the end of sonication ( t = ). 

 

In sum, the plastic deformation for the post-sonicated period is calculated via Eqs. (20)-(23), where 

constants 3A  and 4A  must be chosen to achieve the best fit between the experimental and model stress~strain 

curves. These constants regulate the increase in the stress needed to continue the plastic deforming after US is 

Off. 

 

5 Results and discussion 
 

Here, our goal is (i) to construct model stress~strain curves in the compression tests for pure aluminum 

according to the sonication regimes shown in Figure 2, (ii) to compare the analytic results with those obtained 
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experimentally by Yao et al. [11]. The Young modulus and yield strength of pure aluminum are taken as 

68 GPaE = , and 45 MPaS = , respectively. The value of the S  is read from the experimental curve in 

Figure 6. 

A) First, we choose the constant model r  to fit the ordinary (base)    diagram to the experimental 

one as best as possible. The analytic    curve from Figure 6, which is plotted via Eqs. (4)-(6) at 
4 21.3 10  MPar =  shows good agreement with experimental data. 

B) The next step is the instant when US is on. We utilize Eq. (15) to calculate the ultrasound-induced stress 

drop – the intensity of ultrasonic energy is 3126.6 J mU = , the ultrasonic vibration starts at 1 93.9 MPa =  

[11] (point 1 in Figure 6). 

Let us define 1A  from (10) in a linear manner as 

 

 
( )1 1 1

1

' 1 .A A a





 
= + 

                                                               
 (24)  

 

We propose the following values of the model constants: 3
1 ' 18.5 m JA = , 1 0.205a = , and 2 0.25A = . Formula 

(15) with these constants lead to the correct result (point 2 in Figure 6). 

C) Further, Eq. (17) serves as an analytical tool to plot    diagram under the action of ultrasound 

lasting 8 s =  (portion 2-3 in Figure 6). The utilization of this formula requires the four model constants, 1 'A

, 1a , 2A , and p . The values of the first three constants are the same as above and the constant p  we propose 

as 10.034 sp −= . Again, it can be stated that agreement between the model and test results has been achieved. 

 

 
 

Figure 6. Vibration-assisted stress~strain diagrams of aluminum; lines – model, ○ – experiment [11]. 

 

D) Finally, the plastic deformation of post-sonicated material – portion 3-4 in Figure 6. This portion is 

plotted via Eqs. (20)-(23). Preserving the values of the model constant proposed in the last portions, one must 

choose the values for 3A  and 4A . We choose 7 3
3 3.5 10  m JA −=   and 4 4A = , which leads to a satisfactory 

result. 

E) To test the model constants proposed above, we utilize Eq. (15) to calculate the ultrasound-induced 

stress drop for different values of ultrasonic energy: 
35.89, 22.0, 60.33, 126.6 J mkU =  (US is on at 

1 93.9 MPa = ). Figure 7, plotted via Eq. (15), demonstrates that the model constants chosen at point B) lead 

to the magnitudes of stress drops for different kU  correlating well with the experiment. 
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Figure 7. Stress-drop due to different values of ultrasound energy Uk (k=1,...,4). Material – aluminum; 

 – model, ○ - experiment [11]. 

 

F) Let us inspect whether the constant models from points A)-D) give correct results for another sonication 

mode. Consider the case when ultrasound of the same intensity as in A)-D) (
3126.6 J mU = ) starts when 

5 128.7 MPa =  (point 5 in Figure 6) and acts only for 2 seconds ( 2 s = ). As discussed in the Introduction, 

the amount of deformation impacts the magnitude of the stress drop caused by acoustic energy.  

This phenomenon finds its place in Figure 6 via different stress-drop values: 5 6 1 2 − −   . It is this fact that 

forced us to define 1A  as a function of acting stress, Eqs. (10) and (24). Since it is evident that ( ) ( )1 5 1 1A A 

, Eq. (15) gives a greater stress-drop 5-6 in Figure 6 compared to 1-2 observed at 1 . The deformation along 

5-6-7-8 in Figure 6 is plotted through the same formulae and constants as in points A)-D). As seen from 

Figure 6, the sonication of duration 2 s =  leads to a negligible deviation from the base    diagram after 

the ultrasound is Off. This is because the term 4
3

AA U   in Eq. (19) gives a negligibly small contribution to the 

material’s hardening as 2 s = . As a result, the effect of residual hardening is not observed, which is in full 

conformity with the experimental record. 

 

6 Conclusion 
 

In this study, acoustic temporary softening and acoustic residual hardening during vibration-assisted plastic 

deformation were modeled. The model was developed based on the synthetic theory of irrecoverable 

deformation. Analytical results showed good agreement with experimental data. We inserted two terms into 

the plastic flow rule that determine the deformation behavior of the material both during and after sonication. 

The first term reflects two opposing processes that occur during acoustoplasticity-accumulation and dynamic 

annealing of defects-while the latter plays a dominant role in overall deformation (transient softening).  

The second process describes how the defect structure of the material affects further deformation of the 

material after annealing (residual softening or hardening). Although we are limited to the case of residual 

softening in this paper, our future research will focus on further extending the synthetic theory to capture both 

effects. 
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