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SUMMARY

A physics-based mathematical model for the simulation of contact-induced standing waves in
rotating tyres is presented. A toroidal balloon mounted on a hub, in contact with a rigid flywheel,
is considered. The distance between the hub and the flywheel shafts is kept constant during
rotation. The balloon is modelled as a membrane structure, i.e. as a ring on elastic support
without flexural stiffness. The differential equations of motion for the ring radial and
circumferential displacements are formulated according to the cylindrical shell theory. It is found
that the critical rotation speed is a transition parameter from a stable to unstable state, whereas
the standing waves denote ring post-buckling behaviour. Boundary conditions at the ring and
flywheel contact edges are specified so as to ensure the continuity of ring deformation. The
internal load due to the penetration of the flywheel into the expanded ring, as well as the reaction
forces in shaft bearings, are determined. The influence of the circumferential displacement on
ring response is also analysed. The analytical procedure is verified by comparing the numerical
and the available experimental results. In spite of a rather simple balloon model, a good
qualitative agreement between the two sets of results is obtained.
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1. INTRODUCTION

The generation of standing waves in tyres starts when the tyre rotation speed exceeds a
certain critical value. Standing waves are stationary for an observer from the ground.
However, an observer located at the tyre periphery rides on the standing waves like a
passenger on a ship sailing on sea waves. Hence, the material of a rotating tyre passing through
standing waves vibrates and undergoes quite large deformations, dissipating a significant
amount of energy in the tyre. Large strains and stresses cause significant fatigue in the tyre
material and quick overheating, which may result in tyre failure. Therefore, the critical speed
represents a serious performance limitation for tyres of high-speed road vehicles. For traffic
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security reasons, the problem of standing waves in tyres has been investigated since the
1950s.

A useful review of early theoretical and experimental work published before 1970 is presented
in [1]. Early research on the standing waves phenomenon was mostly theoretical, including
both purely analytical and semi-analytical work. Simplified tyre models range from ring
substitutions [2-10], to toroidal membrane approximations [11], as well as thin cylindrical
[12] and thin toroidal shell simplifications [13]. Ring-based models are a very rough
simplification of the real tyre structure. In such models, the tyre belt is typically modelled as a
ring, whereas the tyre sidewalls are approximated by distributed radial stiffness. Nowadays,
3D FE models are ordinarily used for the verification of tyre designs, [14-22].

Experimental studies have been predominantly directed to the modal analysis of non-rotating
[4], [23-26], and rotating tyres [27]. Dynamic stiffness has been evaluated experimentally on a
small-scale tyre [28]. Full-scale tests have been performed to visualise the generation of
standing waves and to determine the critical speed of aircraft tyres [29].

It can be seen from the relevant literature that there are many different approaches to
modelling tyre dynamic properties. This is particularly the case for the phenomenon of
standing waves. They are interpreted in numerous ways: i.e., resulting from a shock at the
leading contact edge, in terms of resonance, and as a loss of dynamic stability.

Among a number of published papers, Ref. [7] is interesting since it aims to solve the above
dilemmas by looking into the origin of standing wave generation. An experiment was
performed in this respect to study the dynamic behaviour of a small inflated balloon tyre
mounted above a flywheel while keeping a constant distance between the tyre and the
flywheel shafts during the rotation. Experimental observations of standing waves arising
beyond a critical speed were presented, including measurements of the spatial profiles of the
standing waves. A mathematical model based on a simplified ring model of a toroidal balloon
rolling on the ground instead of on the flywheel was developed. The steady-state solutions at
any rotation speed were found to be governed by a non-linear boundary value problem.
Appropriate boundary conditions were determined using asymptotic arguments and then
applied in the numerical calculation. A qualitative correlation analysis showed that the
calculated results agree very well with the recorded data.

In spite of the good agreement between the theoretical interpretation of standing waves and
the experimental results, the mathematical model presented in Ref. [7] is not fully physics-
based. The contact of the ring with the ground instead of with the flywheel is a rather rough
simplification with repercussions on the boundary conditions. The mathematical models that
have been used in the past are quite intricate and, in some, the theoretical formulations seem
to be rather controversial [30]. Therefore, the state of the art in the physical interpretation of
the standing waves origin motivates further investigation of this challenging problem.

A new physics-based mathematical model, which models the balloon-flywheel set as a ring in
contact with the flywheel, is presented in this paper. The novelty of this model, in comparison
to the well-known mathematical model worked out in Ref. [7], widely referred to in the
literature and used as a benchmark, can be clarified through several aspects. Firstly, both
radial and circumferential displacements are taken into account. The geometric stiffness due to
the inflation pressure is employed instead of the “shear stiffness”. The shear stiffness is
normally not attributable to the balloon, given that it is modelled as a membrane structure in
Ref. [7]. This leads to the wrong definition of the critical rotation speed in [7]. In the present
mathematical model, the ring rolls on the flywheel as in the experiment and not on the ground
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as in [7]. This is very important for a reliable correlation analysis of the calculated and
measured results. Boundary conditions are specified in a relatively simple way as a linear
problem, while this task is solved in [7] in a rather complicated manner. In the new
mathematical model, the experimental standing wave profiles and the ripple at the balloon-
flywheel leading contact edge are successfully captured compared to those simulated in [7]. In
addition, the internal loads and the bearing reaction forces are determined.

This paper is structured into 14 sections. In this first introductory section, the state of the art
in the field of standing waves phenomenon is summarized and the motivation for the present
work is pointed out. In the second section, an observation on the related experiment is made.
The mathematical model for the ring-flywheel system is worked out in the third section.
Sections 4 and 5 deal with the solution of differential equations and boundary conditions,
respectively. The ripple theory near the leading contact edge is formulated in Section 6.
Internal loads and bearing reaction forces are analysed in Section 7. A simplified mathematical
model ignoring circumferential displacement as a small quantity is presented in Section 8. The
critical rotation speed is analysed in Section 9. Section 10 is concerned with an illustrative
numerical example. Section 11 is dedicated to qualitative correlation analysis of the theoretical
and experimental results. In section 12 an improvement of the mathematical model based on
the experimental results is presented. Section 13 includes a discussion while conclusions are
drawn in Section 14.

2. OBSERVATION ON THE RELATED EXPERIMENT

As mentioned in the Introduction, an experimental and theoretical study of standing waves of a
small rotating toroidal balloon is described in [7]. The balloon is mounted on a hub which is
driven by an electromotor. The pressurized balloon makes contact with a solid aluminium
flywheel and the distance between their shafts is fixed during the testing, Figure 1a. The
penetration of the flywheel into the balloon progressively grows as the rotation speed
increases.

The balloon is a membrane structure with very small bending stiffness. Hence, its free surface
is only locally deformed at the contact edges up to a critical speed, (.. If this ripple is ignored,
there is a discontinuity of the balloon generatrix slope at point P in Figure 1b. By increasing the
rotation speed Q2 over (), standing waves are generated on the trailing contact side, Figure 1b.
The balloon undergoes significant deformation before failure. However, despite the large
deformations involved, the displacements of the balloon crown remain predominantly radial.
This is noticed by observing the marked radial line on the balloon during the increase of the
rotation speed.

The described standing waves phenomenon is similar to the generation of a ship’s wake waves
behind the stern during a voyage on a calm sea. This analogy is illustrated in Figure 2. The
penetration area of the flywheel into the rotating balloon (intersection) is analogous to the
submerged part of the ship. The wavelengths and amplitudes of the standing waves and the
wake waves depend on the flywheel angular velocity and the ship speed, respectively. In both
examples, a ripple is generated at the leading contact edge.
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Fig. 2 Analogy between the generation of ring standing waves and ship wake waves

The shape of the standing waves is sinusoidal with a logarithmically decreasing amplitude. In
order to investigate the standing wave phenomenon qualitatively, the balloon can be
conceived as a rotating ring with equivalent particulars. The bending stiffness of the balloon
shell is very small and can be ignored in the mathematical model.
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3. MATHEMATICAL MODEL

The toroidal balloon in the experiment is a pressurized membrane structure exposed to a
centrifugal load. This results in a large deflection and a small stretch. The same behaviour has
to be captured in the ring model of the balloon, Figure 3. A complete set of two coupled
differential equations for the ring motion with radial, w, and circumferential, v, displacements,
Figure 3c, can be deduced from the cylindrical shell theory [31] and [32]. These equations can

be written in a symbolic form as:

Fiy (W(l/))) —Fp (V(IIJ))
—Fy; (W(l/’)) +Fy, (V(¢)) =—q,,

:qr

where:
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Fig. 3 Toroidal balloon and the corresponding ring model

(1

(2)

It can be seen that the differential operators in functions Fi2(v(y)) and F21(w(y)) are identical.

In Egs. (2) the symbols have the following meaning:
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R - ring radius

Y - position angle

D - bending stiffness

K - tensional stiffness

kr - radial stiffness of elastic foundation

k. - circumferential stiffness of elastic foundation
m - distributed mass per unit length

Q) - ring rotation speed

Ny - membrane force.

Symbols k: and k. represent the equivalent tensional and shear stiffness of the balloon side-
shell, respectively.

In the considered case, the radial load in Egs. (1) consists of two parts, i.e.:
qr =q+mR2%, q=bp, (3)

where the first term is the distributed load due to the inflation pressure, p, acting on the
breadth of the ring cross-section, b, Figure 3b, while the second term is the centrifugal load.
Due to the inflation pressure, the cross-section of the balloon is expanded, whereas the
centrifugal load causes pseudo-elliptical deformation of the cross-section, as in the case of a

toroidal shell, Figure 4, [33]. The circumferential load q. in Egs. (1) is zero in the considered
case.

X
-

Fig. 4 Toroidal shell cross-section deformation due to a) internal pressure and b) centrifugal load, [33],
(with indicated scale)

Tyres are ordinarily pressurized in order to increase their stiffness which is realized through

geometric stiffness. The pressure load increases the ring radius and induces a membrane
force:

Ny =N, =Rq. (4)

926 ENGINEERING MODELLING 35 (2022) 2, 91-121



I. Senjanovi¢, D. Cakmak, N. Alujevi¢, N. Vladimir, 1. Catipovié: Mathematical Model for the Simulation of Contact-Induced Standing
Waves in Tyres by a Rotating Ring Based on Experiment

This pre-stressed state is used as a referent for the vibration analysis, and the pressure load is
accordingly excluded from Egs. (2). The ring bending stiffness is also very small and can be
omitted. Hence, the rearranged differential Eqs. (1) and (2) take the form:

2 2
—ia—w+(£+ +k, —mo jw+ma—+i(K+2Rq)Q—2mQ@=mRQ (5)
Ray? \R? R ot? R? oY ot
2 2
- £+g ﬂ+(i+kc—m§2 jv+ma—+i(K+2RQ)a——Z Qa—w=0' (6)
RZ R)oay? \R o’ R? o ot

where R is now the radius of the pressurized ring.

Equations (5) and (6) are written with reference to a rotating coordinate system fixed to the
rotating ring. For a ground-fixed coordinate system, a new variable must be introduced:

P=0t+1). @
Transformation of the coordinate system and the assumption that displacements are

stationary in the ground-fixed frame lead to the following relationships which are also valid for
v

o'w _d'w d"w _on d"w @
oy’ dp" ot do"

Substituting Eqgs. (8) into Egs. (5) and (6) yields ordinary differential equations for the
description of standing waves:

2
mo? —4 d—W+ £+k + 9 me? \we —+2q 2ma? dv:mRQz, (9)
R)d¢? \R? R R? R do
2
- K+q ma? ﬂ+(i+kc—m§22jv K+2q 2mae? aw =0. (10)
R° R op? \R R? 3

Equations. (9) and (10) are time-independent in the ground-fixed coordinate system, which is
a characteristic feature of standing waves.

During the experiment, a ripple is observed at the leading contact edge of the balloon and the
flywheel, Figure 1. It is caused by deformation discontinuity. This is a very short local bending
and in the ring model it may be considered as a beam bending on elastic foundation. The
corresponding differential equation may be formulated according to Eqgs. (1) and (2):
4

D d'w +(£+k +g—mQ jw:O. 11)

R dp* R R
Also, a smooth lift-off of the standing waves at the trailing contact edge is recorded like a
ripple. These local bending and standing waves are two different problems of a different order
of magnitude. Therefore, they can be decomposed due to their small coupling which is
ordinarily done in the perturbation method. The differential equation for local bending is
extracted from Egs. (1) and (2) in the same form as Eq. (11).
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4. SOLUTION OF THE DIFFERENTIAL EQUATIONS FOR STANDING WAVES

Particular solutions of Egs. (9) and (10) are wp = wy, v, = 0, where:

2

Wy = mRQ (12)
K q 2
—+k +——-mQ
R R

is the membrane radial displacement. Homogeneous solutions can be assumed in the
exponential form:

w=2A4e?, v=Be'?. (13)

Substituting Egs. (13) into Egs. (9) and (10) yields:

a;; 4 A}
=101, (14)
Lﬂ azzHB o}

Where:
K
a,, =dr® +| — +k,. -
11 Rz j
K
Qyp =dp1 = —2— (15)
azz—( —LZJ +k. —d.
and
d=mo? -4, (16)
R

The roots of Eq. (14) are obtained from condition Det(r) = 0, which leads to the characteristic
equation:

ar* +br? +c=0, (17)
where:
K
o)
K K
b:(zR—2+kC—4dJ(d—R—2j+d(kc—Zd) (18)
K
C=(R—2+kr—d)(kc—d).
Four solutions of Eq. (17) read:
[,.2
_h+ _
ry =4y 2END" —dac ;’ tac 1234 (19)
a

For the case d = 0, Eq. (16), the variable g, as given by the first of Eqs. (18), is also zero.
Consequently, one finds only two roots of Eq. (17), i.e.:
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r,=fa, a=

(20)

Since both roots are real, the corresponding exponential displacement functions cannot

describe standing waves.
If d <0, Eq. (19) yields four real roots:

ri=t(atp), j=12,34

This solution is also not applicable for the analysis of standing waves.

If d > 0, two roots are real and two are imaginary:

In this case, solutions of Egs. (9) and (10) are complex:
W = ;1160(@ + Aze_aqp + A:gélﬁ(ﬂ + A4e_lﬁ¢ + W0,
g = éle‘w + éze_a(p + égelﬁ(p + §4e_lﬁ¢

The integration constants Zl,- and l?,- are linked via Eq. (14):

~.:_a“(rj)~':_"21(rf')121, i=1234
Toan(n) () e

(21)

(22)

(23)

(24)

(25)

The second relation of Eq. (25) is more practical and by employing Egs. (15) and (22) one

obtains for a particular pairs of constants:
By=—¢,4;, By=¢,4;,

where:
(KZ—Zdja
81 82 = i y
(d—2]a2+k6—d
R
P
83 = RK ;
—[ —2j32+kc d
i
84 = 2 y
(d—%]2+h d
R
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Actual ring displacements are real parts of the complex solutions (23) and (24), i.e. w= Re(vT/)

and v=Re(V). Setting:

- 0 L *

. (28)
e = cos(By)+ isin(Byp)
one finds from (23) and (24):
w=A4%" + ASe " 4+ (Ag +AY )Cos(ﬁ¢) + (—A; + 4, )sin(ﬁgp)+ wy. (29)
Furthermore, by employing relations, (26) yields from (24):
v=—g,A%" +£,49e7 + (£3Ag +£,AY )sin(ﬂ(p) + (£3A; —e,4, )cos(,B(p). (30)

The ring displacements, Eqs. (29) and (30), are expressed in terms of six integration constants.

In the numerical example for standing waves simulation in the considered balloon by the ring
model, the circumferential stiffness k. in the denominator of factors e;, Eqs. (27), is

predominant. As aresult & ~ &, and the number of integration constants in Egs. (29) and (30)

is reduced to four:
w=A;e + Ae™ + Az cos(Byp)+ Ay sin( Bp) +wy. (31)
v=—g,4;6"" + ;4,67 +e3A5 sin(Bp)—e34, cos(By). (32)

The ring rotation speed, which characterizes the transition of response from the exponential to
the sine/cosine shape at d = 0, Eq. (16), is the critical speed:

Q. =,]——. (33)

5. BOUNDARY CONDITIONS AND THE DISCONTINUITY ANGLE

The ring and flywheel particulars are shown in Figure 5. For simplicity, a new variable
9=¢—¢,, measured from the trailing contact edge, is introduced. The argument in Egs. (31)

and (32) is changed accordingly. Since the standing waves are harmonic, one can write:

w = Az cos(BY)+ Ay sin(F)+w, (34)
v=_g34; sin(p3)—e34, cos(BY). (35)

The boundary conditions are specified for displacement w, Eq. (34), and the rotation angle:

d . .
Brot =%(v—£j = %[831‘13 sin(B9)—e3A, cos(BI)+ AzBsin(BI)- A4ﬁcos(ﬁ3)] (36)
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Fig. 5 Ring and flywheel particulars and displacements at the trailing contact edge, w, and y,

A ring mass particle, leaving the trailing contact edge, tends to move continuously in the
tangential direction of flywheel, Figure 6. However, the radial spring causes its oscillation
around the circle of membrane expansion with radius R+w,. The trailing contact edge is

obviously the inflection point of the mass trajectory, and boundary conditions for standing
waves read:

3=0: w(0)=wy, B (0)=-vy, (37)

where Yy is the discontinuity angle, Figure 6. By satisfying Eqs. (37) yields:

R
A;=0, A, =—20 (38)
B+es
As a result the ring displacements read:
Ry, .
w= sin( f3)+wy, (39)
G sin(p9) vy
3Ry,
v=——"-cos(B93). (40)
B+e; (ﬁ )

[t is obvious that w and v are moved in phase for t/2.
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Fig. 6 Boundary conditions at contact edges

Let us now determine the discontinuity angle yo = @0 + 170. According to Figure 7, angles ¢o and
no both depend on the deflection wy, and the following relationships in the vertical and
horizontal direction, respectively, can be specified for their determination:

(R+wy)cospy +rcosny =R+r, (41)
(R+wy )sing, =rsinn,, (42)

where r is the radius of the flywheel. By employing the basic trigonometric identity

sin’ a+cos? a=1, variable o, as well as variable 7o, can be eliminated from (41) and (42),

respectively. As a result, one obtains:

(2R+wy)w,
=12 R0)%0 43
05T 2(R+r)r (43)
cos _2(R+1)R+(2R+wy)w, )
O (R (Rewy)

where wy is specified by Eq. (12). If wo = 0, both angles 1o = ¢o = 0. It can be seen that the
boundary value problem is linear.
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Fig. 7 Determination of edge discontinuity angle, y,, and bearing reaction forces, F

6. RIPPLES NEAR THE CONTACT EDGES

Ripples, Figure 6, are described by differential Eq. (11) as a local bending phenomenon.
Assuming the solution of Eq. (11) in the exponential form w=Ae'”, one obtains the

characteristic equation:

where:

£r4 +k~’=0,
R4
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K 2

~ q B
k_R2+kr+E mQ (46)
is dynamic stiffness. The solution of (45) reads:
where:
ir
A=% R_k (48)
4D
The solution of the governing Eq. (11) can be presented in the form:
w = A, sin(Ap)+ A€ cos(Ap)+ Aze ™ sin(Ap)+ Aze ™ cos(Ap). (49)

Since ripple is a local boundary disturbance, there is no mutual interference between the two
contact edges. Hence, only the two decaying terms in Eq. (49) are relevant. By introducing the
new coordinate, measured from the leading contact edge, Figure 6, one can write:

w=Ade X sin(Ad)+ Be ™ cos(AQ). (50)
Satisfying boundary conditions w(0) = 0 and Srot(0) = -yo, yields:

w= RVA—Oe—M sin(19). (51)

The value of parameter A, Eq. (48), is quite large, giving a small wavelength compared to the
wave number of standing waves f3, Section 4, and a rapid decrease of the wave amplitude with
respect to an ordinary damping coefficient. The ripple amplitude depends on the ring rotation
speed via yy, i.e., wo, Eq. (12).

7. INTERNAL LOADS AND BEARING REACTION FORCES

In the non-contact region, the rotation induced centrifugal load is in equilibrium with the ring
reaction, Figure 7. This follows from Eq. (9) for constant displacements:

kewy =m(R+w, )QZ, (52)
where:
_K q
kt —R—2+kr +E (53)

is the total radial stiffness.

On the other hand, in the contact region this equilibrium is disturbed due to the penetration of
the flywheel into the ring, 6, Figure 7. This causes an internal expansion load which is
transmitted to the ring and flywheel bearings, Figure 7:

q, =k.6, (54)

where k; is the radial spring stiffness.

The reaction force in the bearings equals the integral of the load vertical component over the
contact region:
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Dy
FIZJ.qb(R+W0)COS¢d(0. (55)
0
By employing Eq. (54), one obtains:
Py
F =2k, (R+W0)I5cos¢d¢. (56)
0

In order to determine the bearing reaction force, it is necessary to define the flywheel
penetration depth into the ring, 8. According to Figure 7, one can write for the penetration
depth:

5:

R —(R . 57
cosq)[( +wp )cosp+rcosn—( +r)] (57)

The aim here is to express § as a function of only one variable for subsequent integration. It is
natural to use angle ¢ as a unique variable. From Figure 7, it is seen that:

(R+wy —8)sing =rsinn. (58)

Variable 1 can be eliminated from Eqgs. (57) and (58) by employing the basic trigonometric
identity sin? n+ cos? n=1. This leads to the quadratic algebraic equation:

x? —2bxcos¢1+b2 -1=0, (59)
where:
R _
. +wy 6’ b:R+r' (60)
r r
By solving Eq. (59), one finds:
R+rY
§=R+wy—(R+r)cosp+r 1—(—} sin® ¢. (61)
r

At ¢ =0, it can be seen that § = wy, as shown in Figure 7.

Finally, by substituting (61) into (56) and integrating, one obtains for the bearing reaction
force:

2(R+wy)singy —(R+r)(@y +sing, cosgy )+

F=k.(R+wg)y | R+rY r (R+r
r| singp|1-| = | sin” gy +———arcsin

(62)

sin %j

8. SIMPLIFIED MATHEMATICAL MODEL WITH INCORPORATED DAMPING

In the numerical example for simulation of the recorded balloon standing waves, it is found
that all coefficients ¢;, Eqs. (27), in the expression for ring circumferential displacements v, Eq.

(30), are of 10-3 order. Therefore, v can be ignored in the system of differential Egs. (9) and
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(10). The governing differential equation for radial displacement with incorporated viscous
damping force reads:
2
ma? _4 d—W+CQd—W+ £+kr+i—m£22 w=mRQ2, (63)
R d¢2 d¢) R2 R

where c is the damping coefficient. The particular solution of Eq. (63), wy, is the same as in the
sophisticated mathematical model, Eq. (12). The roots of the characteristic equation of
differential Eq. (63) are:

where:
Q
p=—— (65)
2(m§22 - qj
R
4 m? -4 £+kr +9_ma? |-c20?
R )\ R? R
B= . (66)
Z(mQ2 —qj
R
Ignoring the damping term, as a very small quantity yields:
K +k + 3 —ma?
A
= . (67)
ma? -4
R

The denominator in Eq. (67) is positive if 2 > (., where the critical rotation speed is the same
as in the sophisticated mathematical model, Eq. (33). In that case, the radial displacement in
the shifted coordinate system 9 =¢ - ¢, , Figure 5, reads:

w = Aze " sin(B9) + Aye " cos(BI) +wy. (68)
Satisfying the boundary conditions as explained in Section 5, one obtains:

W=R%e“‘9 sin(B9)+wy. (69)

A direct relationship is possible between the wave number f and the membrane radial
displacement wo. If the common terms from the corresponding Eqgs. (12) and (67) are
eliminated, the following is obtained:

(70)

It is obvious that if 2 = ), the number of standing waves f§ = oo, while their amplitude, Eq. (69),
equals zero.
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9. CRITICAL ROTATION SPEED AND GENERATION OF STANDING WAVES

Following the theoretical considerations in Section 4, one can give a definition of the critical
rotation speed and explain the origin of the generation of standing waves.

The critical speed is a value of the rotation speed at which the compressive membrane force,
N, = mR?Q? , induced by the moving mass, overcomes the tensional pressure membrane force,

N, = Rbp, Figure 8. Hence, one finds:

_ | bp (71

Flywheel

Mo

Fig. 8 Moving-mass-induced membrane force, No, and inflation pressure membrane force, N,, and
generation of standing waves

The resulting compressive force, N = N, - Ng, acts all over the ring circumference from the
leading to the trailing contact edge. The ring is relaxed since, being a membrane structure, it is
unable to withstand such a force. As a result, standing waves are initiated. By increasing the
rotation speed, their amplitude and length are progressively increased. If there is no damping,
the standing waves are distributed all over the ring between the contact edges, having the
same profile. However, if damping is involved, it causes a decay of the standing waves
amplitude envelopes, so that they would normally vanish before the leading contact edge. A
significant increase in the rotation speed leads to higher pressure, heating, large deformation,
fatigue and finally ring collapse.

The origin of standing waves generation is a loss of ring stability. This is not buckling in the
classical sense when a structure loses its stability due to an increase of the geometric stiffness
over the bending stiffness. In the case of standing waves, buckling occurs when geometric
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stiffness due to rotating mass overcomes the geometric stiffness of the inflation pressure. Ring
collapse is not instantaneous. The development of standing waves is actually post-buckling
behaviour.

10. ILLUSTRATIVE NUMERICAL EXAMPLE ADAPTED TO THE EXPERIMENTAL
SET-UP

RING AND FLYWHEEL DATA

In order to evaluate the proposed mathematical model for the simulation of standing waves,
the following parameters of the ring-flywheel system are used, Figures 3 and 5:

R=0.06m,r=0.05m,b=0.025m, h=0.002 m, E=1-106 N/m?, p = 1100 kg/m3, po= 13.5
KN/m2, k; = k. = 2.448-104 N/m2, u = 0.3 (empirical).
The values of the two radii are close to those from the experiment [7]. Parameter po is the

initial inflation pressure. R is the radius of the pressurized ring, which is in contact with the
flywheel at the beginning of the experiment.

Based on the given data, some additional parameters are determined:
ring cross-sectional area: A = bh = 5:10-5 m?
tensile stiffness: K= EA=50N
mass per unit length: m = p4 = 0.055 kg/m
pressure load per unit breadth: qo = pob = 337.5 N/m
critical rotation speed, Eq. (33): 2.=320rad/s =51 Hz = 3054 rpm
membrane radial displacement at (2, Eq. (12): W; = 0.0088 m.

APPLICATION OF THE SIMPLIFIED MATHEMATICAL MODEL

A ring rotation speed of 2 = 400 rad/s is chosen for the analysis of the generation of standing
waves. This value is close to the maximum speed used in the experiment, [7]. The speed ratio is
0/ = 1.25. For the prescribed rotation speed, one obtains the corresponding membrane
radial displacement from Eq. (12), wo= 0.015 m.

The wave number can be determined by employing Eq. (70), giving § = 3.33. This is a rather
small number of standing waves for correlation analysis with the recorded wave profile. It is
difficult to simulate the non-linear dynamic behaviour of a 3D balloon in a quantitative sense
by a simple ring model in each aspect. Therefore, in this qualitative analysis, § = 8 is chosen
according to the experimental results for the maximum rotation speed, 2 = 420 rad/s, before
the balloon failure, [7]. This implies an increase in the inflation pressure up to 19.8 kN/m?
according to Eq. (70).

Boundary angles are determined by Eqgs. (43) and (44): ¢o = 0.3958 rad = 22.68°, no=0.6165
rad = 35.32°. The total discontinuity angle is yo= 1.0123 rad = 58°. Standing waves determined
for the parameters given above and Eq. (69) are shown in Figure 9. The wave amplitude at the
trailing contact edge according to Eq. (69) is Asw = Ryo/f=0.0076 m, that is, Asw/wo=0.507. The
central angle of the wavelength is 05w = 360°/f = 45°. The amplitude of the standing waves
decreases as they approach the leading contact edge.
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Fig. 9 Ring standing waves and ripple, Q. = 320 rad/s, Q = 400 rad/s

Considering now the ripple at the leading contact edge, a very small value of the effective
bending stiffness, D =1.41-107 Nm?, is used (assuming a large reduction of the modulus of
elasticity at high deformation (curvature) due to the material non-linearity and balloon
heating induced by the standing waves). The wave number, by employing Eq. (48), is A=30.
The ripple amplitude according to Eq. (51) is Ar = Ryo/A = 0.002 m and the central angle of the
wavelength is 6,=360°/A = 12° The ripple is shown in Figure 9. It disappears after the first
wave due to the strong decay coefficient equal to the wave number A.

The internal radial load due to the flywheel penetration into the rotating ring, qv, is determined
according to Egs. (54) and (57), and is shown in Figure 10, having a maximum value of 409
N/m. Furthermore, one finds for the bearing reaction forces, by employing Eq. (62), F=17 N.
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Flywheel

Fig. 10 Radial internal load due to flywheel penetration in the rotating ring, Q = 400 rad/s

11. EVALUATION OF THE MATHEMATICAL MODEL

The ring is a rather simple model of the toroidal balloon of complex geometry and non-linear
material, which behaves as a membrane exposed to very large deformations. In spite of this, a
qualitative correlation analysis between the calculated ring response to the centrifugal load
and video-recorded balloon behaviour is possible.

The results obtained during the experiment are elaborated in detail in [7]. The analysis
includes photographs and diagrams of the relevant response parameters. Perhaps the most
interesting one is the perspective view of the development of standing waves for the inflation
pressure po=15.5kN/m2. They are presented as a family of functions dependent on the
position angle and the balloon angular velocity. For the purpose of the correlation analysis, the
standing waves profile for the balloon angular velocity of 420 rad/s is shown in Figure 11. It is
extracted from the perspective view and shown in a plane of an orthogonal coordinate system.
The contact region of the balloon and the flywheel is indicated. The envelopes of the wave
amplitudes are not smooth lines and the wavelengths are somewhat different.
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Fig. 11 Recorded standing waves of a balloon tyre, Q = 420 rad/s = 67 Hz, according to [7]

Figure 12 shows the progress of the standing waves contact region we/R with increasing
angular velocity. The critical velocity of . = 282 rad/s, at which the development of standing
waves is initiated, is indicated in the Figure. The increase in the central angle of the first
wavelength, 6y, is also presented.

Q,
—
| Q (rad/s)
250 L300 350 400
0 - | | | 0
We/R (%o) 9, (°)
1| =10
2 -20
34 - 30
4| 40
5 - 50
6 ", - 60
7] " 70
y Y

Fig. 12 Recorded development of balloon and flywheel contact region in a radial direction, w/R, and the
central angle of the first standing wave, ©,, according to [7]

The calculated standing waves profile shown in Figure 9 is presented in Figure 13 in the same
manner as the recorded profile in Figure 11. All characteristic central angles are included. The
contact region is designated as well as the ripple on the leading contact edge. The calculated
standing waves manifest almost all the characteristics of the recorded standing waves, Figures
13 and 11, respectively. There is a difference in the waves’ neutral line NL. In reality, this line is
a curve, while in the calculated waves profile it is a straight line. It seems that in the former
case, this curve starts at the level of the balloon membrane radial displacement caused by the
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critical rotation speed, W;, and converges to the membrane radial displacement due to testing
speed, wo. These radial displacements are indicated in Figures 11 and 13.

0 6P 1‘20 1§0 24‘10 390 360

0
4 (0) w (mm)
~5

Wo

\

______ —20
O, R
@SW
Po

~25

Po

Contact region Contact region

Fig. 13 Calculated ring standing waves, Q =400 rad/s = 63.7 Hz

In Figure 14, the recorded standing waves profile in the vicinity of the contact edges is shown.
The kink at the leading contact edge is captured by the calculated ripple, Figure 9. However,
with the present application of the standing waves theory, it is not possible to simulate the
recorded standing waves profile at the trailing contact edge, Figures 9 and 14. The
imperfection of the present solution concerning the deviation of the standing waves neutral
line, Figure 11, and the disagreement of the standing waves profile at the trailing contact edge
is analysed and overcome in the next section.
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Fig. 14 Lower portion of the balloon profile extracted from video data, Q =420 rad/s = 67 Hz, according to [7]

The critical rotation speed is a very important parameter in the dynamic behaviour of tyres. A
diagram of critical speeds for the ring model calculated according to Eq. (71) is shown in
Figure 15 as a function of the initial inflation pressure. On the other hand, the experimentally
determined critical speeds as a function of the initial inflation pressure are shown in Figure 16.
By comparing Figures 15 and 16, one can notice that the calculated critical speed is almost
linear, while the recorded speed is parabolic. This is a result of the non-linearity of the
problem, which is linearized in the present mathematical model.

450

Q, (rad/s)

400 —

350+

300

250

10 15 20 P (KN/m?) 25

Fig. 15 Calculated critical speed of the ring as a function of the initial inflation pressure
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Fig. 16 Recorded critical speed of the balloon as a function of the initial inflation pressure, adapted from
7]

Within the evaluation of the mathematical model, it is worth mentioning that the predicted
negligible small circumferential displacement agrees with the very small deviation of the
marked radial lines on the balloon shell, [7].

12. IMPROVEMENT OF THE MATHEMATICAL MODEL

As elaborated in Section 9, by increasing the rotation speed, the resulting membrane force
becomes compressive, and the ring relaxes and starts to behave like a whip. As a result,
standing waves are generated, starting from point C related to the membrane radial
displacement, Wg, Figure 17. For higher rotation speed, the membrane radial displacement is
increased, wo, Figure 17. Based on the experimental results, it is clear that the standing waves
start at the contact edge, point P in Figure 17, with maximum amplitude, w, —wg . This factis a
result of very small bending resistance due to the small bending stiffness. Hence, the

discontinuity angle, yo, is mostly compensated by ripple, Figure 17. Another interesting
phenomenon noticed in the analysis of the experimental results is a deviation of the neutral

line of the standing waves. It starts at wg , point C in Figure 17, and converges to the circle of

Wo.
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Contact
region

|
Fig. 17 Boundary conditions according to experimental results

The previously used boundary conditions in Section 5 are actually relevant for a ring with
ordinary bending stiffness. In the case of a membrane ring, appropriate boundary conditions,
according to the above explanation based on the experimental results, have to be given. In
order to capture the variable neutral line of the standing waves, the homogeneous solution of
differential equations with both trigonometric and exponential functions has to be employed,
Egs. (23) and (24). According to Eq. (31) one can write for the radial displacement with
decreasing neutral line:

w=A,e %+ Ay sin(BY)+ Az cos(BI) +w, (72)

Boundary conditions are specified according to Figure 17. The radial displacement at the
flywheel contour, evident in Figure 17, is fulfilled by setting:

A, = —(Wo —w§ )e_“g

(73)
Az =wy —Wg ’
where & = @, — QJOC. Substituting Egs. (73) into (72) and incorporating damping, one obtains
w= (Wo -w )[e‘“g cos(BI) - e ~(57) } +w,. (74)

The values of some parameters involved in Eq. (74) were determined previously in Section 10:
Wg =0.0088 m, wo = 0.015 m. Parameters «a and £ are determined using Egs. (18) and (19). In

order to obtain the previously chosen wave number in Section 10, § = 8, the inflation pressure
of 19.3 kN/m? is prescribed. In this case, one obtains a = 1.178. In addition, according to Egs.
(44), (/)OC = 0.3273 rad and ¢ = 0.0685 rad. The standing waves of the membrane ring with the

variable neutral line and ripples at the contact edges are shown in Figure 18. The ripples are
determined according to the theory presented in Section 6. The continuity angle at the leading
contact edge is yo, while at the trailing contact edge it is y* =Y — By, Where P is the rotation
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of the neutral line. The calculated standing waves profile, Figure 18, agrees very well with the
video-recorded one, Figure 14. By comparing Figure 19 and Figure 11, it is clear that the
deviation of the neutral line is captured successfully by the improved mathematical model.

Fig. 18 Smoothing of standing waves at contact edges, boundary conditions according to experimental
results, Q = 400 rad/s
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o N - 25
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Fig. 19 Calculated ring standing waves, boundary conditions according to experimental results,
Q=400 rad/s
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13. DISCUSSION

The mathematical model for the simulation of tyre standing waves, proposed in this paper by a
relatively simple ring approximation, may be considered quite sophisticated when compared
to the model presented in [7]. The latter model is developed for a theoretical interpretation of
the experimental data recorded on a toroidal balloon tyre. However, the accompanying
mathematical model from [7] is not as fruitful as the experimental study. It seems to be rather
controversial and complicated, and requires a numerical solution, [30]. The advantage of the
present mathematical model can be emphasized through several aspects.

First of all, in the mathematical model presented in [7], a balloon tyre is modelled as a ring
with shear stiffness that does not comply with an essential membrane structure. Shear
stiffness is normally attributable to thick structural elements like beams, plates and shells [34-
36]. The balloon is exposed to very large membrane deformation and its circumferential
generatrix behaves like a string on an elastic foundation. When the rotation speed is higher
than the critical speed, a tensional mode turns into a deflection mode, in which the inflation
pressure-induced geometric stiffness becomes activated. The inflation pressure is not
considered in the standing waves theory in [7].

Furthermore, in the mathematical model presented in [7], it is assumed for simplicity that the
ring is in contact with flat ground. The formulation of boundary conditions for standing waves
as a non-linear contact problem of a tyre rolling on the ground makes that theory very
complicated. In the actual set-up with a flywheel formulation, the contact problem in the
present mathematical model is linear, and the relevant boundary conditions are determined in
a relatively simple way. As a result, the standing waves are described explicitly by a decayed
exponential function and a damped trigonometric function.

A special remark can be directed to the simulation of ripple at the leading contact edge
presented in [7]. Ripple is a local bending boundary problem by which deflection discontinuity
at the ring contact edge is overcome. In [7], the ripple and the standing waves are analysed as
coupled problems. In order to capture the expected harmonic response, “shear damping” is
introduced. Hence, both the ripple wavelength and its amplitude decay strongly depend on the
rotation speed and damping. This might be a questionable approach, which is elaborated
below.

In the present mathematical model, different orders of magnitude of standing waves and ripple
are recognized. Therefore, this problem is decomposed into two separate tasks following the
perturbation method. Ordinary differential equations of vibration of the ring on elastic support
are formulated. The ripple wavelength is quite short and the decay coefficient is very large so
that the ripple disappears almost within the first wavelength. The amplitude of the ripple
strongly depends only on the ring rotation speed via the centrifugal load. Since the ripple is
initiated as a static problem, it appears at both ring contact edges with almost the same
magnitude.

Concerning the well-known resonance approach for the analysis of standing waves, this
approach is based on the inherent circular periodicity of the tyre. However, several aspects of
this approach do not conform naturally to the experimental observations. Indeed, if damping is
not taken into account, then an increase in the rotation speed above the critical value would
result in discrete changes in the shape of the standing waves. In the shock approach, the
magnitude of the shock has no effect on the size or shape of the standing waves. In spite of the
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fact that shock appears at approximately the same critical speed, it does not cause the standing
waves.

14. CONCLUSION

The governing differential equations of motion for the analysis of ring standing waves are
deduced from the cylindrical shell theory. Both radial and circumferential displacements are
taken into account. Since the latter is much smaller than the former, it is neglected in the
simplified standing waves theory. The undertaken analysis shows that both the sophisticated
and simplified mathematical models give the same ring critical rotation speed. The coupling
between radial and circumferential displacements enables capturing the recorded deviation of
the standing waves neutral line.

In the new mathematical model presented in this paper, it is shown that the critical rotation
speed strongly depends on the tyre inflation pressure. Standing waves arise from tyre
instability when the moving-mass-induced membrane force overcomes the inflation pressure
force. This agrees with the experimental data and one can conclude that the doubts concerning
the application of the well-known resonant approach and the shock at the leading contact edge
are overcome.

Based on the above facts, the proposed mathematical model for the simulation of standing
waves is a step forward in successfully solving this challenging problem. The analytical
presentation with relatively simple formulae enables the influence of each parameter involved
in the response to be recognized. Since the mathematical model is evaluated qualitatively and
improved by comparing the calculated results with the data recorded while performing a very
sophisticated experiment, it can be used as a milestone for further similar investigations of
tyre standing waves.

As a next step, standing waves in ordinary car and truck tyres on a test bed over a drum or on
the ground can be investigated using the same approach. In this case, complete differential
equations of vibrations with bending stiffness have to be used. In the governing equations,
shear stiffness can also be incorporated. Boundary conditions are different from those
specified for a membrane ring. As a result, ripples at the contact edges will not be as
pronounced as in the case of a balloon tyre. The reliable determination of bearing reaction
forces, presented in the new theory of the generation of standing waves, is quite important for
the bearing design.
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