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ABSTRACT

In this work, we are concerned with (R, S) - conjugate solutions to coupled Sylvester complex
matrix equations with conjugate of two unknowns. When the considered two matrix equations
are consistent, it is demonstrated that the solutions can be obtained by utilizing this iterative
algorithm for any initial arbitrary (R, S) — conjugate matrices V4, W;. A necessary and sufficient
condition is established to guarantee that the proposed method converges to the (R, S) — con-
jugate solutions. Finally, two numerical examples are provided to demonstrate the efficiency of

the described iterative technique.

1. Introduction

Many scholars have given complex matrix equations a
lot of thought. Chang et al. [1] gives the expression of
(R, S) - conjugate solution to the system of matrix equa-
tions AX = C,XB = D. Trench [2] investigated the sys-
tem of linear equations Az = w for R - conjugate matri-
ces; further, as an extension of R - conjugate matrix,
Trench [3] defined (R, S) - conjugate matrix and min ||
Az — w || for (R, S) - conjugate matrices where z, w are
known column vectors. Dong et al. [4] presented the
Hermitian R - conjugate solution to the system of com-
plex matrix equations AX = C, XB = D. Ramadan and
El-Danaf [5] introduced an iterative method for obtain-
ing the generalized bisymmetric solution to the coupled
Sylvester matrix equations (AV + BW,MV + NW) =
(EVF + C,GVH + D). Bayoumi and Ramadan [9] pre-
sented the Hermitian R - conjugate solution to a gen-
eralized coupled Sylvester-conjugate matrix equations.
Bayoumi [10] proposed an iterative algorithm for solv-
ing a generalized coupled Sylvester — conjugate matrix
equations over Hamiltonian matrices. Li et al. [11] pre-
sented two algorithms for solving the matrix AXB = C
for (R, S)-symmetric matrices X based on the idea of the
traditional conjugate gradient method and conjugate
gradient Least Squares method.

Trench [12] defined a special class of matrices
called (R, S)-symmetric matrices (R, S)-skew symmet-
ric matrices. Balani and Hajarian [13] used the general-
ized accelerated overrelaxation method and generalized
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conjugate gradient methods for presenting iteration
methods to solve linear systems of equations. Dehghan
and Shirilord [14] used the accelerated double-step
scale splitting iteration method for solving a class of
complex matrix equations. Bayoumi [15] presented two
relaxed gradient-based algorithms to find the Hermi-
tian and skew-Hermitian solutions to the linear matrix
equation AXB + CXD = F. Ramadan et al. [16] used
Sylvester block sum and block matrix Kronecker map to
offer an explicit solution of a system of Sylvester matrix
equations.

This paper is sorted out as follows: In section 2,
we present several notations and lemmas that will play
vital roles in the sequel section. In section 3, we pro-
vide an iterative algorithm for solving the coupled
Sylvester complex matrix equation with conjugate of
two unknown over (R, S) - conjugate matrices and we
give the convergence properties of these iterative algo-
rithms. In section 4, Two numerical examples are pre-
sented to support the theoretical results of the proposed
iterative algorithm.

2. Preliminaries

The set of all m x n complex matrices is denoted by
C™*" and we utilize A, AT, tr(A), A", Re(a) and A to
denote the conjugate, transpose, the trace, conjugate
transpose, the real part of the number a and the Frobe-
nius norm of a matrix A, respectively. A ® B = (a;;B)
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denotes the Kronecker product of two matrices A and
B. For a matrix X = [x1x; - - - x,,] € C"™*", vec(X) is
the column stretching operation of X, and defined as
vec(X) = [xlszT .- -x}; ]1T. A well-known feature of the
Kronecker product for matrices A, B and C with appro-
priate dimension, is vec(ABC) = (CT @ A)vec(B). Fur-
thermore, it is obvious that A =|| vec(A) ||, for any
matrix A.

Lemma 2.1 [6]: For the matrix equation AXB=F
where A € C"*" B € C**" and F € C"*" gre known
matrices and X € C™ is the matrix to be determined, an
iterative algorithm is constructed as X (k + 1) = X(k) +
wAH(F — AX(k)B)B? with0 < . < m

If this matrix equation has a unique solution X*,

then the iterative solution X (k) converges to the unique
solution X* |

Definition 2.1 [7]: : In the space C"*"over the field
R, an inner product space can be described as A,B =
Re[tr(A”B)]

The Frobenius norm of C is denoted by || C ||, that
is || C ||= +/tr(CHC). The matrices B, C € C"*" are
called orthogonal if (B, C) = 0. [

Definition 2.2 [3]: Let R,S be an #n X n symmetric
orthogonal matrices, that is, RT=RR*=1, ST =
S,8%? =1, a matrix A € C"™" is termed (R,S) - con-
jugate matrix if RAS = A. Let RSC"*" represent the
set of all (R, S) - conjugate matrices that is, RSC"*" =
{A:RAS = A} where R,S be an n x n symmetric
orthogonal matrices. |

Lemma 2.1: For any X € C"™", then X+ RXS €
RSC™" where R,S are n x n symmetric orthogonal
matrices.

Proof: By definition of RSC"*"
RIX+RXS]S=RXS+ X =[X+RXS] ®

Lemma 2.2: For any X € Crnxn p e RSC"™™", then
(P, XHX8) = (P, X).

Proof:
2, 2R Lip vy 4 Lip ris)
2 2 2
= l(P,X+ lRPS,)‘Q = l(P,X> + l<13,5<)
2 2 2 2
1 1
ZE(P,X)—FE(P,X): (P, X) ]

3. The main results
3.1. The iterative algorithm

In this section, the following coupled Sylvester complex
matrix equations with conjugate of two unknowns are
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considered

:AIIVBII + CuuWD1y + ApVBi; + CoWDpp = E

A1 VBy1 + Coi WDy 4+ A2 VByy + Coo WDy, = 352)
1

where A1y, Ap, Ci1, Ci2, A21, A2y, Ca1, Cyp € €™,

Bi1, B12, D11, D12, B21, B22, D21, D22

€ C™" and E;,E; € C™*" are given matrices, while

V, W € RSC"*" are matrices to be determined.

Denote

sV, W) =A;1 VB + CiWDn

+ A12VBi2 + Cu WDy,
2V, W) = A VBy + CiWDy

+ A»VBy + CuWDy,.

Lemma 3.1.1: The coupled Sylvester matrix equation
(1) has (R,S) - conjugate solutions if and only if the
following system of matrix equations

A1 VB + CiWDn + A12VBi2 4+ C1o WDz = By,
AnVBy + CuiWDy1 + A2 VBoy + CoWDy = By,
A11RVSB;; + C11RWSDy1 + A1, VByy + C;o WDy, = Ey,
A31RVSBy) + CiRWSD,1 + A2 VBy + CuWDy; = Es.
2
is consistent. ]
Proof: If the coupled Sylvester matrix equation (1)
has (R,S) - conjugate solutions V*, W* € RSC"*"
ie. RV*S = V* and RW*S = W*, it is obvious that
V*, W* are also solutions of equation (2). Conversely
assume that the system of matrix equation (2) has solu-
tions Vi, Wy € C™", let V* = [V} + RV}S], W* =
%[Wl + RW;S], Therefore V*, W* € RSC"*" and

A11V*B11 + CiiyW*Dy1 + A;p V*Bys + C1aW*Dy,
1 _
= E[AnVan + A11RV1SBy1 + C11WiD1g

+ C11RW1SD11 + A12V1B1z + A12RV) By,
+ C12W1 D1y + C12RW,SDy3],

1 _
= E[AnVan + CuiWiD11 + A1 ViBia

+ C12W1D12 + A11RV1SB11 + C11RW1SDy;
+ A12RV1SB12 + C12RW; 8Dy ]

1
E[El +E]=E
A21V*By1 + CyyW*Dy1 + A2y V¥*Byy + CraW*Dypy
1 __
= 5[A21V1321 + A21RV1SBy; + Co1 WiDyy

+ C21RW1SDy1 + A2 ViBay + ARV SBy,
+ CoW1Dyy + CaRW,SD],

1 _
= 5[A21V1321 + Co1 WDy + Ay ViBa

+ CoW1Day + A2 RV SBay + Cp RW1SDy
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+ A2 RV1SBy; + CuRW;1SDy;]

1
ZE[EZ +E]=E u

Thus, V*, W* are the solutions to the coupled
Sylvester matrix equation (1). So the solvability of the
coupled Sylvester matrix equation (1) is equivalent to
that of matrix equation (2).

Let us rewrite the matrix equation (2) into the equiv-
alent system Sz = b, let

"B ® Ay, Dl ® 1y
+BES® AR +DIES® CioR
Bl ® Ay DI ® Cy
s | +B§28_® ApR —I—D?ZS_(X) C»R
~ | BIS® AR DES® CiiR ’
+BL @ A, +Di ® Crp
BES® Ay R DES® CyuR
+Bl ® Ap +Di ® Cypy
[ vec(E;)
b— Vec(§) .= |: vec(V) ]
vec(Ey) |77 | vec(W) |’
| vec(Ey)

The following is a well-known theorem:

Theorem 3.1.1 [8]: The system of matrix equation (2)
has a unique (R, S) - conjugate solutions if rank(S, b) =
rank(S).

We now present the (R, S) - conjugate iterative algori-
thm to solve the coupled Sylvester matrix equation (1)
over (R, S) - conjugate matrices. |

Algorithm I: 1. Input matrices Aii, Ci1,4A12,Cr2,
Az1,Co1,Ap, Cyp e CM™X1 By Ey € C™*T and By,
D11, Biz, D12, Ba1, D1, Bag, Dyy € €

2. Chosen arbitrary initial (R,S) - conjugate matrices
Vi, Wi € RSC"™" where R, S be an n x n symmet-
ric orthogonal matrices.

3. Calculate

Vik+1)
= V(K + %[Aﬁ ri (kB + AlLr (k) Bl

+ Al ) (kB + AM (k) BE,

+ RAH 11 (k)BILS + RATLr (k) BILS

+ RAH 7, (k)BILS + RAE 1, (k) BL S,
Wk +1)

m e —
= W(k) + E[Cﬁrl (kDE + Ctr (k) DY,
+ Clry (k)DL + Clry (k) D,
+ RCHr (lk)D1S + RCry (k) DAL S

+ RCY (k)DL S + RCH ry () DEL S).

where

ri(k) = Ey — g1(V(k), W(k)),
r(k) = Ey — g(V(k), W(k))

4. If rn(k+1)=0,r(k+1)=0, then stop and
Vi, Wy are the solution; otherwise, put k = k + 1
and go to STEP 3.

3.2. Convergence analysis
In this subsection, we present convergence properties

of the suggested algorithm I.

Theorem 3.2.1: If the coupled Sylvester matrix equa-
tion (1) has a unique (R, S) - conjugate solutions pair
[V*, W*], then the iterative solution pair [V (k), W (k)]
given by algorithm I, converges to [V*, W*] for any ini-
tial (R,S) - conjugate matrices pair [V (1), W(1)] if the
parameter w satisfies the inequality

2
0 < < — 3
b<g (3)
with
H =| A I1* Buy II> + || Awz 1]l Bz II?
+ 1l A21 %1 Bar II* + 1| A2z 1?1l Bz |12

+ 1l Ci1 I Dy II* + I Ciz 121l Drz II?
+ 1l Ca1 121l D21 II* + | Ca2 121l D2z II?

Proof: We first construct the estimate error matrices as

£1(k) = V(k) — V*and &,(k) = W(k) — W*
fork=1,2,---.

Since V(k), W(k), V*, W* € RSC"*", we have
RE(K)S=RV(K)S—RV*S=V(k)— V*
= V(k) = V* = &1(k),
RE,(k)S = R W(k)S — RW*S = W (k) — W*
= W(k) — W* = &(k)

These demonstrate that &; (k), &, (k) € RSC"*".
Denote

Z1(k) = Ap1£1(k)Byy + C11£2(k)Dyy + A12€1 (k) Br2
+ C12&2(k) Dy (4)



Zy(k) = Az1&1(K)Ba1 + Ca1&2(k)Day + Agky (k)Bay

+ C22&2(k) D2 (5)

Utilizing the aforementioned error matrices and
algorithm I, we can obtain

g+ 1) =&k — %[Aﬁzl (k)BR + AL Z (0B
AR 7,(k)BE + AL Z,(k)BY,

+ RAH 7, (k)BH S + RALLZ, (k)BILS

+ RAY 7, (k)BY S + RAY, Z, (k) BLL 5]

(6)
E2(k+1) = &(k) — E[c{{zl (D + CEZ (kDR
CY 2, (k) DY, + CAZy (k) DL,

+ RCE 7, (k)DL S + RCH Z, (k)DL S

+ RCL Z,(k)DEL S + RCE Z, (k) D, S
(7)
Taking the norm of both sides of (6) and (7) and
applying the following facts for two square com-
plex matrices tr(AB) = tr(BA),| A+ B ||<|| A+ B ||
I RAS [|=[ A =1l A [}, we
obtain

|1€1(k + D)||* = Re(tr(&{' (k + D& (k + 1))
= Re(tr(&] (k)& (k) — uRe(tr([AL Z, (k) BY,
+ AR 7, (k) B, + AE 7, (k) B 4+ ALY Z, (k) BE,

HZ, (kB S + RAM Z, (k)BILS

RAL Z, (k) BEL S + RALL Z, (k) BEL S1H &, (K)))

||A ' Z, (k) B, + AL Z, (kB

+ AR 2, (k) B, 4+ A% Z, (k) BE,

+ RAH 7, (k)BE S + RAHZ, (k)BELS

+ RAL 7, (k)BYL S + RALL Z, (k) BEL || (8)

Using the characteristics of a matrix’s trace, one has

Re(tr([AM 2, (k)BE, + ALLZ, (k)BL, + ALl 7, (k)BEL
+ AL Z,(k)BY, + RALL Z, (k)BILS

+RA Zl(k)B S+RA Zz(k)B

S17E (k))),
= Re(tr(B1 ZH (k) ApE1 (k) + B1Zi(R) Aty (k)

+ RAYLZ,(k)BILS

+ By ZH (k) Ag1£1 (k) + B Za(R) Agafy (k)

+ SBLZIT (k) A1y RE1 (k) + SB12Z1 (k) A12Ré; (k)

AUTOMATIKA 457

+ SB21 ZL (k) Az RE: (k)
+ SBzzT(k)HAzzRSl (k))),
= Re(tr(Z () A1 & (WB1 + Z1(0) A1 (W)Bi2
+ Z8 (K A&1(W)Bay + Zo(k) " Anakr (KB
+ ZH (k) A1 RE| (k)SBy + ZH (k) A1, RE, (k) SBy,

+ Z (k) A2 RE1 (k)SBa1
+ 78 (k) A22RE1 (K)SB22)),

= 2Re(tr(Z;' (k) (A11£1(K)B11 + A12€1 (k) B12)
+ 23 (k) (A21£1 (k) B2y + An€1(K)Ba2)))

Substituting from the preceding relation into (8),
gives
161 (k + DI

= |61 (R)II* — 2uRe(tr(Zy! (k) (A1161 () By

+ A1 (k)B12) + ZE (k) (Az1£1 (K)Bay
2

+A22€1(k)322)))+'u 1A Z1 (k) B}
AR 7, (k)BY, + AL Z,(k)BE, 4 A%, Z,(k)BL,

+ RAT Z, (0 BT s + RAZLZ, (O BILS
+ RAE Z,()BELS + RAELZ,(H)BELS |,
<& (R
— 2puRe(tr(Z1 (k) (A1 &1 (k)B1y + A12€1 (k)B12)

+ Z (k) (A2181 (k) Bay + Axx&1(k)By)))
2

(| |AR 7, (k)BH, + A7, (k)BL,
21ZZ(k)321 Zz(k)B ||

+ || RAH Z, (k)BHLS + RAH Z, (k) BILS
+ RAZLZ,()BES + RAL, Z, (R)BLLSI ),
< & |I?

— 2uRe(tr(Z{" (k)(An& (K)Bi1 + A28 (k)B12)
+ Z5 (k) (A21£1(k) By + Axé1(k)B2)))

+ 1P |AT Z1 ()BT, + AT Z1 (k)BT
+ AR 2, (k) B + Azzzz<k>Béé| ,

11k + DII” < 16101
— 2uRe(tr(Z{! (k) (A11£1(k)B11 + A12£1 (k)B12)
+ Z8 (k) (A21£1(k)Ba1 + AnE1(K)B1a)))
+ 1> (AP 1Bl * + [1Ar2]1? [1Br2|)?
+ [[A21|* 11Bat|* + 1Azl 11B22l )
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x (2111 + [1Z2(R)11). 9)
Similarly to the preceding, we also write

& (k+ DIP< |I&MB])?
— 2uRe(tr(Z{ (k) (C112(k) Dy + C126:(k)Di2)
+ 28 (k) (Co1&2(k)Da1 + Caaé2(k)D22)))
+ 12 (l[Cul PIID1|* + 1 Cr2| P D121
+ [1Caa|P11D21|1? + 11Ca2l I*1D22l )
x (|1Z1 ()P + 1 Za(R)]]%). (10)

From (9) and (10)

&1k + DII” + 152K + DIP< |60 + (1501
— 2uRe(tr(Z! (k) (A11&1(k)B1y + A12&1(k)B1a
+ C11£2(k)Dyy + C1282(k)D12)
+ ZH (k) (Ay161(k)Bay + A1 (k) By
+ Ca1£2(k)Day + Ca2£2(k)D22)))
+ 1 (LA PB4+ 1A 2] 1Bl
+ [|1A2111* 1Ba1|1* + [|A22|*[1B22|I*
+ [ICulP 1IDu|? 4 1ICr2l? 112
+ 1Cat [P 11D [1* + 11C211* [1D2al*)
SAGHEE VA Y

Defining the nonnegative definite function (k) as
follows:

n(k) = [|lE1(01I* + 11E2(k) ||

From the previous results, this function may be cal-
culated as follows:

ntk+1) = [|E(+ DI + &Kk + DI

< n(k) — 2uRe(tr(Z{ (k) Z1 (k) + Z3 (k) Z2(K)))

+ WA (H)(Z1 (k) + Za(k)?) (11)
where

H = |[Au|* [1Bull* + || Azl * [|B12]?

+ [1A21]* [1Bar|* + || A2zl I* ||Baal|?

+ [ICul1* [IDu|* + [ICr2l* [I1D12|?

+ 1Cat 1l Do [1* + 11Co21? 1Dz
n(k+1) < ntk) —2u(1Z1(k) |I* +11Z2(k) |17)
+ W HE)(1Z1R) [P + 11 Z2(R) 117,

1+ 1) = 060 =20 (1= SH) Q2RI + 1226001,

ntk+1) =n()—2u (1- SH)

k k
x (Z NZm)l1> + ) ||Zz<m)||2> :
m=1 m=1

If the convergence factor u is chosen to satisfy (3),
then one has

D o NZimIP + Y 1 Za(m) [P < oo

m=1 m=1

Since the matrix equation (1) has a unique solution
pair. It follows from the definition (4) and (5) of Z;(k)
that

lim & () =0 and lim &(i) =0.

Or

lim V(i) =V* and lim W)= W™

1— 00 1— 00

This completes the proof of the theorem.

4. Numerical examples

Two numerical examples are given in this section to test
the effectiveness of the algorithms I.

Example 4.1: Consider the coupled Sylvester matrix
equations with conjugate of two unknowns given by (1)
with the following matrices:

[—1+i i =3i
A11= 1—21 1 0 >
20 14+i 4
[1—2i i 143i
Ap=|1+i 3 2+2if,
R )
[ —34+2i 0 243i
Ay = 1 2i 142i
| 3—i 1 i
[0 —1+2i 142i
Ay = |i 3i 2i |,
|4 —3i 0
i 3+i 0
Ciu=|142i 2—i 3+4i|,
5 —1—i =3i
[ 4—i 11— 2i
Cau=| 05 —2+i 142
|—2—-2i 3 =2+
0 1+i] 2 3—1]
Dy=| 3i 2+i|,Duy=|1+2i i [,
[ 1+2i  3i | 2i 3]
[1+i 2+2i) -1 341
Bpr=1|1-—i i s By =|—-241 0 ,
[2—i 0 | 14+3i 2—i
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9

500

1000 1500

Iteration Steps

The convergence performance of algorithm | Example 4.1.

i 2 1+ This coupled Sylvester matrix equation (1) has a unique
14+ 2i 0 2i |, (R, S) - conjugate solution of the following form
—i 2421 141
- ; 5 [ —2+2i 0 1+i
. V= 4 8i 2i ,
b 24(:21' ’ | —2-2i 0 —1+4i
= ) —3+5 1 1+ 2i
—1131' jfi , W= oo
3_ 14 2i | —3-51 -1 —1+2i
[0 —2+i Choose arbitrary initial (R, S) - conjugate matrices
143 —-1—i|,
. 2 —2+3i T i 0 14
—14+i 3—i 0 i=| 100,
1+i 2—i i, L~ 0 141
| 1+i —2—i 1+43i 14+2i —1 24
B i 1—14 W1 = 0 0 2i
—143i 1414, | 1—-2i 1 =2+
1+i  —i
- As indicated by theorem 3.2.1, the algorithm I is con-
—61 —83i —120+ 83i vergent for 0 < i < 3.5 x 10~ We can see in Figure 1
—64—36i —44+95 |, thatforu =3.5x 1074, 0 =3 x 107*and u = 2.5 x
| S4+74i  —124 +43i 104, then the iteration stops at k= 1021,k = 1189
[ 60 4+ 21i 79 4 13i and k = 1425, respectively.
111.5—96i —33.5 — 89.5i As k increase, the relative error f decreases and even-
—12 4135} 32 — 56i tually disappears, and algorithm I is efficient. Figure 1
- depicts the effect of adjusting the convergence factor .
We can see that the larger the convergence factor p, the
S as follows faster the rate of convergence.
There are two approaches for quantifying approxi-
mation errors: the residual error and the relative error.
0 0 1 1 0 O The residual error can be misleading as a measure of
01 0|, S=]10 -1 0 precision; however the relative error is more useful
1 0 0 0 0 -1 because the relative error considers the size of the value.
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Table 1. Relative error and the residual error for the conver-
gence factor 4 = 3.5 x 1074,

Number of The relative The residual The elapsed
iterations n error error CPU time

250 0.1924 18.3583 0.510583 sec
500 0.0369 3.1863 0.952949 sec
750 0.0061 0.5268 1.380692 sec
1021 0.0010 0.0988 1.867556 sec

Define the residual error as

E1 — a1(V(k), W(k))

Omxr

Oer

R(k) = [ Ey — g2(V(k), W(k))}

1V ()= VII2+[W (k) —W|?
IVI2+I W2

In Table 1, we compare relative error, residual error,

and the elapsed CPU time for the convergence factor

w=35x10"%

and the relative erroras f (k) =

Example 4.2: Consider the coupled Sylvester complex
matrix equations with conjugate of two unknowns

A11V311+C12V:VD12=51 } (12)
A21VBy1 + CoWDyy = E)
With
o 2 1 14i]
1 0 2—i 2i
i 1 —i =14
An=1_, 5 244 |”
2 1—i —i -2
-1 1 1+ 3
(4+i —i —3i 241
1+i i 1 3—i
0 0 2—i  2i
Co=1 5 142 3-i o |’
1+i —1—i 2i —i
[ 2+ 0 2 i
2 i 0 1—2i]
0 2 i 1—1
340 2i 1 2i
A = >
2 —i  1—i 2—i 1+4i
—2i 2—i 2i 3i
(1430 0 0 i
1 143 0 142
-1 1-i i 2—i
1 2i -1 i
Ca=1,_, 5 -3 |’
—3i i —i 0
B 2 1+i i
[~ 14+ i 2—i 2i
g | "3 1-i =5 —i 1+2i
"o 0 2—i i 243
(1420 —i 0 1—i 4+i

5 3—i 34i -3 2—i
2 2 24i  —i  A4+i
321= . . . .
—1—i 24 3i —1 341 141
0 1+2i 0 142 2i
—2—3i  2i —i 142 1+i
—2—i 2 —3i  —i 0
D=\ _1_i 3 2 3-i 2
| —143i —2+4i —4i 24i —3i
(340 142 4i 2 3-3]
i 3—i 0 2-2i 2—i
D=1 0 5i 1 2i
(342i —i 2—i 143i 5i |
(347 142 4 —2  3-3]
i 3—i 0 2-2i 2—i
D=1, 0 5i 1 2i
|342i —i 2—i 143 5i
(233 +157i —4+4150i 147 + 105i
41 —25i 18442 115—11i
po_ | 324119 —50+28i —10+6li
V=1 —1684+83i —61+i —75—52i
—17—81i  —9—i 45 — 54i
| 94+139i —39451i 58+52i
—15+112i 143 +169i |
19 — 7i 22 + 8i
—514+16i 17 + 104i
—71 — 14i —153+142i |’
22 —21i 5—13i
—35428i —77 + 149 |
(42 —44i —54 —53i 102 + 48i
—36+75 —39+26i —A47 +4i
b | 4487 —3-98i 31 — 6i
27 36—i  —128+23i 164 —53i
—59+2i —47+28i —28—123i
| —4-38i —40—105i 74+ 32i
—8—5i  40+41i ]
5351  —20 4 27i
—21—19i —26—11i
174 4+24i 524 7i
—55+4+37i —58 — 31i
—6+3i 48 +5i |
Let R, S as follows
T0 0 o0 1
0 0 —1 0
R=14v -1 0 o
|1 0 0 o0
F0 0 0 1
001 0
S=101 0 o
1.0 0 0

>

>
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p=1.5x10*

p=1.1x10"

0 50 100

150 200 250

Iteration Steps

Figure 2. The convergence performance of algorithm | Example 4.2.

This coupled Sylvester matrix equation (12) has a
unique(R, S) - conjugate solution of the following form.

[ —1—i 0 —2i -2

vo| 2 143 —14+i 0
B 0  1+4i —1+3i 2 ’

| 2 2i 0 —1+i

1-3i  —5i 4 2-3i

—4i 142 1 3-5i

W=1 5.5 1 1420 -4

243 —4i 5 1+3i

Choose arbitrary initial (R, S) - conjugate matrices

-i 0 =1 i
1 i 2i 0

i 1—i —=3i 2+1
W, = 242 241 -1 -1 — 2
1—2i 1 —24i =242

2—1i 3i 1+i —i

Asindicated by theorem 3.2.1, the algorithm I is con-
vergentfor 0 <y < 1.5 x 10™*. We can see in Figure 2
that for & = 1.1 x 10~* and p = 2.5 x 1074, then the
iteration stops at k = 184 and k = 251, respectively.

It can be observed from Figure 2. As k increase, the
relative error f decreases and eventually disappears, and
algorithm I is effective. We can observe that the larger
the convergence factor i, the faster the convergence
rate.

5. Conclusions

In this paper, we have constructed an effective algorithm
to find (R, S) - conjugate solutions to coupled Sylvester
complex matrix equations with conjugate of two
unknowns. When these two matrix equations are con-
sistent, for any initial arbitrary (R, S) - conjugate matri-
ces Vi, W the solutions can be obtained by utilizing
this iterative algorithm. Sufficient conditions are pro-
vided to ensure the proposed algorithm’s convergence.
We test the proposed algorithm utilizing MATLAB
and the results of numerical experiments support our
algorithm.
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