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ABSTRACT
This paper presents a novel robust control approach for a nonlinear uncertain vehicle suspension
system with time-delayed actuation and bounded disturbances. Three factors affect the stabil-
ity and performance of the suspension system: (1) Uncertainty that arises from the difference
between the model and the real system. (2) The disturbances that enter mostly from the side of
the road to the suspension system. (3) Input delay that occurs by actuator performance. In this
study, all three components are considered simultaneously, and slidingmode and backstepping
methods have been used to overcome them. A nonlinear model is considered to more accu-
rately describe the behaviour of the suspension and controller design. The Lyapunov function is
inspiredby thebackstepping algorithm, and stability in the Lyapunov concept is obtained for the
closed-loop system under the proposed robust finite time control. To demonstrate the capabili-
ties of the proposed controller, simulation scenarios are considered in theMATLAB environment.
Simulation results verify good active suspension performance regardless of the presence of
unknown time delay and disturbances in the nonlinear model.
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1. Introduction

The suspension system is one of themechanical systems
in the car. Its mathematical model is a combination of
mass, sprung and damper that the resulting system is
used to reduce or eliminate inside and outside fluctu-
ations. Today, huge costs are incurred to improve or
develop these systems leading to ride comfort, road
handling and robustness of the vehicle while moving
[1–3]. The purpose of designing the car suspension sys-
tem is to provide ride comfort, which is equivalent to
minimizing the force applied to the travelers by the
suspension system according to the road profile, and
minimizing the relocation of the suspension system and
the passengers. Good ride handling is another goal of
the designer. In this way, the driver’s ability to control
the car is maintained and the wheel contact with the
road is maintained as much as possible, so that in addi-
tion to providing travel comfort, the car is also control-
lable. It should be noted that these goals are contradic-
tory and a compromise must be reached between them.
This means that as ride comfort increases, wheel con-
tact with the road decreases and ride handling becomes
more difficult. In fact, the purpose of designing a sus-
pension for the car is to control the transmission of
fluctuations caused by road roughness to the body, and
the components of the suspension not only provide

comfort for the passenger, but also good control of the
car.

There are three main categories of suspension sys-
tems: passive suspension, semi-active suspension and
active suspension [4–6]. Since the active suspension
system has the best efficiency to improve the perfor-
mance of the suspension system, many studies have
been done in this field [7–9]. To reconcile the con-
flicting functions of the suspension, active suspen-
sion control approaches are adopted based on various
control techniques, such as the H∞ method [10,11],
the Lyapunov–Krasovkii scheme [12,13] and the lin-
ear matrix inequality approach (LMI) [14]. Optimal
controllers have also been developed to minimize the
cost function for the suspension system which usually
meet several purposes; wiener-filter-based controllers
[15], linear quadratic controllers [16] and model pre-
dictive approaches [17] can be mentioned among
them.

Despite the aforementioned studies, there are four
main issues in active suspension control that need to
be addressed simultaneously, whereas to date, they have
not been considered in active suspension control at the
same time or have been accompanied by simplifica-
tions. Now, we will explain the four issues by mention-
ing the reasons for the necessity of each of them.
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1.1. Nonlinear behaviour of the suspension system

The most important issue with the suspension is its
nonlinear behaviour. This behaviour is due to several
reasons: material properties, nonlinear compression
and rebound, bump stops, tyre lifts and nonlinearity of
the strut bushing in the damper. Therefore, the dynam-
ics of the suspension is completely nonlinear. Due to
the complex mathematical relationships in the real sus-
pension, most researchers estimate it in a linear model.
When the system faces amajor dash due to rough roads,
system states deviate seriously from the equilibrium
point, and rotational inertia can have a great impact
on system behaviour, where the nonlinear model of the
suspension becomes more valuable in this case. There-
fore, to study the behaviour of the suspension accurately
and effectively, it is necessary to consider its nonlinear
model and apply it in designing the controller.However,
to date, various nonlinear mathematical models have
been developed [18–20] that are more or less complex
depending on the needs and applications.

1.2. Existence of disturbance in the system

In practice, a disturbance occurs in many engineering
applications that lead to undesirable behaviour, and the
suspension is no exception. Disturbances in the sus-
pension system generally can be considered as relatively
short-term and high-intensity events, including bumps
or hills on a flat road surface.

1.3. Uncertainty in themodel

Another issue that must be considered is the uncer-
tainty in the model. For the practical realization of
active suspension for real-world applications, uncer-
tainty should be considered in the model system.
Changes in the weight of the load and the number
of passengers change the weight of the sprung and
unsprung masses in the active suspension, and if varia-
tions are not taken into account in the controller design
process, the performance of the suspension will deteri-
orate. Due to the importance of uncertainty in the per-
formance of the suspension, this has been well followed
in some references [9,21,22].

1.4. Existence of delay in hydraulic actuator

Due to the capabilities of hydraulic actuators to elec-
tromagnetic ones, this type of actuator is common in
vehicle suspension. There is a time delay for track-
ing an arbitrary force by this type of actuator, while
neglecting it can undermine the stability and perfor-
mance of the system. Therefore, paying attention to the
time delay of the actuator in the suspension system is
one of the key factors in designing a new generation of

active suspension control systems [23–25]. The dynam-
ics of the actuator used in the suspension system is
fully described in the reference [24] and it is shown
that the delay in the actuator has been affected by var-
ious parameters, such as vehicle speed and movement,
sprung and unsprung mass levels, road conditions etc.
However, this delay is not fixed and has been shown
in other references [11,26]. Therefore, to improve the
performance of the active suspension, the actuator time
delay should be considered in the controller design.

Each of the four cases mentioned above has a def-
inite effect on the dynamics of the suspension, while
most control methods designed are not able to cover
their effects simultaneously up to now. When a non-
linear disturbed suspension system is accompanied by
model uncertainty and actuator delay, designing a con-
troller to achieve optimal performance will certainly be
a particular challengewith conflicting goals; in fact, this
article focuses on this issue. Therefore, with regard to
the development of robust control methods in nonlin-
ear systems [27–31], this paper presents a new robust
method for controlling the suspension that considers
the above effects. The planned model for describing
the dynamics of the suspension is nonlinear which can
describe its behaviour in conditions far from equilib-
rium. The actuator delay is also considered as non-
fixed and variablewith time. Boundeddisturbances also
enter the system and there is uncertainty in the model.
Sliding mode and the backstepping control methods
have been used to design a robust finite time suspension
controller. This method achieves the goals of control in
a limited time, and of course, the use of the backstep-
ping method ensures stability in the Lyapunov concept.
Considering nonlinear terms, disturbance, uncertainty,
and time-varying delay as a compact manifold, a novel
sliding mode method is designed to overcome their
effects, and the backstepping technique is used in the
design of the virtual controller and ensure stability in
the Lyapunov concept.

This paper is organized as follows: the second part
presents a nonlinear model of a suspension with a
delayed actuation. The third section describes the pro-
posed robust finite time control method, and the fourth
and fifth sections present the simulation results and
conclusions, respectively.

2. Nonlinear suspensionmodel with delayed
actuator

So far, various models have been proposed to describe
the dynamics of the suspension. The (1/4) vehicle
model, the (1/2) vehicle model and the complete sus-
pensionmodel are among the existing categories in this
field. Because the (1/4) model is more flexible in the
controller design, it is considered in planning the active
controller in this study and is shown in Figure 1. Using
the models presented in [32,33], a set of equations
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Figure 1. A quarter vehicle model with active suspension [32].

governing the sprung and unsprung masses, regardless
of the delay in the actuator is as follows:

msz̈s + Fd + Fs = u(t − τ)+ Fl
muz̈u − Fd − Fs + Ft + Fb = −u(t − τ) (1)

where

Fd =
{
be(żs − żu)żs − żu > 0
bc(żs − żu)żs − żu ≤ 0 q

Ft = kf (zu − zr)

Fb = bf (żu − żr)

Fs = ks1(zs − zu)+ kn1(zs − zu)3

In the above equations, zs(t) and zu(t) show the dis-
placement of the sprung and unsprung masses, respec-
tively. ms expresses the sprung mass which signifies
the vehicle chassis;mu expresses unsprung mass which
denotes the set ofwheels; Fl signifies the friction force of
the suspension components, and Fs denotes the forces
produced by nonlinear strengthening springs, piece-
linear damper and tyre.

Considering [zs(t), żs(t), zu(t), żs(t)] as state vari-
ables, the state space equations of the nonlinear suspen-
sion are as follows:

ẋ1 = x2
msẋ2 = ψ(x, t)+ u(t − τ)+ Fl

ẋ3 = x4
muẋ4 = −ψ(x, t)− Ft − Fb − u(t − τ) (2)

where

ms ∈ �m = {ms : msmin ≤ ms ≤ msmax}
|ψ (x, t) = −Fd − Fs| ≤ h

|Fl| ≤ d,

where h and d are the upper bounds for the nonlin-
ear function of ψ(x, t) and Fl, respectively. Now, the
controller design process is described in the next part.

3. Proposed active robust finite time fuzzy
backsteppingmethod for suspension control

According to the suspension model, a proposed con-
troller structure is presented in this section. Controlling
objectives for this system, in addition to general objec-
tives which are ride comfort, suspension deflection
and road holding include the objectives of managing
the effects of non-linear terms and overcoming distur-
bances from the road and model uncertainty. Also, the
variable time delay limitation in the hydraulic actuator
should be considered in this case.

We now describe the controller design steps. The
state-space Equation (2) can be rewritten as

ẋ1 = x2
msẋ2 = ψ(x, t)+ uh + Fl

ẋ3 = x4
muẋ4 = −ψ(x, t)− Ft − Fb − uh (3)

where uh indicates the delay at the control input and y
is the output of the system as follows:

y = x1
uh = u(t − h(t)) (4)

The error variables are defined as follows:

z1 = y − yd

z2 = x2 − α1 + 1
ms

zu

z3 = x3
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z4 = x4 − α2 + 1
mu

zu

zu =
∫ t

t−h(t)
u(v)dv (5)

In the above equation, α1 and α2 are virtual con-
trol functions using a backstepping viewpoint, with α1
being used to control z1 and α2 to control z3. Because in
the second and fourth states of the systemmodel, there
is a delayed control signal, a variable is defined as zu
which is used for defining the error variables. Accord-
ing to the standard selection of the Lyapunov function
based on the sum of squares of error, the Lyapunov
candidate is selected as follows:

V = 1
2
z21 + 1

2
z22 + 1

2
z23 + 1

2
z24 (6)

The derivative of the Lyapunov function gives,

V̇ = z1ż1 + z2ż2 + z3ż3 + z4ż4

= z1
(
z2 + α1 − 1

ms
zu − ẏd

)

+ z2
(

1
ms
(ψ(x, t)+ uh + FL)− α̇1

+ 1
ms
(u − (1 − ḣ)uh)

)

+ z3
(
z4 + α2 + 1

mu
zu
)

+ z4
(

1
mu
(−ψ(x, t)− Ft − Fb − uh)− α̇2

− 1
mu
(u − (1 − ḣ)uh)

)
(7)

by defining

ω1 = − 1
ms

zu, |ω1| < w1

ω2 = 1
ms
(ψ(x, t)+ Fl)− α̇1 + 1

ms
ḣuh + 1

ms
u2,

|ω2| < w2

ω3 = 1
mu

zu, |ω3| < w3

ω4 = 1
mu
(−ψ(x, t)− Ft − Fb)− α̇2 − 1

mu
ḣuh

− 1
mu

u1, |ω4| < w4 (8)

wherew1 tow4 are the upper bounds ofω1 toω4. Thus,
ω1 to ω4 include the effects of delay, delay derivative,
model uncertainty, disturbance, nonlinear terms, and
derivatives of virtual control functions, and w1 to w4
indicate the upper bounds of these effects.

The control signal is considered as follows:

u(t) = u1(t)+ u2(t) (9)

The u1 signal is for the second state and the u2 signal is
for the fourth state. However, the interactions of u1and
u2 were considered in w1 to w4.

By substituting u1, u2 and ω1,ω2,ω3,ω4 in the for-
mula (7), the following equation is obtained:

V̇ = z1z2 + z1(α1 + ω1 − ẏd)+ z2
(

1
ms

u1 + ω2

)

+ z3z4 + z3(α2 + ω3)+ z4
(−1
mu

u2 + ω4

)
(10)

To stabilize the system, α1, α2, u1 and u2 are selected
according to the rules of the sliding mode method as
follows:

α1 = ẏd − k1sgn(z1)

α2 = −k3sgn(z3)

u1 = ms(−z1 − k2sgn(z2))

u2 = mu(z3 + k4sgn(z4)) (11)

By substituting Equation (11) in (10), the following
equation is obtained

V̇ = −k1z1sgn(z1)+ z1ω1 − k2z2sgn(z2)+ z2ω2

− k3z3sgn(z3)+ z3ω3 − k4z4sgn(z4)+ z4ω4
(12)

The following equation is obtained by simplification

V̇ ≤ −k1|z1| + |z1|w1 − k2|z2| + |z2|w2 − k3|z3|
+ |z3|w3 − k4|z4| + |z4|w4

V̇ ≤ −(k1 − w1)|z1| − (k2 − w2)|z2|
− (k3 − w3)|z3| − (k4 − w4)|z4| (13)

To ensure stability, it is necessary to hold (14)

k1 > w1, k2 > w2, k3 > w3, k4 > w4 (14)

Now, to prove the finite time stability, we define θ1 to
θ4 as follows:

θ1 = k1 − w1

θ2 = k2 − w2

θ3 = k3 − w3

θ4 = k4 − w4 (15)
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By rewriting the derivative of the Lyapunov function,

V̇ ≤ −θ1|z1| − θ2|z2| − θ3|z3| − θ4|z4| (16)

By defining

θ = min(θ1, θ2, θ3, θ4) (17)

The following equation is obtained

V̇ ≤ −θ(|z1| + |z2| + |z3| + |z4|) (18)

The following equation is obtained by simplification

V̇ ≤ −θ
(√

z21 +
√
z22 +

√
z23 +

√
z24

)
(19)

Given
√∑

i
|yi| <

∑
i

√|yi|, the following equation is
obtained

V̇ ≤ −√
2θ

(√
1
2
z21 + 1

2
z22 + 1

2
z23 + 1

2
z24

)
(20)

Now, the following relation is obtained:

V̇ ≤ −√
2θV

1
2 (21)

By defining a = 0.5 and c = √
2θ based on Lemma

1 from [34],

Tr ≤
√
z21(0)+ z22(0)+ z23(0)+ z24(0)

min(k1 − w1, k2 − w2, k3 − w3, k4 − w4)
(22)

is obtained, which indicates a finite time stabilization by
the proposed controller.

4. Simulation results

In this part, using MATLAB software, the proposed
controller structure is implemented on the nonlinear
model of the quarter suspension system. Three sim-
ulation scenarios are considered to show the robust-
ness of the active fuzzy backstepping controller; in the
first scenario, a bump disturbance enters the system.
In the second scenario, with the sharp disturbance, the
time-varying delay is considered on the actuator simul-
taneously, and finally, the third scenario examines the
synchronicity of the rough road surface disturbance
and the time-varying delay. The values of the suspen-
sion parameters are the same as the reference [32]. The
values used for the controller parameters are

k1 = 1, k2 = 1, k3 = 1, k4 = 1

Also, by comparing with the H∞ method of the arti-
cle [35], the controller capabilities are better shown.We
will now describe each of these scenarios.

4.1. The first simulation scenario

The disturbance on the suspension is a bump distur-
bance in the following form:

zr(t) =

⎧⎪⎨
⎪⎩
H
2

(
1 − cos

(
2πV
L

t
))

, if 0 ≤ t ≤ L
V

0, if t ≥ L
V

(23)

Figure 2. Suspension deflection in scenario 1.
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Figure 3. Tyre deflection in scenario 1.

Figure 4. Acceleration response of the sprung mass in scenario 1.

The simulation results are shown in Figures 2–5.
Figure 2 shows the suspension deviation due to sharp
input disturbance under the two controllers. Also, tyre
deflection and sprung mass acceleration are shown
in Figures 3 and 4, respectively. As it turns out, the

proposed method reduces the suspension and tyre
deflection to zero in less time, and the vertical accel-
eration shown in Figure 4 indicates a better realization
of the ride comfort target by the proposed controller.
The control signal shown in Figure 5 also expresses the
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Figure 5. The trajectory of control efforts in scenario 1.

Figure 6. Actuator time-varying delay profile used in the simulation.

fact that the backstepping fuzzy method achieves con-
trol objectives with lesser control effort than the H∞
method.

4.2. The second simulation scenario

This scenario is similar to the first scenario and there
is only a time-varying delay in the hydraulic actuator
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Figure 7. Suspension deflection in scenario 2.

Figure 8. Tyre deflection in scenario 2.

as shown in Figure 6. The disturbance entered is in
the form of Equation (23). The results shown in Fig-
ures 7–10 state that under input disturbance and actu-
ator delay, theH∞ control method is not able to main-
tain the stability of the suspension and its states tend to

infinity while under the proposed method, tyre deflec-
tion, suspension and acceleration of suspension follow
the optimal values. As shown in Figure 10, the goals set
for the suspension system are followed with the least
control effort.
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Figure 9. Acceleration response of the sprung mass in scenario 2.

Figure 10. The trajectory of control efforts in scenario 2.

4.3. The third simulation scenario

In this scenario, the control actuator experiences a time
varying delay in the form of Figure 6, and the rough
road surface disturbances enter the suspension with the

following equation:

zr(t) = 0.2 sin(6π t)(m) (24)
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Figure 11. Suspension deflection in scenario 3.

Figure 12. Tyre deflection in scenario 3.

The simulation results are shown in Figures 11–14
and as can be seen from the figures, the H∞ control
method is not able to achieve the control goals despite
spending a very high control effort, while the proposed

fuzzy backsteppingmethod can achieve the goals set for
the controller with the least control effort.

To better evaluate the performance of the proposed
controller, the suspension deflection and tyre deflection
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Figure 13. Acceleration response of the sprung mass in scenario 3.

Figure 14. The trajectory of control efforts in scenario 3.

error values based on the four criteria ISE, ITSE, IAE,
and ITAE for the three simulation scenarios are given in
Tables 1 and 2, respectively. As can be seen from the per-
spective of these criteria, the proposed finite-time slid-

ing mode method provides lower error values than the
H∞ method. Although, the error comparison between
the control methods used in the simulation does not
fully reflect the optimal performance of the proposed
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Table 1. The error values for suspension deflection (m).

Suspension Deflection (m)

Controller Scenario ISE ITSE IAE ITAE

Finite time
sliding mode

Scenario 1 1.65e-4 1.02e-4 0.0179 0.0218
Scenario 2 1.65e-4 1.02e-4 0.0179 0.0218
Scenario 3 1.9340 9.2721 3.9000 19.2931

H∞ Scenario 1 0.0011 0.0046 0.0944 0.4259
Scenario 2 0.0031 0.0231 0.1421 0.8927
Scenario 3 136.72 1.11e+3 26.796 186.67

Table 2. The error values for tyre deflection (m).

Tyre Deflection (m)

Controller Scenario ISE ITSE IAE ITAE

Finite time
sliding mode

Scenario 1 1.16e-4 1.75e-5 0.0089 0.0084
Scenario 2 1.16e-4 1.75e-5 0.0089 0.0084
Scenario 3 0.0633 0.2411 0.6790 3.0848

H∞ Scenario 1 1.76e-4 2.98e-4 0.0275 0.1075
Scenario 2 4.09e-4 0.0022 0.0478 0.2778
Scenario 3 17.0482 143.373 8.8235 62.850

method, according to the embedded control objectives,
simulated scenarios and the results obtained in the fig-
ures and tables, as well as the capability and superiority
of the suggested finite time sliding mode method is
clear.

5. Conclusion

In this study, the ideal control of the suspension is stud-
ied. By using the backstepping and slidingmode control
methods, the effects of non-linear terms, uncertainty,
disturbance and time varying delay are covered. The
realization of finite time control objectives is also shown
in this system. In the proposed method, the backstep-
ping control method is used to design virtual control
signals and ensure stability, and the sliding mode con-
trol method is used to achieve finite time control goals
and overcome the effects of uncertainty, disturbance
and time-varying delay. The simulation results inMAT-
LAB show that the proposed method can achieve the
goals of riding comfort, road handling and minimizing
the suspension deviation with minimal control effort.
Developing a proposedmethod for systemswith amore
general working class could be a useful pathway for
future studies.
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