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Abstract: For the design and construction of the extended-reach well, the ultimate elongation capacity of the extended-reach well was studied. Given the drilling practice 
of extended-reach well, the extension limit prediction criterion of extended-reach well is established. In this paper, based on the drilling practice of extended-reach well, 
by the finite element method, the gap element method and the dynamic finite element method of the whole drill string, static analysis model of the extended-reach well 
and the mechanicsꞌ analysis model of drill string vibration are established. The frictional resistance condition and strength condition of the limit extension of the extended-
reach well are solved respectively, and the extended limit prediction criterion of the extended-reach well is established. The software was prepared based on the model 
and theory, the model and software were validated with the example of drilling, and the average error of the calculated value is 6.94% when compared with the measured 
values in the field. It can meet the needs of drilling engineering and study of the extension capability of the extended-reach wells. 
 
Keywords: drill string; extended-reach well; extension; friction; mechanics 
 
 
1 INTRODUCTION 

 
Over the past 20 years, the drilling technology of the 

extended-reach well with a ratio of horizontal length to the 
vertical depth greater than 2 has been greatly developed. 
However, issues such as wellbore cleanliness, borehole 
wall stability, casing penetration, and friction torque in the 
extended-reach well have become prominent. Especially in 
design and construction, the extension capacity of the 
extended-reach well is an urgent problem to be solved in 
the engineering. Regarding the extensional capacity of the 
extended-reach well, including modeling and solving, drill 
string mechanics needs to be studied in depth. 

Lubinski [1] is the first major representative to propose 
and study drill string theory since in 1950 he published 
several papers on drill string theory. Lubinski A and 
Woods HB [2-5] have realized that the actual borehole is 
inclined by investigation and experiment of the practical 
situation on the spot. The drill string will contact the 
wellbore wall at the particular point of the bit (this point is 
referred to as the upper tangent point), and the drill string 
above the upper tangent point shall be pressed against the 
lower wellbore wall. In the 1960s, Finnie, Bailey, and 
Dareing [6-8] mainly performed experiments and analysis 
for the longitudinal vibration and the torsional vibration of 
the drill string in the straight well. In the 1970s, Walker BH 
[9] studied the force and deformation of the two-
dimensional bottom hole drill assembly by using the 
principle of minimum potential energy. He proposed the 
concept of bit dip angle (the angle between the 
perpendicular of the bit bottom and the borehole axis). The 
use of energy method breaks the previous solution to the 
single differential equation, which opens up an 
approximate calculation precedent for drill string 
mechanics. In 1977, Bai Jiazhi [10] proposed the theory of 
crossbar bent continuous beam to solve the force and 
deformation of the bottom hole drill assembly. He 
generalized this method from one-dimensional situation to 
three-dimensional situation in the future study. In 1978, 
Millheim K. K. [11-13] et al. initially established the finite 
element three-dimensional static model for the bottom hole 
drill assembly analysis. They used the space beam unit as 
the basic unit and used the gap element (GAP) to simulate 
the contact condition between the drill string and the 

borehole wall. In the 1980s, Millheim and Apostal [14-16] 
systematically studied the vibration of the drill string for 
the first time. Based on the original static analysis, inertial 
forces and friction forces were introduced to establish the 
three-dimensional finite element model for dynamic 
analysis of downhole drilling tools. In 1984, Dunayevsky 
[17, 18] et al. studied the conditions of vibration in a 
directional well using a tri-cone drill bit and the stability of 
the drill string, and determined the relationship between 
parametric resonance area of the drill string vibration and 
the rotating speed, firstly pointing out that the drill string 
not only rotates around its axis, but also there is vibration 
at the same time. In the early 1990s, Shuai [19] et al. 
regarded the effect of the deformation of the drill string in 
response to the shape of the wellbore as the initial stress 
and took it into account, considered the effect of bending 
joint as the initial displacement in the three-dimensional 
static analysis of bottom hole drill assembly in directional 
wells using the finite element method. 

In this century, G. Ooms and B. E. Kampman-
Reinhartz [20] analyzed the effect of the drill string on the 
pressure drop of Newtonian liquid during the eccentric 
rotation of the drilling process. G. Heisig [21] et al. studied 
the lateral vibration of the drill string which is in contact 
with the borehole wall in the horizontal well and analyzed 
its inherent frequency by the analytical method. In 2001, 
Liu [22] et al. simplified the drill bit and drill string as a 
spring-resistance-mass system and established a dynamic 
model of transverse vibration of roller bit based on the 
interaction between the drill string and the rock. In 2003, 
Guan [23] et al. designed and established a bottom drill 
string dynamics research and test device with a geometry 
size of 1:10. Using this device, the experiments of motion 
features of the bottom drill string of a vertical well were 
performed under the condition of diverse WOB and rotat 
speed. In 2005, Han [24, 25] et al. analyzed the torsion, 
longitudinal and lateral vibrations of the drill string through 
the microelement linear analysis method, and explored the 
law of vibration. G. Rae [26] et al. analyzed and studied the 
successful drilling of the extended-reach well of the 
CAPTION oil field in Beihai, summarized the definition of 
torque and resistance analysis and its importance, and 
summarized the application of torque and resistance 
analysis in drilling operations. In 2006, S. S. Janwadkar 
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and D. G. Fortenberry [27] studied drilling problems in the 
Nade shale oilfield in North Texas. They use detailed BHA 
and drill string model software for detailed engineering 
analysis. The created model helps design the BHA. The 
new BHA reduces drill string bending and greatly reduces 
the torque and drag of bending and lateral parts of the drill 
string. Bakke [28] used data statistics to study the current 
laws of drilling extension limits. The maximum extension 
limit for horizontal displacement is mainly concentrated at 
a vertical depth of 5000-1000 ft. Abahusagy [29] analyzed 
the effects of various measures to increase the extension 
limit in the successful completion of the Nikaitchuq 
extended-reach well. In 2013 Vestavik [30] proposed the 
use of double-wall drill pipe drilling technology to increase 
the borehole extension limit. In 2014, Gradishar [31] 
pointed out the influence of various factors on the 
extension limit of drilling through the drilling history of an 
offshore extended-reach well.  In 2018, Xin Li [32] 
proposed an optimal design principle and control method 
for the subjective and objective constraints of the bare-hole 
extension limit for large displacement horizontal wells 
with the goal of improving the bare-hole extension limit. In 
2020, Huang W. J. et al. [33]. constructed a tubular column 
segmentation optimization design method based on the 
extension limit of large displacement wells by considering 
the influence of various operating conditions and 
constraints of the tubular column. The new design method 
can effectively solve the problem of optimized design of 
tubular columns and joints in large displacement wells. 

The above-mentioned investigations have in-depth 
study of the mechanical problems and extensional capacity 
of drill string in the extended-reach well, involving the 
statics and dynamics of the drill string, theoretical analysis, 
and engineering practice. However, there is no systematic 
study on the drill string mechanics for the extension ability 
limit of the extended-reach wells. The static and dynamics 
of the drill string of the extended-reach wells are not 
combined to consider the extension problems. Therefore, 
with the continuous increment in the number of the 
extended-reach wells, there is an urgent need for a 
complete theoretical solution to the problem of extension 
ability of the extended-reach wells. In this paper, from the 
drilling practice of the extended-reach wells, based on the 
finite element method, the gap element method and the 
dynamic finite element method of the overall drill string, 
the static and dynamic analysis models of the extended-
reach well is given, the prediction criterion of the extension 
limit of the extended-reach well is established and the real-
drilled extended-reach wells have been calculated and 
analyzed. 

 
2 EXTENSION LIMIT PREDICTION CRITERIA FOR THE 

EXTENDED-REACH WELLS 
 
In the extended-reach wells, they may affect the 

horizontal extension of the drill string due to wellbore 
profile, wellbore geometry features, wellbore cleaning, 
drill string structure, drilling fluid properties, and rock 
drillability. In particular, due to the long drill string of the 
extended-reach wells, the resistance to the drill string is 
relatively large, and the horizontal length has affected the 
continued drilling. The main consideration here is rock 
crushing, frictional resistance, drill string strength, and 

drill string stiffness. To ensure the smooth penetration of 
drill string, the following requirements usually need to be 
met. 

 
2.1 Rock Crushing Conditions  
 

The WOB and torque at the drill bit need to be greater 
than the maximum strength of the rock against damage. 
When the drill bit breaks the rock, the load on the drill bit 
needs to be greater than the threshold load, that is to say, 
the pressure of bit exerted by drill string needs to be greater 
than this threshold value. Otherwise, the drill bit cannot 
penetrate. In summary, the following formulas can be 
given: 
 

bit threshold ( , , )F F T R E              (1)  
 

In the formula: Fbit ‐ indicates bit load, kN; Fthreshold(T, 
R, E) - indicates the rock threshold pressure, which is a 
function of T (the shape of the teeth of the drill), R (the 
nature of the rock), and E (the environmental condition), 
kN. 
 
2.2 Drill String Friction Resistance Conditions  
 

Factors affecting the extension of the extended-reach 
wells, besides the ability of the drill bit to break rocks, the 
main factor is the friction resistance of drill string in the 
extended-reach wells. The effect of frictional resistance on 
the extension of the extended-reach wells is mainly due to 
the fact that frictional resistance consumes the effective 
weight of the drill string, so that the drill bit cannot get 
enough WOB, the drill bit cannot crush the rock, and the 
drill string cannot continue drilling, indicating this drill bit 
assembly has reached the limit of extension. It can be said 
that the frictional resistance of the drill string has the 
greatest influence on the extension ability of the extended-
reach wells. If the extension distance of the extended-reach 
wells is to be increased, the most fundamental solution is 
to reduce the frictional resistance of the drill string. 
Comprehensively lifting, down-pass, orientation, rotary 
table drilling, and other conditions, the formula for drilling 
string to overcome the friction resistance and continue 
drilling can be obtained: 
 

( 1)
max 0 lifting conditione nen en

X XXF F T
                (2) 

 
( 1)

max 0 other conditione nen en
X XXF F T
                (3) 

 

Among them: ( 1)
max, ,e nen en

X XXF F T
  indicate the external 

force received by the drill string unit in the axial direction 
near the wellhead end, the external force received in the 
axial direction of the drill bit end and the frictional 
resistance in the axial direction are positive in the bottom 
hole direction. 

In addition to the consideration of the force in the axial 
direction during the rotary table penetration, the torque 
problem must also be considered. During rotary table 
drilling, the entire drilling tool rotates, and the drill string 
withstands the largest torque at the wellhead and the 



Weikai LIU et al.: Drill String Mechanics and Extension Capacity of Extended-Reach Well 

Tehnički vjesnik 30, 1(2023), 39-51                        41 

minimum at the bit, in other words, the maximum torque 
Mmax that the rotary table can provide is greater than the 
torque MX at the wellhead, and the drill is considered to 
satisfy the torque condition. 
 

max XM M              (4) 

 
2.3 Drill String Strength Conditions 
 

The working stress in each section of the drilling tool 
must be less than the allowable stress of the material to 
ensure that the drill tools will not break or fail. In drilling 
operations, the drill string is used to transmit the WOB and 
torque, so the drill string cannot cause problems and must 
be secured. Therefore, any part of the drill string must be 
inspected to meet the strength requirements. The formula 
is as follows: 
 

 i                 (5) 

 
In the formula: σi - is the stress of the i-th section of the 

drill string. [σ] - is the allowable stress of drill string 
material. 

 
2.4 Drill String Stiffness Conditions 
 

The bending deformation of the drilling tool should be 
less than the allowable deformation value of the drilling 
tool to ensure that the drilling tool can work normally. Each 
drilling tool has a certain degree of allowable deformation 
and cannot exceed this range. Once this range is exceeded, 
the drilling tool will not work properly. There are formulas 
for this: 
 

 i                (6) 

 
In the formula: i  - is the deformation value of the i-th 

section of the drill string.   - is the allowable value of drill 

string deformation. 
Generally, drilling tools can satisfy this requirement 

and are not usually used as a criterion for determining 
extensional limit models for the extended-reach wells. 

Based on these four aspects, the formula for 
determining the extension limit is obtained as follows: 
 

 
 

 

 

bit threshold

1

max

1

max

max

;

0 lifting condition

0 other conditions

rotary table penetration

e nen en en
' ' ''X X XX

e nen en en
' ' ''X X XX

X

F F T ,R,E

F F F F

F F F F

M M

 







     

     



 

(7)  

 
In addition to this, the capacity of the drilling rig and 

the running capacity of the casing need to be considered. If 
the drill string satisfies these requirements, it is assumed 
that the drill string can continue to penetrate, and as long 
as it is not satisfied on one hand, it is considered to have 
reached the extension limit value of drill string.  

Based on this understanding, it can be seen that it is 
necessary to study the stress state and the friction condition 
of the drill string section. Only by determining the force 
state of the cross-section can the extension limit of the drill 
string be given. Therefore, the above mechanical analysis 
is the basis for solving the drill string stretching ability of 
the extended-reach wells. 
 
3 DRILL STRING MECHANICS ANALYSIS OF THE 

EXTENDED-REACH WELLS 
3.1 Static Analysis of Drill String in Extended 

Displacement Well 
3.1.1 Establish a Simplified Model 
 

By analyzing the working conditions of the drill string 
in the extended-reach wells, a schematic diagram of the 
mechanics` analysis model of the drill string for the 
extended-reach wells is shown in Fig.1. In constructing the 
model of Fig.1, based on the whole drill string in three-
dimensional space from the wellhead to the downhole drill 
bit, the following assumptions are used: (1) The drill string 
of the extended-reach well is an elastic deformable body; 
(2) The inner borehole wall is rigid, and the wellbore is 
circular; (3) The contact between the drill string and the 
wellbore wall is random, the contact deformation belongs 
to the elastic deformation range, and the contact has the 
effect of contact reaction force and frictional resistance; (4) 
Ignore the influence of all dynamics factors. 

 

 
Figure 1 Simplified model for frictional resistance mechanical analysis of drill 

string in extended-reach well 
 
The model in Fig. 1 also considers the spatial structure 

of wellbore in the extended-reach well, whose axis is an 
arbitrary three-dimensional curve in space. The borehole 
axis spatial position is determined by the wellbore design 
or measured well depth, well angle and azimuth data 
obtained from actual drilling which are calculated by spline 
function interpolation. The wellbore diameter of the 
extended-reach well can be arbitrarily changed through the 
wellbore, and the structure and size of the drill string of the 
extended-reach well can be changed arbitrarily. 

The boundary conditions are treated with as follows: 
when the rotary table drilling tool is used for drilling, the 
displacement and rotation angle are free along the axis at 
the wellhead and fixed in other directions; in addition to 
the free lateral rotation angle the displacement of drill bit 
at the bottom of the well is fixed in other directions. When 
the power drilling tool is drilled, the wellhead is simplified 
into a fixed end; the three linear displacements of the well 
bottom drill bit are fixed, the axial torque is known, and the 

Gap element 

Space beam element 

Bit Drill string 

Well wall 
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lateral rotation angle is free. The well wall acts as a free 
moving boundary portion of the deformation of the drill 
string. It is simplified to a contact friction boundary. 
Contact reaction force and frictional resistance exist at the 
contact point. 

The load of the extended-reach well mainly includes 
the hoisting force load of the steel wire rope at the 
wellhead, the torque of the rotary table, the weight of the 
drill string, the drilling fluid pressure (including buoyancy 
and resistance), the normal reaction force to the drill string 
exerted by well wall at the contact point, the frictional 
resistance and frictional torques to the drill string exerted 
by the well wall at contact point, and the bit WOB and 
torque at the drill bit. 

 
3.1.2 Interval Element Analysis 
3.1.2.1 Overall Balance Equation 
 

According to the working nature of drill string in the 
extended-reach wells, contact finite element theory is used 
to describe the contact friction state between the drill string 
and well wall. The conventional finite element method is 
used to disperse the drill string structure in the drill string 
static analysis model of the extended-reach wells into 
several spatial beam elements along the axis, and to 
provide a clearance element at each node of the drill string. 
The large total coordinate system for the extended-reach 
wells is established and a local coordinate system is created 
in each spatial unit. 

From the coordinate conversion relationship, it can be 
seen that the relationship between the displacement vectors 
in the local coordinate system and the total coordinate 
system is as follows: 

 

    e e   T             (8) 

 

    e e
F F  T              (9) 

 

In the formula,  e
F  is the unit node force vector in 

the local coordinate system,  e
F is the unit node force 

vector in the total coordinate system. 
Each spatial straight beam unit which is formed by 

discrete drill string in the extended-reach well has tension-
compression, bending, and torsion stiffness. The elastic 
potential of each unit can be expressed as: 
 

            1

2
T T eT e

p
L L

D d L u q d L F          (10) 

 

      e   B           (11) 

 
In the formula, L indicates the length of the unit; {ε} is 

the strain vector; [D] is the elastic matrix; {q} is the 
distribution load vector; {u} is the displacement vector of 
the unit node; [B] is the strain matrix. According to the 
principle of minimum potential energy, the unit stiffness 
matrix equation is: 
 

      
0

e e e
F  K           (12) 

 

In the formula,  0
eK is the element stiffness matrix in 

the local coordinate system, and 
 

       0 d
Te

L

l  K B D B           (13) 

 
Considering the effect of shear deformation, the 

element stiffness matrix is as follows: 
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In the formula, EA is the tension-compression 
stiffness, EI is the bending stiffness, GIp is the torsion 

stiffness, 1 2

12
1

kEI
b

GAL
  , 2 2

12
4

kEI
b

GAL
  , 3 2

12
2

kEI
b

GAL
  , 

k is the shear stress distribution non-uniform coefficient of 

the section. When L is long enough, 
2

12kEI

GAL
is very small. 

From the transformation of element node displacement 
and nodal force vector in the local coordinate system to the 
element node displacement and nodal force vector in the 
total coordinate system, the conversion relationship 
between unit stiffness matrix A in the total coordinate 
system and the element stiffness matrix in the local 
coordinate system is: 
 

       1
0 0

e e K T K T            (15) 

 
Then the matrix equations of all units are converted to 

coordinate systems in the total coordinate system 
according to Eqs. (9) and (15), and then a series of 
calculations and assembly are performed by the 
superposition principle, and the overall balance equation of 
drill string of an extended-reach well will be obtained: 
 

    0 F K            (16) 

 
In the formula, [K0],{δ} and {F} is the overall stiffness 

matrix, nodal displacement, and nodal force vector for the 
drill string total coordinate system in the extended-reach 
well respectively. 

 
3.1.2.2 Gap Element Model 

 
Eq. (16) does not consider the contact and friction 

between the drill string and the borehole wall, which will 
cause singularity when used. Applying the gap element 
theory not only can accurately and conveniently describe 
the random contact friction state between the drill string 
and the borehole wall, but also can solve the singular 
problem of the total stiffness matrix of the drill string in the 
extended-reach wells. 

The multi-directional contact friction gap unit is a 
virtual unit composed of liquid or gas. The outer boundary 
is connected with the well wall, and the inner boundary is 
connected with the drill string. The geometric shape is a 
thick circle. The unit has the following physical 
characteristics: When the drill string is not in contact with 
the borehole wall, it does not affect the free movement of 
the drill string, and its compression stiffness is close to 
zero; if it is in contact, the gap unit compresses along a 
certain radial direction on the wellbore circumference, the 
inside and outside boundary of gap elements are tangent at 
the contact point. Its compressive stiffness is equal to a 
given value or becomes large enough to prevent mutual 
penetration of the drill string and the borehole wall, but 
allows the drill string to slide along the well wall under the 
action of contact reaction force, frictional resistance and 
resistance moment. 

For the static finite element analysis is of the extended-
reach wells, the gap elements are set up at the nodes of the 
drill string elements, and each node is provided with a gap 

element. Each point where the drill string comes in contact 
with the borehole wall is a local geometrically non-linear 
problem and the locations of the contact points are random, 
as shown in Fig. 2.  
 

 
a) Raw status 

 
b) Free status 

 
c) Contact status 

Figure 2 Gap elements model 
 

In Fig. 2, if the drill string produces a maximum 
compressive deformation UG in a direction A of the gap 
element circumference, that is, the displacement of the gap 
element in the direction A is UG, the deformation in this 
direction represents the deformation of the gap element, the 
direction angle G  of A indicates the direction of the 

contact point of the gap element. Let the initial gap of the 
gap element be E0, and the gap after deformation be E1, 
then: 
 

1 0 GE E U            (17)  

 
Judging criteria for displacement of the drill string in 

contact with the well wall: When 0 < E1 ≤ E0, there is no 
contact between the drill string and the wellbore of the 
extended-reach well; when E1 = 0, the drill string of the 
extended-reach well contacts the well wall. Internal force 
conditions of contact: When no contact occurs, Rnormal = 0, 
Raxis = 0, Rtangent = 0, m = 0; when contact occurs, Rnormal = 
KgapUG, Raxis = faxisRnormal, Rtangent = ftangetRnormal, m = 
0.5Rtangentd. In the formula, Rnormal, Raxis, Rtangent, m is the 
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normal contact reaction force, circumferential contact 
frictional resistance, tangential contact frictional 
resistance, and rotational resistance moment of the i-th gap 
element respectively; faxis, ftanget, d is the axial friction 
factor, tangential friction factor, and outer diameter of the 
gap element respectively, among them

2 2
axis tangentf f f  , axis tangent axis tangentf f v v , and f is 

the friction factor of the gap element in the extended-reach 
wells, vaxis, vtanget is the axial speed and tangential speed of 
the outer diameter of the unit drill string. It can be seen that 
the stiffness of the gap element is variable, and its change 
should meet the contact conditions of the unit in which it is 
located and the corresponding contact force conditions. 

The principle of minimum potential energy was used 
to derive the unit equilibrium equation in the local 
coordinate system. After the calculations such as 
coordinate conversion and superposition principle, the 
overall balance equation of the drill string contact system 
of the extended-reach well can be obtained: 
 

    F K             (18) 

 
In the formula, [K] is the overall stiffness matrix of the 

drill string of the extended-reach wells with gap elements. 
{F} is the nodal force vector in the global coordinate 
system where frictional resistance and drag torques have 
been considered. Due to the introduction of gap elements, 
the overall stiffness matrix [K] in Eq. (10) is a non-singular 
matrix and can be solved by applying iterative methods. 

 
3.2 Drill String Vibration Analysis of Extended-Reach Wells 
3.2.1 Mechanical Analysis Model of Drill String Vibration in    
         the Extended-Reach Wells 
 

The vibration problem of the drill string in the 
extended-reach wells is closely related to the length and 
shape of the overall drill string. Vibration analysis must use 
the overall drill string as the mechanical model, the whole 
drill string from the wellhead to the bottom of the well as 
the research object, as shown in Fig. 3. 
 

 
Figure 3 Schematic diagram of the drilling string structural unit for extended-

reach wells 
 

It can be composed of any combination of different 
drill accessories, such as drill collars, drill pipes, joints, 
centralizers, and shock absorbers. Meanwhile, the 
influence of the ground structure on the vibration of the 
drill string should be considered. The derrick, steel wire 
rope, and traveling tackle and other ground structures are 
simplified into an equivalent axially free-movable but no 

lateral movable structure. The contact between the drill 
string and the well wall is considered as a movable hinge 
support. The drill string of the extended-reach well is 
considered to be a three-dimensional space column that 
coincides with the wellbore axis, and the effect of bending 
stress caused by the initial curvature of the drill string on 
the fatigue strength of the drill string should also be 
considered. 

In forced vibration of a structural system, the structural 
system starts to vibrate from the application of excitation 
force. In a short period of time after starting vibration, the 
vibration system includes two parts: one is the free 
vibration part; the other is the forced vibration part. Due to 
the effect of the damping force, as time increases, the free 
vibration part of the structural system will gradually 
attenuate and disappear after a certain time, leaving only 
the steady-state forced vibration of the structural system. 
From the moment the excitation force acts on the steady-
state forced vibration, it can be called the system's transient 
forced vibration, which is a very complicated vibration 
state. The vibration of the drill string system discussed here 
is limited to the steady-state forced vibration.The previous 
studies have shown that it can be approximately assumed 
that the inherent frequencies and inherent vibration modes 
of structural systems are not affected by damping, but are 
only related to the system structure itself. 

 
3.2.2 Finite Element Equation of Drill String Vibration in the  
         Extended-Reach Wells 
 

Based on the above drill string mechanics models of 
the extended-reach well, the drill string of the extended-
reach well is dispersed into multiple spatial beam units 
along the axis. Vibration analysis is performed using the 
dynamic finite element method to obtain the vibration 
equation of the overall drill string structure: 
 

 0sin t MU + CU + KU = P           (19)  

 
In the formula, M, C, K are the overall mass matrix, 

the damping matrix and the stiffness matrix of the overall 
drill string, respectively. P0 is the excitation force 
amplitude. ω is the excitation frequency. t is the time 
variable. U", Uꞌ, U are the node acceleration vector, the 
velocity vector, and the displacement vector, respectively. 

It is important to note that the factors influencing the 
magnitude and frequency of the drill string excitation force 
are very complex. The amplitude and frequency of the 
excitation force are not only related to the bit structure and 
the drilling tool structure, but are also related to the nature 
of the formation and drilling parameters. It is assumed that 
the excitation force is simple harmonic excitation force. 
For a tri-cone bit, in the relatively stable drilling process, it 
is generally assumed that the frequency of the excitation 
force acting on the drill bit is three times the drill string 
rotation frequency, which is an accepted practical 
assumption in the general drill string vibration analysis. 
For the PDC bit, it differs from that of the tri-cone bit, so 
its excitation force frequency is different from the 
frequency of the excitation force of the tri-cone bit and 
needs to be determined by simulation experiments. 

Although the frictional contact resistance between the 
drill string and the borehole wall is not large, it is different 
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from general mud damping. Rayleigh damping is used for 
calculation convenience. Assume that the damping matrix 
is: 
 

1 2 C C C           (20)  

 
In the formula, C1 is mud damping and structural 

damping, C1 = α M + βK, in the formula, the right-side term 
coefficients α and β are arbitrary proportional coefficients. 
C2 is the damping caused by frictional contact resistance. 
 

2 tC U = R           (21) 

 
In the formula, Rt indicates the contact frictional 

resistance vector, where each element represents the 
frictional resistance at the corresponding node and is 
derived from the drill above string static analysis of the 
extended-reach well and then converted to an equivalent 
diagonal damping matrix based on the nodal speed. 

To solve the Eq. (19) by using the vibration mode 
superposition method, the intrinsic frequency and intrinsic 
vibration mode of the drill string must first be determined. 
Hence, the undamped free vibration equation must first  be 
solved as follows: 
 

0 MU + KU           (22) 
 
Set the form of the solution is 

 
 sin tU Φ            (23) 

 
From this formula, the frequency equation can be 

obtained as: 
 

2 0 K M            (24) 
 
And then, the n inherent frequencies of the drill string 

structure can be obtained, and the n inherent frequencies 
can be ranked from small to large: 
 

1 2 3 n...                (25) 

 
It is further possible to find n inherent modes i                         

(i = 1, 2, …, n) corresponding to the n inherent frequencies. 
Afterward, using the mode superposition method, the 

n independent second-order linear non-homogeneous 
differential equations of Eq. (19) can be obtained: 
 

2
02  sin   

( 1 2

*
j j j j j j jy y y P t

j , ,...,m )

      


          (26) 

 

In the formula, 
2
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 ( 1, 2, , )i m   is the               

i-th mode damping ratio. 
Its special solution is: 
 

0 0 sin cosj j jy A t B t              (27) 
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        (28) 

 
In this way, the displacement response of the drill 

string is: 
 

   0 0sin cosU A t B t              (29) 

 
Based on this, the response internal force and response 

stress can be further calculated as a basis for assessing the 
dynamic strength of the drill string. 

 
3.2.3 Fatigue Strength Analysis and Calculation of Drill  
         String in the Extended-Reach Wells 
 

Since the forces on the drill string, there are relatively 
complex, tensile, pressure, bending and torsional stresses. 
In this paper we believe that the axial tension and pressure 
work stress is the main stress of fatigue damage, while the 
lateral bending dynamic stress is limited by the wellbore, 
the value is smaller, it is the secondary stress of fatigue 
failure (it can also be equivalently reduced and then added 
to the tension and pressure dynamic stress). The torsional 
stress is much smaller than tensile and compressive stress, 
and can be neglected. Therefore, drill string fatigue is 
mainly caused by normal longitudinal stress. 

 
3.2.3.1 Calculation of Cross-Sectional Stress of Drill String 
3.2.3.1.1 Drill String Pre-Tightening Stress 
 

Under the action of the buckle pre-tightening torque, 
the tensile pre-tightening stress generated near the 
deduction stress groove of the pin and the root of the screw 
thread is as following: 
 

0

02y
M

fRA
            (30) 

 
In the formula: M0 - is the screw on pre-tightening 

torque, which is related to the drill collar, the drill pipe 
type, and the thread type, f - is the drill string surface 
contact friction coefficient, R - is the root diameter of the 
thread, A0 - is the cross-sectional area of the root of the 
thread. 
 
3.2.3.1.2 Working Static Stress of Drill String  
 

Under the action of the average WOB and self-weight, 
the cross-section of the drill string will produce normal 
tensile stress, and its calculation formula is: 
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J
P

N

A
             (31)  

 
In the formula: NJ - is static axial force; A - is the cross-

sectional area of the drill string. If it is a joint, it is the 
effective cross-sectional area of the screw. 

 
3.2.3.1.3 Normal Stress Amplitude of Drill String Vibration  
 

From the analysis of the drill string vibration, the 
harmonic alternating axial amplitude ND of the longitudinal 
vibration of the drill string can be obtained. Based on this, 
the positive stress amplitude of the drill string vibration can 
be calculated as: 
 

1
DN

A
             (32) 

 
This stress is a major factor in the fatigue failure of the 

drill string. 
 

3.2.3.1.4 Initial Bending Normal Stress of Drill String 
 

In an extended-reach well, the initial bending stress at 
the deflected section is large, so this part of the stress is 
important, and its magnitude is related to the borehole 
curvature. The initial bending normal stress of the drill 
string caused by the borehole curvature is: 
 

0 2

DE


            (33) 

 
In the formula: ρ - is the radius of borehole curvature; 

D - is the outer diameter of the drill string; E - is the elastic 
modulus of the drill string material. The initial bending 
normal stress of the drill string is an alternating normal 
stress when the rotary table is drilled, which belongs to 
dynamic stress; it is a constant normal stress when 
directional drilling, and belongs to static stress. 
 
3.2.3.1.5 Calculation of Cross-Sectional Stress of Drill   
               String  
 

The cross-sectional stress of the drill string can be 
divided into two parts: one is the average stress σm, and the 
other is the alternating stress amplitude σa. If the power 
drill is used, the impact of power drill rotation should also 
be considered. 

When the rotary table does not rotate: 
 

0 1,     m y P a                   (34) 

 
When the rotary table rotates: 

 

1 0,     m y P a        
          

(35)
 

 
where λ is the ratio of the rotary frequency of the rotary 
table to the frequency of the drill's excitation force.  

 
 

3.2.3.2 Drill String Fatigue Strength Conditions 
 

During the operation of the drill string, each cross-
sectional stress is in a typical asymmetric cycle. Under 
certain cyclic characteristics r, the permissible fatigue 
(permanent) limit of a section of the drill string is 
calculated by the following formula: 
 

    
     

1 1

1 1

2

1 1r r r

 


 
 

 


  
         (36)  

 

m a

m a

r
 
 





           (37) 

 
In the formula: r - is the asymmetry stress cycle 

eigenvalue;  1 - is the allowable stress for a constant 

(static) load;  1 - is the permissible endurance limit of 

the drill string under symmetric stress cycling state. 
Because the drill string alternating load is not stable, it 

may change along with the impact, so the allowable 
endurance limit should also be divided by the additional 
safety coefficient nf, the value of this coefficient is changed 
with the asymmetry, the stress changes more dramatic, the 
higher the coefficient, it is taken as 1.2 here. In this way, 
the permissible endurance limit of the drill string structure 
can be obtained, and the following drill string fatigue 
strength conditions are established according to this: 
 

 max m a r                 (38) 

 
Here σmax is the maximum working stress of the drill 

string. If the drill string has a cross-section that does not 
meet the fatigue strength condition Eq. (38), it is 
considered that the drill string will produce fatigue 
fracture, and Eq.a (38) is the basis for the fatigue safety 
assessment of the drill string. 

For the drill string of an extended-reach well, the 
sections at different depths of the well have different 
working stress, and its stress cycle characteristic value r is 
also different. The permissible endurance limit [σr] is also 
different because r and [σr] are related to the magnitude of 
stress in the section. Therefore, the work stress and the 
permissible endurance limit of each section of the whole 
drill string in the extended-reach well are not the same and 
must be calculated one by one. Then check each part for 
strength conditions and combine them to arrive at a fatigue 
safety assessment conclusion for the entire drill string of 
the extension well. 

 
4 CALCULATION EXAMPLES 
4.1 Comparison of Theoretical Calculations and Actual 

Results of the Extended-Reach Wells  
 
The drilling depth of the Fuping 24 well in the Jilin 

Oilfield was designed to be 1141.73 m, the depth of the 
deflecting point was 172.41 m, the vertical depth of the 
drilling was 388.83 m, the horizontal displacement was 
848.05 m, and the maximum well angle was 92.78°. 
Although the well depth is not long, its ratio of well depth 
to vertical depth is 2.94, which is an extended-reach well. 
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The drill assembly in the horizontal section is: Φ215 mm 
PDC bit + Φ165 mm single-bend screw drilling tool + 
LWD + Φ127 non-magnetic drill boring × 1 + Φ127 mm 
heavy-duty drill pipe × 2 + Φ127mm slope drill pipe +                   
Φ 127 mm heavy drill pipe × 18 + Φ165 mm drill collar × 
6 + Φ127 mm drill pipe + 133 mm kelly stem. The drilling 
parameters at 1108 m depth: drilling pressure 30.00 kN; 
rotation speed 30 rpm; mud density 1.440 g/cm3; 
displacement 32 l/s. 

Using the computer software compiled of the 
theoretical model of this paper, frictional resistance 
calculations were performed for the wells in the trip (lifting 
and lowering), the rotary table drilling, and the directional 
drilling during the drilling process. The software 
calculation process is shown in Fig. 4. 
 

Begin

Enter raw parameters

Drill string static analysis

Forming total

Solving the generalized 
displacement of the drill string

Drill string

Solve the natural 
frequency of the drill 

string

Judge the gap 
element status

Modify the gap element

Modify contact force

Solving the internal force of the drill strin

Solving the drill string stress

Calculation of extension limit of large displacement

Output calculation results and image display

N

N

Y

 
Figure 4 Software calculation flow chart 

 
The prediction and measured results of lifting, 

lowering, rotary drilling, and directional drilling are shown 

in Tab. 1 (the values in the table with﹡are total resistance 
torque, unit is kN.m.) The distribution curves of friction 
resistance along well depth during lowering, rotary 
drilling, and directional drilling is shown in Figs. 5 to 8. 

The axial forces and axial stresses for running up and 
running down were also calculated separately, and the 
calculated results are shown in Figs. 9 to 12, respectively. 

As can be seen from Tab. 1 and Fig. 5 to Fig. 8, the 
lifting tool is more frictional than the lower drilling tool, 
and the total frictional resistance in the horizontal section 
is much larger than the total frictional resistance in the 
deflected and vertical well sections. The frictional 
resistance within the segment is minimal. It is also known 
by the calculation that the axial frictional resistance of the 
rotary table bore is much smaller than the axial frictional 
resistance of the directional borehole, but the resistance 
torque is large. 

 
Figure 5 The distribution law of friction resistance along well depth 

 

 
Figure 6 Distribution law of frictional resistance along well depth in lowering 

working conditions 
 

 
Figure 7 Distribution law of frictional resistance along the well depth in rotary 

table drilling 
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Table 1 Comparison between friction resistance theoretical analysis and actual result of Fuping 24 well 

Well depth / m Project Lifting Lowering 
Rotary table 
penetration 

Directional 
penetration 

 

933～943 
(well angle 89.4°) 

WOB / kN 0 0 30 40 
Hang weight calculation/kN 204.41 116.67 135.83 65.58 

Measured value of hang weight/kN 220 120 140 70 

Total resistance/kN ‒59.18 55.32 8.86﹡ 64.75 

Error/% 7.09 3.11 2.98 6.32 
The fatigue safety assessment conclusions > 1 > 1 > 1 > 1 

 

1040～1049 
(well angle 90.14º) 

WOB/kN 0 0 30 40 
Hang weight calculation/kN 210.91 109.30 137.42 58.02 

Measured value of hang weight/kN 230 115 150 62 

Total resistance/kN ‒67.52 63.64 9.45﹡ 73.93 

Error/% 8.30 4.96 8.39 6.42 
The fatigue safety assessment conclusions > 1 > 1 > 1 > 1 

1141 
(well angle 85º) 

WOB/kN 0 0 30 40 
Hang weight calculation/kN 213.49 96.28 134.27 44.59 

Measured value of hang weight/kN 235 105 145 50 

Total resistance/kN ‒74.60 72.75 9.99﹡ 84.80 

Error/% 9.16 8.31 7.40 10.82 
The fatigue safety assessment conclusions > 1 > 1 > 1 > 1 

 

 
Figure 8 Distribution law of directional drilling friction resistance along well depth 
 

 
Figure 9 Drilling tool axial force distribution along the well depth with running up 

drilling tools 
 

Therefore, high-strength drill rods are used when 
drilling horizontal extended-reach wells. It can also be seen 
from Tab. 1 that the maximum error between the 
calculation result and the actual measurement is 10.82%, 
the minimum error is 2.98%, and the average error is 
6.94%. It shows the correctness of the theoretical software 
and computer software of this paper. As seen in Figs. 9 to 

12, the shaft force is not significant and the drilling column 
is safe. 
 

 
Figure 10 Drilling tool axial force distribution along the well depth with running 

down drilling tools 
 

 
Figure 11 Drilling tool axial stress distribution along the well depth with running 

up drilling tools 
 

 
Figure 12 Drilling tool axial stress distribution along the well depth with running 

down drilling tools 
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4.2 Influence Factors of Ultimate Extension Ability of the 
Extended-Reach Wells 
 
The theory can also analyze and calculate the factors 

influencing the ultimate extension capacity. Using the 
Fuping 24 well to analyze several major factors affecting 
the extension of the extended-reach well, the following are 
some analysis results. 

 
4.2.1 Influence of Rotating Speed on Ultimate Extension  
         Ability of the Extended-Reach Wells 

 
The rotary drilling and the directional drilling have 

different effects on the extension of the extended-reach 
wells. This is discussed in many works of literatures. It is 
often required to open the rotary table in the extended-

reach well drilling. It has greatly enhanced the extension 
capability for extended-reach wells. The effect of rotational 
speed on the extension capacity of extended-reach wells is 
mainly shown in that the higher the rotating speed, the 
smaller the axial resistance of drill string in extended-reach 
wells will be, but this effect on the extension capability of 
the extended-reach well is limited due to the higher speed 
running speed. The influence of rotational speed on the 
ultimate extension capability of extended-reach wells is 
shown in Fig. 13.  

From Fig. 13, it can be seen that the rotating speed of 
the rotary table has little effect on the ultimate extension 
capability in rotary drilling, but the extension capability 
varies greatly under different borehole curvatures and 
different WOB conditions. 

 

 
Figure 13 The effect of rotate speed of rotary table on extension capacity of extended-reach well 

 
4.2.2 Effect of Borehole Friction Coefficient on the Ultimate  
         Extension Capacity of the Extended-Reach Wells  

 
The coefficient of friction is the most important factor 

affecting the extension ability of the extended-reach wells. 
The frictional resistance of the borehole wall to the drill 
string does not allow the drill string's effective weight to be 
fully transferred to the drill bit. If the borehole friction 
coefficient is too large, it will quickly result in the drill bit 
not receiving sufficient WOB, and the current drill 
assembly cannot continue to drill. The high coefficient of 

friction in this well makes it difficult to drill, resulting in 
poor extension ability of the extended-reach well and 
sometimes difficult bare hole drilling. The effect of the 
borehole friction coefficient on the ultimate extension 
capability is shown in Fig. 14.  

It can be seen from Fig. 14 that the extension ability 
decreases significantly with the increase of the friction 
coefficient, and the extent of the decline is large. Compared 
with the above factors, the borehole friction coefficient has 
the greatest effect on the stretching capacity. 

 

 
Figure 14 The effect of frictional coefficient on extension capacity of extended reach well 

 
4.2.3 The Effect of Borehole Curvature on Ultimate Extent of  
         the Extended-Reach Wells 

 
The borehole curvature is the average wellbore rate of 

change in the deflected section in the design of the 
extended-reach well. The actual wellbore is a curved 

spatial curve, in such a downhole environment, the 
extended-reach well drill string is in random contact with 
the well wall, and the axis of the drill string itself must also 
bend with the wellbore. It is due to this contact that the 
friction between the drill string and the well wall increases, 
thereby affecting the extension capability of the extended-
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reach well. The influence of the borehole curvature on the 
ultimate extension capacity of the extended-reach wells is 
shown in Fig. 15. It can be seen from Fig. 15, as the 
borehole curvature increases, the ability to extend 

decreases significantly. It can be seen from the relationship 
curve that the influence of the borehole curvature on the 
extension ability is smaller than the influence of the friction 
coefficient.

 

 
Figure 15 The effect of borehole curvature on extension capacity of extended-reach well 

 
From the above analysis, it is clear that in the design 

and construction of the extended-reach wells,  to ensure the 
drilling of horizontal sections, the borehole friction 
coefficient should be reduced as much as possible, and the 
borehole curvature should be minimized. This requires the 
use of low-friction drilling fluids and smoother borehole 
trajectories as far as possible, and the use of rotary drilling 
whenever possible. 

 
5 CONCLUSION 
 

(1) The extended limit prediction criteria for the 
extended-reach wells are given. This article uses the theory 
and method of drill string mechanics to study the extended 
restriction factors of the extended-reach wells and points 
out that the extended-reach wells are limited by drilling 
rigs, threshold WOB, frictional resistance, strength, and 
stiffness. 

(2) According to the fact that the drill string mechanics 
of the extended-reach well is non-linear, the integral drill 
string finite element method and the gap element method 
are used to establish the integral drill string static gap 
element mechanics model for the extended-reach wells. 
This method simplified the actual downhole conditions 
less, and it can describe the stress state of the drill string 
more realistically. 

(3) The dynamics finite element method is used to 
analyze the mechanical model of the drill string of an 
extended-reach well. This method can quantitatively 
evaluate and predict the fatigue strength of the drill string 
of an extended-reach well. The results show that the 
technique is reliable. 

(4) The computer software developed based on the 
theoretical models can be used to predict and evaluate the 
distribution law of drill string friction in the extended-reach 
wells, and to predict the extension limit of the extended-
reach wells. It can be seen from the calculation of the actual 
drilling of the extended-reach wells in the field that the 
maximum error between the calculation results and the 
actual measurement is 10.82%, the minimum error is 
2.98%, the average error is 6.94%, and the errors are all 
below 15%. The results show that the calculation results of 
this method are consistent with the measured results, which 

can meet the requirements of drilling engineering for the 
extended-reach wells. 
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