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ABSTRACT. Let {Fn},>0 be the sequence of Fibonacci numbers and let p be a prime.
For an integer ¢ we write mp ,(c) for the number of distinct representations of ¢ as Fj, — pt

with k> 2 and £ > 0. We prove that mp ,(c) < 4.

1. INTRODUCTION

1.1. Background. Let {F,}n>0 be the Fibonacci sequence given by Fy =
0, Fi =1 and F,,4o = Fp41 + F, for all n > 0. The first few terms of this
sequence are given by

0,1, 1, 2, 3, 5, 8 13, 21, 34, 55, 89, 144,....
For fixed integers a > 1,b > 1, ¢, the Diophantine equation
(1.1) a® = b = e,

in nonnegative integers x, y is known as the Pillai equation, see [13]. Pillai
was interested if the above equation can have more than one solution (z,y)
and proved that if @ and b are positive and coprime and |¢| > ¢o(a, b), then the
above equation has at most one solution (x,y). Variants of the Pillai problem
have been recently considered in which one takes a to be 2 or 3 but replaces the
sequence of powers of b by some other sequence of positive integers of expo-
nential growth such as Fibonacci numbers, Tribonacci numbers, Pell numbers
and even k-generalized Fibonacci numbers where £ is also unknown. In all of
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these results, it was shown that the conclusion of the original Pillai problem is
retained (so, every large integer has at most one such representation) except
for some cases where parametric families exist which are completely classified
together with the small exceptional cases with multiple such representations
which have also been computed. See, for example, [3, 5, 6, 7]. Here, we retain
the Fibonacci sequence but replace powers of 2 or 3 by powers of an arbitrary
but fixed prime p. Write

mpp(c) = #{(k, ) :k>2,£>0, c=F} —pe}.

We imposed the condition & > 2 above because I} = F» = 1. Our result is
the following.

1.2. Main result.

THEOREM 1.1. The inequality mp ,(c) < 4 holds for all primes p and all
integers c.

We believe that the better result mp,(c) < 3 holds, but we did not
succeed in proving this. Further, quite possibly mp,(c) = 3 holds only for
finitely many pairs (p, ¢), and maybe only for the following 3 pairs

(2,—3)2 -3 = F7—24 = F5—23 = F2—22,
(1.2) (2,0) : 0 = Fg—28 = Fy—21 = F,—20
(2,1) : 1 = Fy—-22 = F,-2' = F3—20

We leave proving that mp,(c) < 3 and classifying the pairs of integers (p, c)
with mp,(c) = 3 as a problem to the reader. On the other hand, we believe
that mp,(c) = 2 holds for infinitely many pairs (¢, p). For that, it suffices
to look for ¢ with two representations of the form ¢ = Fy, —p = Fj, — 1,
so the two representations (ki,¢;) and (k2,¢2) have {4 = 1, {5 = 0. Then
p = Fy, — Fi, + 1. A calculation revealed 2161 primes p of the above form in
the range 2 < ko < k71 < 1000.

Before embarking to the proof, let us remark that it is not surprising that
mpp(c) is bounded by an absolute constant. Indeed, letting mp,(c) = m,
then the equation

c=F,—p'
has m solutions (k,¢) with & > 2 and ¢ > 0. If ¢ = 0, we get Fy, = p’. The
only solution of this equation with ¢ > 2 is Fgz = 23 by the well-known result
concerning perfect powers in the Fibonacci sequence [4]. Thus, mp,(0) < 3,
and mp,(0) = 3 holds only for the prime p = 2. When ¢ # 0, then by using
the Binet formula for the Fibonacci sequence

ak—ﬁk

(1.3) Fp = =

,  where (a,ﬁ):(l—i_\/5 1_\/5>

2 72
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valid for all £ > 0, our equation can be rewritten as

This is a particular case of the equation 1 = ayx1 + -+ + asxs with s = 3,
(a1,a9,...,as) = (1/(cV/5), £1/(c\V/5), —1/¢) and 1, xa, ..., 2, unknowns in
the multiplicative group T' generated by {a, p} inside C of rank r =2 (note
that 3 = —a~!). Furthermore, such a solution is nondegenerate in the sense
that no subsum ), ; a;z; vanishes for some subset I C {1,2,...,s} since for
us k > 2. Theorem [1, Theorem 6.1] immediately gives that for a fixed choice
of nonzero coefficients (a1, as, ..., as) the number of such solutions is

< (85)454(S+T+1),
so for us
m<2-(8- 3)4-34(3+2+1)
and the right-hand side above exceeds 10%°°°. Thus, while the boundedness
of m follows easily from known results on the finiteness of non-degenerate

solutions to S-unit equations, the merit of our paper is to give a bound on m
which is quite close to the best possible.

2. METHODS

We use three times Baker-type lower bounds for nonzero linear forms in
two or three logarithms of algebraic numbers. There are many such bounds
mentioned in the literature like that of Baker and Wiistholz from [2] or
Matveev from [10]. Before we can formulate such inequalities we need the
notion of height of an algebraic number recalled below.

DEFINITION 2.1. Let v be an algebraic number of degree d with minimal
primitive polynomial over the integers

d
apz® + a1z® '+ +ag = ag H(33 - ’Y(i))v
i=1

where the leading coefficient aqg is positive. Then, the logarithmic height of ~y
is given by

d
1 .
h(v) = E(log ap + ; log max{|y?|, 1})
In particular, if v is a rational number represented as v = p/q with
coprime integers p and ¢ > 1, then h(v) = log max{|p|, ¢}.
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The following properties of the logarithmic height function h(-) will be
used in the rest of the paper without further reference:

h(71 £92) < h() + h(y2) +log 2;
h(me ") < h(n) + hiy);
h(y®) = |s|h(y) valid for s € Z.

A linear form in logarithms is an expression
(2.1) A:=Dbilogai + -+ by log ay,
where for us aq,...,q; are positive real algebraic numbers and b1, ...,b; are
nonzero integers. We assume, A # 0. We need lower bounds for |A|. We write
K =Q(a1,...,a:) and D for the degree of K. We start with the general form
due to Matveev [10].

THEOREM 2.2. Put T :=ab" ..ol —1=eM — 1. Then

log|T| > —1.4-30°"3 . #%5. D?(1 +log D)(1 + log B)A; - - - A,

where B > max{|b1],..., |b|} and A; > max{Dh(«a;),|loga;|,0.16} for i =
1,....t.

We continue with ¢ = 2. Let A7 > 1, As > 1 be real numbers such that

1 ! .
| log o —} for i=1,2.

: i 2 i) )
(2.2) log A; > max {h(a ) 7 'D

Put
p_ bl b2
" DlogA; DlogA;’
The following result is Corollary 2 in [9].

THEOREM 2.3. In case t = 2, we have

21 1\?
log |A| > —24.34D* (max {log b +0.14, '3 }) log A; log As.

After some calculations with the above theorems, we end up with some
upper bounds on our variables which are too large, thus we need to reduce
them. We use the following result of Legendre which is related to continued
fractions (see [12, Theorem 8.2.4]).

LEMMA 2.4. Let 7 be an idrrational number with continued fraction
[ap,a1,...] and convergents po/qo, p1/q1,.... Let M be a positive inte-
ger. Let N be a non-negative integer such that qn > M. Then putting
a(M) :=max{a; : 0 <i < N}, the inequality

1
” (M) 1+ 2)52

holds for all pairs (r,s) of positive integers with 0 < s < M.

r
T——
S
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Let {L,, }»>0 be the Lucas sequence given by Ly =2, L1 =1 and L,12 =
Lyy1 + Ly, for all n > 0. We need the following lemma.

LEMMA 2.5. If m > n and m =n (mod 2), then
Fon = Fu = Fin—sn)/2L(mtsnyj2,  Where &= (=1)m=/2,

For a prime p let z(p) be the order of appearance of the prime p in the
Fibonacci sequence (sometimes also called the entry point of p) which is the
smallest positive integer k such that p | Fj,. This exists for every prime number
p. It is well-known that p | Fy if and only if z(p) | k. Further, writing v,(m)
for the exponent of p in the factorization of m, and putting e, := v, (F.(,)),
then it is well-known that whenever p | Fy, we have v,(F}) > e, and further if
f = vp(Fy) is positive then p/=¢»z(p) | k. The following computational result
is due to McIntosh and Roettger ([11]).

LEMMA 2.6. If p < 10, then Pl F.p)-

Finally, we present an analytic argument which is [8, Lemma 7]. It is
useful when obtaining upper bounds on some positive real variable involving
powers of the logarithm of the variable itself.

LEMMA 2.7. If s > 1, T > (4s)* and T > -, then

_r
(log z)
x < 2°T(logT)".

In the addition to the above results, we also used computations with
Mathematica.

3. PROOF OF THEOREM 1.1

3.1. Notation. From now on, we work with pairs (p, ¢) such that mg ,(c) >
3. We may assume that p > 5 since the cases p = 2,3 were treated in [6] and
[7], respectively. We write m := mp,(c) and write

(3.1) c=F,, —pY for i=1,2,...,m.
We assume (1 > ly > --- > {,, > 0. Then,
(3.2) By — Fp, =p" —p >0, for 1<i<j<m,

SOki>kj. Thus, k1 > kg > -+ >k, > 2.

3.2. k1 <1000. Suppose that k1 < 1000. We considered the Diophantine
equation Fy, — Fy, = p* —p® for 2 < k3 < ko <1000, p > 5 and 0 < {3 < £o.
Taking /3 = 0, we get Fy, — Fy, + 1 = p*2. The above equation has 2161
solutions (kz, k3,p, £2) in the range 1000 > ko > k3 > 2 with f2 = 1 and
only one solution with f5 > 1 which is Fi4 — F1q +1 = 172 (other interesting
formulas are Fio — Fyh +1 = 122 and Fay — Fio +1 = 2152, but 12 and 215 are
not primes). For each one of these 2162 quadruplets (ko, k3, p, £2), we checked
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whether there exists k1 € [k2 + 1,1000] such that Fy, — (F, — 1) = p® for
some positive exponent ¢; and did not find any such instance. This code ran
for a few hours in Mathematica.

Assume next that €3 > 1. We fix 2 < k3 < k1 < 1000. Then

(p—1)= <p® —p" = Fy, — F, <p™.

So, ¢y < (log(Fk, — Fx,))/log4 and once ¢ is a fixed positive integer in the
above range, we have p = 14 [ (Fj, — Fi,)'/*2]. Having found p, we calculate

ES = Uog(péz - (sz - st))/long7

and check whether /3 > 1 and p** = p*2 — (F},, — Fy,). This program ran for a
day or so in Mathematica and did not find any solutions. The only solutions
found for Fj, —ph = Fy, — p2 where 1000 > k; > ko > 2 and £; > £y > 1
were

Fs—52=Fy,—5 Fio—T"=F -7, Fio—112=F,—11.

So, our computation shows that there is no integer ¢ having at least three
representations as Fj, — p% with 2 < k3 < ky < k; < 1000 and some prime
p > 5. So, from now on we assume that k; > 1000 when m > 3 and ks > 1000
when m > 4.

3.3. Inequalities for k; in terms of £;. Recall the Binet formula (1.3)

an_ﬁn

F, =
NG

It is well-known and can be easily checked by induction that the inequalities

for all n > 0.

(3.3) a" 2 < F,<a™! hold forall n>1.
Let i€ {1,2,...,m—1}and j € {i+1,...,m}. Then
ATV < By o= Fy, — F 1 < Fy, — Fy, =ph —pf < ph
M2y > By, — iy, = p" = p% 2 0.8,
where for the last inequality we used the fact that p > 5. So, we get
kiloga —4loga < 4;logp < k;loga — log(a/1.25).
Since 4loga < 2 and log(a/1.25) > 0.25, we can record the following lemma.
LEMMA 3.1. Fori=1,2,...,m — 1 we have
kiloga — ¢;logp € (log(a/1.25),41log ) C (eq,¢2),

where ¢ := 0.25, co 1= 2.
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3.4. Two small linear forms in logarithms. We assume that m > 3. We
let (k,0) := (k;, 4;) for i = 1,2,...,m — 2 and (K',¢') := (k;,¢;) for some
j=1i+1,...,m—1. Then

(3.4) F—p'=Fo —p'

can be rewritten as

o o _ o gt i g o
VA B BV AV
K 2 3
& o, 1B+ 18
< —+p' +
v NG
_ ¥ 4l b=
\/5 b Sa
Thus,
VB4t +1/(V5
Fp (VB — 1| < « /\/_+Ppe+ /(V5a)
(*/VB)p" +p" +1/(V5a)
< ‘
p
a*/VE+14+1/(pa/5) 4.2
< 7 < ptv
In the above, we used that ¥ < a4p€/ which follows from Lemma 3.1. So,
4.2
(3.5) lofp~*(vV5)"t —1| < T
We write
(3.6) Thei=afp {(V5) ™1 — 1.

We have that T' ¢ # 0, since otherwise a?* = 5p?* € N, which is impossible.
Inequality (3.5) shows that

(3.7) (0 —10)1ogp < —log |Tk.¢| + log(4.2),
and using Lemma 3.1, we also have
(3.8) (k—K')loga < ({—€")1ogp+ (ca—c1) < —log|Ty.e|+ (1.75+10g(4.2)).

This is the first small linear form in logarithms. We return to equation (3.4)
and use the Binet formula to rewrite it as

ok (1 — ok —F)

V5

gk g

ol ¢

(3.9)
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The above implies that

oF(1—aoF k), - 1 /1 1
— = T _ 1 =p" Y < = =4+ —
1 1
:—1 p—
\/504’“/<+0<)

- «

SR

Dividing across by p*(1 — pé/_é), we get

-1
5(1 — 04

akpfe \/_( 5,;@ ) 1l < - éa —
l-a VBak pt(1 — pt'=*)

(5/4)(a*)a 6.2

Vol S QR

where we used the fact that p > 5 (so 1 —p® ~¢ > 1—1/5), as well as the fact
that p® > oF /a*, which follows from Lemma 3.1. As before, we put

-1
_
= aFp~t (\/5(1 p )) 1,

(3.10)

1 —ak—F)
Note that I'} , # 0 since otherwise (3.9) gives that B* = B¥ so k = k' which
is impossible. Inequality (3.10) shows that
(k4 k')loga < —log |}, 4| 4 log(6.2),
which together with (3.8) gives

(3.11) k< (—1og|Tk,e| —log [T, o] + (1.75 + log(4.2) + log(6.2))) .

2log

This is the second small linear form in logarithms.
3.5. Bounds on k and p.

LEMMA 3.2. If m > 3, we have:
(i) k< 7.2-10*(1+ logk)?(log p)?;
(ii) k < 5-10%(log p)?(loglog p)?.
PROOF. We need lower bounds on log |’y | and log [T} ,|. We get these
bounds by Theorem 2.2. In both cases
t:=3, ag:=a, ag:=p, by :=k, by :=/{ and by := —1.
Further,
V5(1—p")

as =5 for Tpe and oa3:= Tk

/
for T 4.
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In both cases K := Q(a1, a2, az) = Q(v/5) has D := 2. Further, we must take
B > max{|bi], |bz], [bs|} = max{k, ¢, 1},

and since il )
(< T8 T g (because p >5> a?)
logp 3
(see also Lemma 3.1), it follows that we can take B := k. Next, we must

choose A; such that

A; > max{Dh(c;),|log;|,0.16}
for 7 =1,2,3. So, we choose

Ay := Dh(ay) =loga, Ay := Dh(az) =2logp
and for T'y, o we choose As := Dh(ag) = log5h. Then, by Theorem 2.2, we get
log [Ty.e| > —1.4-10°-3%5.22(1 +log2)(1 + log k)

(3.12) x (log5)(log «)(21og p)

> —1.51-10"(log p)(1 + log k).
Inequalities (3.7) and (3.8) give

max{(¢ — ¢')logp, (k — k") loga} < —log [Tk ¢| + (1.75 + log(4.2))

(3.13) < 1.52-10"%(logp)(1 + log k),

S0, we can pass to estimate a lower bound for I‘}C) ;- We only need to estimate
the height of as:

h(az) < h(1—a =) + h(1 —p"~*) + h(V5)

< h(a” ) 4+ h(p" %) + (1/2) log 5 + 210g 2
< (1/2)(¢ —¢")loga+ (k — k') logp + (1/2) log 5 + log 2
< (1.52/2 4+ 1.52) x 10*(1 +log k) log p + (1/2) log 5 + 2log 2
< 2.28 x 10"(1 + log k) logp + (1/2) log 5 + 2log 2
< 2.29 x 10'%(1 + log k) log p,

where we used inequality (3.13). So, we can take

Az :=4.6 x 10(1 +logk)logp for T},.

We get

log [T, | > —1.4-10° - 3%52%(1 + log 2)(1 + log k) (log a)
x (2logp)(4.6 x 10*2(1 + log k) logp),
or simply

(3.14) log [T, o] > —6.91-10%*(1 + log k)*(log p)°.
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Inserting (3.14) and (3.12) into (3.11), we get
k< 7.2-10%*(1 + logk)?(log p)*.
This is (i). Assuming k > 1019, we get

1 2
k<72-10* 1+ ———] (logp)*(logk)?
< (1+ foorgrey ) Gowrtogh)
< 7.9-10**(logp)*(log k)?.

Finally, we apply Lemma 2.7 with s := 2 and T := 7.9 - 10**(log p)?, to get
that

k< 22T (logT)* < 4-7.9-10** (log p)? (log(7.9- 10%4) + 210g10gp)2

< 31.6 - 10**(log p)*(2log log p)? (1 + %)2
< 5-10*(log p)*(loglog p)?,
which is (ii). O
3.6. An absolute bound on k1. We assume that m > 4. We write inequal-
ity (3.6) in logarithmic form. Namely, we put
Ap¢ = kloga — {logp — log V5.

Note that I'y, = eMee —1 40 so Ake # 0. Further, inequality (3.6) shows
that

4.2
(3.15) et — 1] < =
P
If Ay ¢ > 0, then
4.2
A <Pt —1< e

If Age < 0, then inequality (3.15) together with the fact that p > 5 implies
that

enel < L _ 63
1—42 o
5
SO A
6.25 x 4.2 26.5
|Ak1£| < eIAk,l‘ 1 - eAk,E < 7 = 7.
‘ | Pt plt
Hence, inequality
26.5
(3.16) |Ak,el < T

holds in all cases. We write inequalities (3.16) for

(k,é, k/,g/) = (ki,éi, kj,gj), (ki+1)€i+17kj)€j)7 wherej (S [Z =+ 2,m — 1]
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getting
26.5

26.5
kit1loga — £;y1logp — log \/5‘ < o

i+1—4;

kilog o —éilogp—log\/g‘ <

3

and take a linear combination of them to get
(3.17)

|(ki+1€i — kigi—i-l) log o — (fz — £i+1) log \/5| < 265(& + EH_l) < 534,

péi+1—f]‘ péi+1—f]‘ '
If the left—hand side is larger than 1/2, then
106k 1
p < plitil < 1060, < 1066, < — L 08%
logp
(3.18) _ 106(log @) - 5 - 10*(log p)*(log log p)”

logp
< 3-10% (log p)(loglog p)?,
which implies p < 5 - 103 and next
k< 5-10%(logp)?(loglogp)? < 7-10%,

which is a pretty good bound on k;. So, assume that the right-hand side of
(3.17) is smaller than 1/2. Then k;1¢; — kil; 11 is positive and

(€; — ;1) log /5 +1/2 - 411og /5
log o log a

k1 log alog /5
logalogp

ki1l — kilip1 <

3.19
(3.19) b
=9 1,

where we used Lemma 3.1 and the fact that p > 5. Let A be the linear form
under the absolute value in the left—-hand side of (3.17). It is nonzero since
a and /5 are multiplicatively independent, so if it were zero we would have
l; — l; 11 = 0, which is not the case. Thus, we get

logp < (¢ix1 — £j)1logp < —log|A| + log(53¢4).

We need upper bounds on the left—hand side above. The second term has
already been estimated in (3.18):

53¢1 < 1.5 - 103! (log p)(log log p).
As for the first term, we use Theorem 2.3. We have
t:=2, a1 :=aq, ag:= V5.
We have D := 2, log A1 := 1/2, log A3 := (log 5)/2. Finally,

kiv1l; — kil; =4
+1 +1 +1 < kl (

b=
Dlog A, Dlog Ay

1
14+ —— ) =1.7k;.
+10g5) !
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Thus,
—log|A| < 24.34- D*(1/2)((log 5)/2)(max{logb’ 4 0.14,10.5})?
< 40(max{log b’ 4+ 0.14,10.5})2.
If the maximum is 10.5, we get
—log |A| < 5000.
Thus, in this case
log p < 5000 + log(1.5 - 10**(log p)*(log log p)?).
This gives logp < 5100. If the maximum is in
logb’ +0.14 = log(e®1b') < log(e®1* - 1.7k;) < log(2k;)
< log(10*(log p)* (log log p)?),
we get
—log |A| < 40(log(10° (log p)* (log log p)*)?,
so in this case logp is smaller than
40(log(10*°(log p)*(loglog p)?)? + log(1.5 - 10*! (log p)* (log log p)?),
which gives logp < 4.1 - 10°. Feeding this into Lemma 3.2, we get
k1 < 5-10%(logp)*(loglogp)? < 1.5 -10%.
So, we record what we have.

LEMMA 3.3. If m > 4, we then have p < e+110% gng ki < 1.5-10%.

3.7. There are no solutions with m = 4 and p < 10'*. The main scope of
this section is to prove the following lemma.

LEMMA 3.4. There are no solutions with m = 4 and p < 104,

PRrROOF. Well, assume that p < 10'4. Lemma 3.2 gives
k1 < 5-10*(log(10*))?(loglog 10')? < 1034,
We return to estimate (3.17) with the aim of bounding p®2~%. If the right—
hand side in (3.17) is at least 1/2, then
p27% <1060, < 106k, < 1.1-10%.

Otherwise, the right—hand side is at most 1/2, so koly — k1/2 is positive and
smaller than k; as in (3.19). Now Fi7o > 103° > k;. We generate the first
171 convergents of 7 := loga/logV/5 = [0,1,1,...] = [ag,a1,as,...] and get
that max{a; : 0 < j < 170} = 330. Hence, by Lemma 2.4, we get that the
left—hand side of (3.17) is at least
1
(330 + 2)ky
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Thus, we get
p2% < 53332 k7 <107

Next p‘s divides Fy, — Fy, for all i > j € {1,2,3}. There are two indices
ki, k; which are congruent modulo 2; hence,

By = Py = Frxhy) 2L (kizry) /2
by Lemma 2.5. Let z(p) be the order of appearance of p in the Fibonacci
sequence. Since p < 10, Lemma 2.6 shows that p||F.q). Assume that
pa||F(kiikj)/2 and pb||L(ijnj)/2. If a > 1, then p®~ ' | (k; £ k;)/2, s0 p®~ ! <
ki < 10%*. Similarly, p°(| Lo, xx,)/2 | Frigh,» 50 "7 | (ki F kj)/2, so p~t <
1034, So,

pég S pa—l 'pb—l 'p2 < 1034 . 1034(1014)2 < 1096'
Thus,
Fi, 2 < Fi, = Fy, <p =p7% pf <107 107 =10'%,

so k2 < 1000. But we have already shown that in the range ko2 < 1000, there
are no instances of ko > kg > ks > 2 and fo > f3 > ¢4 > 0 such that

sz _pé2 :Fk3 _p€3 = Fk4 _pé4
with some prime p > 5. This finishes the proof of the current lemma. O

3.8. The conclusion.
LEMMA 3.5. We have m < 4.

PROOF. Assume m > 5. We return to (3.17) and take i = 1,5 = 4. We

have
kiloga  1.5-10%loga

log p < log(1014)
Now 2.3 - 10% < Fhgo. We calculated [ag, a1, ..., az00] for the number 7 =
log a/ log +/5 obtaining max{a; : 0 < j < 200} = 330. Hence, the left-hand
side of (3.17) is at least

=l <t < <2.3'1041.

1

332k’
which gives that

(3.20) (£9—£4)logp < log(332k14;) < log(332-(2.3-10*)-(1.5-10%%)) < 201.
By Lemma 3.1, we get

5 < 422.
og o

Thus, ko — ks =: a < ko — k4 =: b are in [1,421]. Fix 1 < a < b € [1,421].
Then ko = k3 +a=ky + b, 80 k3 = kg + (b — a) := k4 + c. Hence,

(mod p™);
(mod p%).

k2—k4<1

Frgo — Fry = p —p* =

0
Fiype— Fry =p® —p" =0
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Using the Binet formula, we get
af*(a” = 1) =M(5" ~1)  (mod p™);
a*(a®—1)=pM(B°—1) (mod p™).

In the above, for algebraic integers v, J, u we write v = ¢ (mod w) if (y—9)/u
is an algebraic integer. Since 8 = —a~! is a unit, we get

a?i(ab — 1) = (~1)*(8 = 1) (mod p');
o (af — 1) = (~1)*(8° = 1) (mod p™),

Multiplying both sides of the second congruence above by a® — 1 and using
also the first congruence, we get

(1" (8" = 1)(a® = 1) = (=)™ (@” = 1)(8° = 1) (mod p").
Hence, p** divides
}(—1)C01b7C o ab _ BC 41— ((_1)cBb7c _ ﬂb —at+ 1)}
_ ’(ab —ﬁb) _ (ac _/BC) + (abfc _ﬁbfc)‘ )
In particular,
(3.21) p | Fy— F.+ F_..

We show that F, — F. + F,_. is nonzero. This is clear if the sign of Fj_. is
positive since b > ¢. It is also clear if max{c,b— ¢} < b — 2 since then

Fy—F.—Fyc=Fy 1+ F,o—F.—F_.>0.
Thus, either c=b—1orb—c=b—1. lf c=b—1, we get
Fy—F.—Fpe=F 22—

and this is positive unless b € {2, 3,4}. Similarly, if b—c=b—1,s0¢c =1, we
get that F,— F.—F,_. = F,_o—1 and again this is positive unless b € {2, 3,4}.
Ifb=2,thena=1, ko = ks + 1 = kg + 2, so p** divides

Fk2 — Fk3 = Fk371 = Fk4 and also Fk2 — Fk4 = Fk4+1,

and this is false since ged(Fy,, Fr,+1) = 1.
If b = 3, then either a = 1, or a = 2. When a = 1, we have ks = k3 +1 =
ks 4+ 3. So,
P\ Fry — Fry = Fry—1 = Fiy 11,
and also
pE4||Fk2 _Fk4 = Fk4+3 _Fk4 = Fk4+2+Fk4+1 _Fk4 = 2Fk4+17

which implies that ¢35 = ¢4, and this is impossible. If a = 2, then ky = k3 +2 =
k4 + 3. Thus,

P Freyss — Fry = 2Fp41 and p™ || Fiyq1 — Fry = Fry—1,

and this is impossible since ged(Fi,+1, Fr,—1) = 1.
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If b =4, then a € {1,2,3}. If a =1, then ky = k3 + 1 = k4 + 4. Then
p£3HFk2 - Fk'a = Fk3,1 = Fk4+2

and
p&Hst - Fk4 = Fk4+3 - Fk4 = 2Fk4+1a

so again p | (ged(Fr,+2, Fr,+1) = 1, a contradiction. If a = 2, then ko = k3 +
2 = k444, so p divides Fy,, — Fi, = Fiy+1 = Fi,+3 and also Fj, —F},, = Fi,41.
Thus, p divides ged(Fg,+1, Fr,+3) | F2 = 1, a contradiction.

Finally, if a = 3, then ke = ks + 3 = k4 + 4, so p divides

sz_FkSZFk2+3_Fk3:2Fk3+1:2Fk4+2

and
Fyy — Fry = Fr, 1

and since ged(Fy, 42, Fr,—1) | F3 = 2, we get a contradiction.
The above argument shows that the integer which appears in the right—-
hand side of (3.21) is nonzero. Its size is at most

Fy+ Fyo < Fpyy < o*
Thus, p* < a*?!. Since also p2 =% < €291 (see (3.20)), we get that
b2t < B, o < Fy, — Fi, < p® = (p27%)(p") < 21 . 42,

SO
201 +421log o

ko <4+
log a

< 850,

but again due to the computation that we did at the beginning, we saw that
there do not exist ky > k3 > k4 in [1,1000] such that Fy, — p2 = F},, — p® =
Fy, — p" for some prime p and integers fo, 3, ¢4. This finishes the proof. [
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