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UNIFORM REGULARITY FOR THE NONISENTROPIC
MHD SYSTEM
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Nanjing Forestry University and Yangzhou University, P.R.China

ABSTRACT. In this work, we prove the uniform regularity of smooth solutions to the
full compressible MHD system in T3. Here our result is obtained by using the bilinear

commutator and product estimates.

1. INTRODUCTION

Magnetic fields influence many natural and artificial flows. The study of
these flows is called magnetohydrodynamics (MHD). The viscous compressible
MHD model has a very wide range of applications in physical models, ranging
from liquid metals to plasma. The MHD model is so important that it has
been studied both from a theoretical and numerical perspective. In this paper,
we consider the following MHD system:

(1.1)  Op+div(pu) =0,

O (pu) + div (pu @ u) + Vp — pAu

1.2 1
(12) —(/\+M)Vdivu:b-Vb—§V|b|2,

(1.3)  Ob+u-Vb—>b-Vu+bdivu —nAb=0,divb =0,

(1.4)  0(pe) + div (pue) + pdivu — kA = Q(Vu, Vb) in T3 x (0, 00),
(1.5)  (p,u,b,0)(-,0) = (po,uo, bo,0)(-) in T3

Here p denotes the density, u the velocity field, b the magnetic field, and

e := Cy 6 the specific internal energy, respectively. p := Rpf is the pressure.
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A and p are two viscosity constants satisfying
2
>0 and )\—i—g/LZO.

n > 0 is the resistivity, & > 0 is the heat conductivity coefficient. We will
denote

(1.6) Q := (u(Vu + Vub) 4+ Mdiv ul) : Vu + n|rot b|?.

The system (1.1)-(1.6) describes the macroscopic behavior of MHD flow
with dissipative mechanisms. It is obtained by combining the full Navier-
Stokes equations with Maxwell’s equation in free space and Ohm’s law. In
MHD flows, magnetic field can not only induce currents in a moving con-
ductive fluid, but also change the magnetic filed itself. Therefore, there is
a complex interaction between the magnetic and fluid dynamic phenomena,
which brings more serious conundrums than Navier-Stokes equations. Com-
pared with compressible Navier-Stokes equations, the mathematical analysis
of MHD is much more complicated, as the oscillation of the density and the
coupling interaction of hydrodynamics with magnetic field. In spite of these,
there is a vast literature dedicated to existence, blow-up and asymptotic be-
havior of solutions, see [7, 2, 3,4, 5, 6, 8,9, 10, 11, 12, 17, 18] and the reference
cited therein. More precisely, for one-dimensional case, Hoff and Tsyganove
([9]) obtained the global existence and uniqueness of weak solutions with small
initial energy. For multi-dimensional case, Fan and Yu ([5]) obtained the local
existence of strong solutions to 3D compressible MHD equations when the ini-
tial density may contain vacuum. With regard to weak solutions, Fan and Yu
([6]), Ducomet and Feireisl ([3]), Hu and Wang ([10, 11]) proved the existence
of global weak solutions. Wang ([17, 18]) showed the blow-up criterion. On
the other hand, Necasova and her coauthors ([7, 2, 4]) studied some models
coupled with magnetohydrodynamic effort. Since the system (1.1)-(1.5) is a
parabolic-hyperbolic one, we can deduce the the local existence of smooth
solutions and uniqueness from the results in [16].

5

PRrOPOSITION 1.1 ([16]). Let s > 5

initial data satisfy

be an integer and assume that the

00, U0, bo,00 € H® and 0 < inf pg

for a positive constant Cy. Then the problem (1.1)-(1.5) has a unique smooth
solution (p,u,b,0) satisfying

peCH0,T); H %), u,b,0 € C*([0,T); H*2%),0 =0, 1;
0 < inf p,
for some 0 < T < 0.

To the best knowledge of the authors’, the global existence of strong solu-
tio for MHD system is still an important question. Moreover, it is well known
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that the uniform regularity plays an important role in the global existence
of strong solutions. Here the aim of this paper is to prove uniform regular-
ity estimates in (7, k) which is helpful in the process of proving the global
existence. We will prove the following theorem.

THEOREM 1.2. Let 0 <7< 1,0 <k < 1,0 < & < po < Co, po, uo; bo, 0 <
0o € H*(T?) with s > 5 and divby = 0 in T®. Let (p,u,b,0) be the unique
local smooth solutions to the problem (1.1)-(1.5) on [0,T]. Then

(1.7) (o, 1, b,0)(-, )| = < € im [0, Ty

holds true for some positive constants C and Ty (< T') independent of n and
k.

Let

M) =1+ Oi“fit{”“”“’b’”(")””
(1.8) =T .
B, )z + 1087 e + HE("”

)

THEOREM 1.3. For any t € [0,T)(T < 1), we have that
(1.9) M(t) < Co(Mo) exp(tC(M))
for some nondecreasing continuous functions Co(-) and C(-).
It follows from (1.9) and [1, 15] that:
(1.10) M(t) <C,

thus we only need to show Theorem 1.3.
In the following proofs, we will use the bilinear commutator and product
estimates due to Kato-Ponce ([13, 14]):

(L11)  [[A*(fg) — fA%gllee < CUIV fllze 1A gllza + llgll ez A fll Le2),
(1.12)  [JA*(fo)lle < CUIfllzer[[Agllar + [|A® fl[r2 |9l La2),
1 1 1 1 1
with s > 0,A := (~A)? and - = — + — = — + —.
p b1 q1 b2 q2
2. PrROOF OF THEOREM 1.3
First, testing (1.1) by p?~!, we see that
1d 1
-— [ pldz = <1 - —) /pqdivudx < ||div | /pqd:v,
qdt q
and thus
d
glellze < lldivullz=|lpllze,
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which gives

t

(2.1) lellze < llpollze exp < / |divu||Loodr> .
0

Taking ¢ — 400, we get

(2:2) Il < [lpoll Lo exp(tC(M)).

It follows from (1.1) that

1 1 1
(2.3) O—+u-V— ——divu =0.
p pp

q
||div || o,
La

-1
Testing (2.3) by (%)q , we find that
_l’_

q q
i <‘) d““"<1 1)/@) divude = (”1> H1
qdt p q p q/llp

and therefore

d |1 1 1
dt || pll L a/) el
which gives
1 1 1 [*
H— < ’ —1| exp ((1 + —) / |diVU||LoodT>
Pllra Po || 1a q 0
and we have
1
(2.4) H— <2 exptecany)
4 [ Lo Lo

by sending ¢ — +o0.
Testing (1.4) by 9= and using (1.1), we get

Cvd p0idz + k / V0 - VeI dx
q dt

/Qﬁq tda — /p@qfldivudx

. 1
M)|Qllzallpi6]§." + Cldivul L= p76]1,,

and therefore
30l < CODIQIz + Clldivul s 04010,
which, similarly to (2.2), implies
(2.5) 10l < Co(Mo) exp(tC(M)).
It is easy to verify that

d
T / lu?dz = 2/u8tud:17 < 2||u| 2| Ovul| 2 < C(M),
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which implies

(2.6) [ull 2 < Co(Mo) exp(tC(M)).
Testing (1.3) by b, we derive

2dt/|b|2d +/|Vb|2d:v——/(u-Vb—b-Vu—i—bdivu)bdx

= —/ <§|b|2divu —b-Vu- b> dz < C||Vul|L=|b]|72 < C(M),
which leads to
¢
(2.7) 1blI22 + / / Vb|2dadr < Co(Mo) exp(¢C(M)).
0

Taking A® to (1.1), testing by A®p, using (1.11) and (1.12), we compute

1d
34 /(Asp)zdzzr = - /(As(u -Vp) —u-VA°p)A°pdx

1

+ 5 /(Asp)Qdivudx — /As(pdivu)ASpdx
(2.8) < ClIVullp=[IA®pl 22 + CI Vol oo |A* ™ ull 2| Al 2
+ Cllpllee | A" ul 2| AP 2
< C(M) + C(M)| A | 2

< LA, + o),
It is obvious that

t
(2.9) / /|6tu|2d:vd7' < tsup/ |0pu)?da < tC(M).
0
Applying A*~1 to (1.2), testing by A*~10,u, using (1.11) and (1.12), we
obtain
A+ d _
5,12 s—1 s—1 2
2dt/|A u|*dr + —— 5 (A*~ divu) dx+/p|A Opul“dx
- /AS_1Vp : As_latudx - /As_l(pu V) - A1 uda
- /[As_l(patu) — pA* T O] A Opud
+ /AS*1 <b Vb — %V|b|2) A Oudx

< C|IA°p| 2 || A* " 0pul| 2 + Cllpl rs—r ||ullFs | A°~ Opu]| 12
+ C(IVpllLee |A*20pul| 12 + [|Oul| Lo [[A* pll L2) [[A°~ By 2
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+ ‘ ATt (b- Vb — %V|b|2)

< C(M)||A*" 0pul 2 + C(M)(||A*~20pul 12 + HatUIILoo)IIAS’l@tUHLz

[A*~ O]l 2
L2

< C(M)IIAS’latUIILz + () (|0l 5 A 1<9tUIIL2 + [|Orull 2

+ HatUHLz HAS Lol 71))”A5718tu”L2
< C(M)||A* " Opul| 2

T+ OODIA™ Bl 55 + A Bl 25 ) A Dy
< %/p|AS_16tu|2dx+C(M),

which gives

(2.10) /0 t / A1 0,ul2dadr < Co(My) exp(tC(M)).

Applying A® to (1.2), testing by A®u, using (1.1), (1.11) and (1.12), we
have

(2.11)
1d

5 p|ASul?dx + u/ |AST | 2de + (X + p) /(Asdiv u)?dx
+/pASV9-Asudx—i—/HVASp-Asud:v
- /(As(patu) — pANOu) N ude — /(As(pu -Vu) — pu - VA*u) A udz
- /(AS(pVH) — pVA*O) A udx — /(AS(HVp) — OVA°p)Audx
+ / (A5(b- Vb) — b- VA*b)A*udz

/b VA*b- Auda + /A5|b|2 A*div udz

< CUIVollL=llA ™ dpull 2 + | 0pull L= A% pll L2) | A"l 2
+ C([IVullpe<[A*(pu)l 2 + [V (pu)l| oo [ A%ul| £2) [ A% ul| L2
+ C(IVollL=l[A*0ll L2 + [[VO]| L[| A°pl| L2) [| A%l L2
+ C(IVOllz=[[A°pll 2 + IV ol o< [A°0]] L2) [ A%u]| 2
+ ClIVbl| Lo [[A°b 2 [[A%u]] 2

+ /b VA - A*udz + b oo | ABl| o | A 0
< C(M) + C(M)(| A~ Brull L2 + [|Orul| o)
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+/b-VASb-Asud:v—i—C(M)HAs“uHLz
< O(M) + A Dl + LA+l + /b- VA% - Atuda.

Applying A® to (1.3), testing by A®b, using (1.11) and (1.12), we have

th/|A5b|2d:v+77/|As+1b|2d:v

=— /(As(u -Vb) — u- VA®b)A®bdx — /u -VA®bh- A%bdx
+ /(As(b- Vu) —b- VA u)A®bdx + /b - VA®u - A°bdx

- /(As(bdiv u) — bA®div u)A°bdx — /bAsdiV uA*bdx
(2.12)

< C(IVull Lo [A%0]| 2 + V]| Los | A%l L2) [ A°B]| L2

+ / %|A5b|2divudx+ / b VASu - ASbdx — / bA*div uAbdx
< C(M)—i—/b-VASu-Asbd:v—i—C(M)HAs“uHLz
<C(M)+ /b VA*u - Asbd:v—i— HASHu||L2

Applying A1 to (1.4), testing by A*~19,0, using (1.11) and (1.12), we
have

kd

oR T (A®0)2dx + / plA*10:0)2 . dx

=— /As_l(pdivu)As_latde - /As_l(pu -VO)A*~10,0dx

- /[Asfl(p&ﬁ) — pAS 00N 0 0d e + /Asle A0 0d
(where we take Cy = 1)
< AT (pdiv )| 22 [A 00 12 + A (pu - VO) || L2 [ A 8,0)] 12
+ C(IVoll= A 720:0]| 2 + [|100]| Loo [|A° pl| 12 [|A* 1040 2
T IASTQU | A1 0,6) o
< C(M)[[AT1840]| 2 + C(M)(IA*720e] L2 + [[0:0]] Lo )| A~ e 12

< CM)|A*1040]| 2 + C(M)([10:0]] 127 |00 127 + (10| 12

171

+H5t9|\m’1 [AS 10035 ) A5 9,6 .2
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< %/p|AS_18t6‘|2dw+ C(M),
which leads to
t
(2.13) / / IA*19,02dwdr < Co(Mo) exp(tC(M)).
0

Taking A® to (1.4), testing by A6, using (1.1), (1.11) and (1.12), we have

(2.14)
1d

- 50)\2 s+1p\2
53 p(AH)dx—i—k/(A 0)“dx

=— /(As(patﬁ) — pA°0,0)A°0dx — /(As(pu -V) — pu - VA*O)A®0dx

- /As(pdiv u) - A°0dx + /ASQ - APOdx
< C(IVpllL= A 1300 L2 + (048] Lo |Apl| =) | A0 2

+ C(IV(pu)ll L= |A%0] L2 + IV O] < [|A” (pu) || L2) [ A°0]| L2

+ Clpllzee A ul 2 + [ Val| oo [|Ap £2) [A%0] 22 + A Q| £2]| A% 2
< C(M)(JA*1 00 12 + [|0:0]| =) + C(M)

+C(M) A | gz +nC(M)[[Ab]| 2

< 1ﬁ6||AS+1uH%2 + gHAS-i-lb”%z 4 HAS_lateH%Q + C(M)

Summing up (2.8), (2.11), (2.12) and (2.14), using (2.10) and (2.13), we
arrive at

53 [ (0P + oAl + 1A 4 p(a00)e + & [ (4t 0y

(2.15) LAtm ‘; B (Asdivu)?ds + g /(A5+1b)2dw + g /(A5“9)2dw

< O(M) + A 0|32 + [|A*10,0)7 ..
Whence
1A (9w, b, 0) (-, )l 2 + Al 20,2) + VAT Bll 20,22
+ VE[A0) 2(0,4,12) < Co(Mo) exp(tC(M)).
On the other hand, it follows from (1.2) that
(2.17)

(2.16)

1 1
|0cul| 2 = H; (b - Vb — §V|b|2 + pAu~+ (A + p)Vdivu — Vp — pu - Vu)

L2

< Co(Mp) exp(tC(M)).
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Similarly, we have

(2.18) [10:0] 2> < Co(Mo) exp(tC(M)).

(1.9

Combining (2.4), (2.6), (2.7), (2.16), (2.17) and (2.18), we conclude that
) holds true.
This completes the proof.
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