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INTRODUCTION

We assume that the reader is familiar with graph-theo-
retic language; for a reference, see Ref. 1. In order to
present the problem addressed in this paper, we ask the
following simple question. What is the number of regu-
lar graphs of valence 1 on n vertices? Let b, denote the
number of such graphs. Clearly, the only connected reg-
ular graph of valence 1 is K,, the complete graph on two
vertices that consists of a single edge. If we let @,, denote
the number of connected regular graphs of valence 1 on
n vertices, then we have the following table:

01234567 8910..
0010000000 O..

n

an

It is not hard to see that the only regular 1-valent
graphs are disjoint unions of some number of K,-s. Hence

012345678910..
1010101010 1...

n
bn
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When counting isomers with a given number of atoms one usually assumes that we want to
count (connected) molecules. In this note we present a method that can be used for counting
disconnected structures if counts of connected structures are given. The method can be used
also in the reverse direction. If the numbers of all structures are known, the number of con-
nected structures can be readily determined.

Instead of writing the sequence a, we can provide
its generating function:

F(x)=a,+ax + ax* + ax> + ...
Similarly, we can define:

G(x) = by + bx + bx* + bx3 + ...
In our particular example we have

F(x) = x?
and

GX)=1+x2+x+x+ ... =1/(1-x?)

There is a similar question for regular 2-valent graphs.
The only connected ones are the cycles. Hence:

n|012345678910..
a,]OO0O0111111T1 1...
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** Author to whom correspondence should be addressed. (E-mail: Tomaz.Pisanski@fmf.uni-1j.si)



564

and
Fx)y=x+x*+x +..=x/(1-x)

One has to think a bit before we can compile the ta-
ble of all regular 2-valent graphs.

n|0123456738910..
b{/1001112234 5..

It is not at all obvious what should the correspond-
ing generating function G(x) look like. In this paper we
will show how to apply the theory of combinatorial spe-
cies for answering this question. The formula relating
F(x) to G(x) is general and gives a method of calculating
b, if a, is known and vice versa.

Long time ago we extended our computer system
Vega? to handle similar problems. We will present exam-
ples that will show how our method can be used to ob-
tain new enumeration results.

THE METHOD

If F(x) is the generating function of the counting se-
quence of connected structures, then the corresponding
generating function G(x) of the counting sequence of all
structures is given by

F(x*)

G(x) = exp) (1)

k=1
(cf- Ref. 3). Applying a variant of Mébius inversion to
this formula it is also possible to express F(x) in terms of
G(x):

k

F(x) = Z&log G(x") )
k=1 k

where u denotes the well-known Mébius function (cf.

Ref. 3).

Now we give some examples.

Example 1: Let a, be the number of connected reg-
ular 1-valent graphs on n vertices and b, the number of
all regular 1-valent graphs on n vertices. Then F(x) = x2
and

X 1

G(x) =exp ). = exp (-log(1-x?)) = —

k>1 -X

in agreement with our observation above.

Example 2: Let a, be the number of connected reg-
ular 2-valent graphs on n vertices and b, the number of
all regular 2-valent graphs on n vertices. Then F(x) =
x3/(1—x) and

Croat. Chem. Acta 78 (4) 563-567 (2005)

M. PETKOVSEK AND T. PISANSKI

3k

G(x) = exp ;7/((1)6_)&) =

T+ X3+ x4+ X5+ 2x0 + 2x7 + 328 + 4% + 5x10 + -+

Example 3: Let g, be the number of connected
graphs on n vertices and b, the number of all graphs on
n vertices. Then

F(x) = x+ x>+ 2xX° + 6x* + 21x° + 112x° + 853x7
+ 11117x% + 261080x° + 11716571x" + ---

(cf. Ref. 4) and

G(x) = exp Y F(x*)/k
k=1
=1+ x+2x%+4x3 + 11x* + 34x° + 156x°
+ 1044x7 + 12346x% + 274668x°
+ 12005168x'0 + ---

(cf. Ref. 4).

Example 4: The number of fullerene isomers is well
known (cf. Ref. 4). There is one on 20 atoms, none on
22 atoms, one on 24 atoms, etc. The values of a,,ay,,
ajyg,..., Ago are

1,0,1,1,2,3,6,6,15,17,40,45,89,116,199,271,
437,580,924,1205,1812,...

Thus there are 1812 non-isomorphic fullerenes on 60
atoms, one being the renowned buckminster-fullerene.
Using our method we can easily compute by, = 1892.

It is now a simple matter to apply the method to a
number of sequences that were produced for connected
structures. For instance, in Ref. 1 the initial numbers of
chemical trees

1,1,1,1,2,3,5,9,18,35,75,159,355,802,1858,
4347,10359,24894,...

are presented (cf. Ref. 4). The corresponding numbers of
chemical forests on n carbon atoms are easily computed
using the same procedure.

Generically, b, is a polynomial in ay,a,,...,a, and
vice versa. Expanding the right-hand side of (1) into
power series we obtain the explicit formula

1 a,-a;
bn=z.7 Z

j=0 J! ikt kg =n kl‘"k,-

where the inner sum is taken over all j-tuples (il,...,ij)
and (kj,....k)) of positive integers whose dot product
equals n. If we first differentiate (1) w.r.t. x, then expand
both sides into power series we obtain the recursive for-
mula

b, = leHZjaj for n>1 3)
N k=1

Jlk



COUNTING DISCONNECTED STRUCTURES

Here we list the first five b’s as polynomials in the

b}

as:

by=1

b, = a,

b, = (a, + a;)2 + a,

b, = 2a, + 3a; + a})l6 + a,a, + a,

b, = (6a, + 1la; + 6a; + a})l24
+(a, + aa, +aia, +ay)2 +aa, + a,

In the initial terms of these polynomials (correspond-
ing to a = az = ... = 0) we see Stirling cycle numbers s, ;
(a.k.a. unsigned Stirling numbers of the first kind). This
can be explained combinatorially as follows: When a, =
az = ... = 0, each connected component consists of a single
point. There are a; types (or: colors) of points to choose
from, so in order to construct all unlabelled structures on
n points we have to take all combinations with repeti-
tions of n elements out of a; possible types. This can be
done in

k
s, a; I n!

a+n-=1) aa+D-(a,+n-1) &
( n )_ n! =
ways, giving the initial term of b,.

In general, we have b, = a, + B,(a,a;,...,a,_1). All
the coefficients of B, are nonnegative, and the products
a,a;--- have the property that pg + rs +--- <n.

From (2) we obtain similarly

b

i i

a, = z& 7(_1.).” b
k‘n

k Giy+otipk=n ]

where the inner sum is taken over all j-tuples (iy,...,i;) of
positive integers whose sum equals n/k. From (3) we
also obtain the recursive formula

n—l1

1
a, = bn - ; Zjaj + an—k Zjaj
k=1

j‘n j‘k
Jj#n

for n>1

Here we list the first six a’s as polynomials in the

a,=0
a, =b,
a,=b,— (b, +b})12
a,=b,—bb,—(b,—b})3
a,=b,~bb,+b;b,—(b,+b)2+(b; —b})l4
as=bs—bb,+b b,+bb’ ~b;b,—b,b,

+ (b} —b))I5

Again we have a, = b, — A,(by,bs,...,b,_1), and the
products a;a)---in A, have the property that pg + rs +
<.
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A RELATED PROBLEM

Finally, let us turn to another problem. Let us start with a
sequence a, counting connected objects of certain type
on n elements. Assume that a disconnected object on n
elements can be formed by selecting k identical con-
nected objects with m elements where m -k = n. Let b,
count the total number of elements. Then b, = zk‘n a,
and, by Mobius inversion, a, = i umlk)b,.

Example 5: Let g, be the number of connected ver-
tex-transitive graphs on n vertices. Then b, is the total
number of vertex-transitive graphs on n vertices.

Example 6: The generalized Petersen graph G(n.k)
is a graph with vertex set

V(G(n,k)) = {ug,itys....u,, 1,00:0150-50, 1 }
and edge set

E(G(n,k)) = {uu,,,,up,vv,, : i =0,.,n-1}

Here subscripts are to be read modulo n. Note that G(n,k)
is isomorphic to G(n,n—k), and G(n,n/2) is not simple.
Therefore, for n >3, we consider only graphs G(n,k) where
k<nl2.

Generalized Petersen graphs constitute a standard
family of graphs which represents a generalization of the
renowned Petersen graph G(5,2). This important and well-
-known family of graphs introduced in 1969 by Mark
Watkins® possesses a number of interesting properties. For
example, G(n,r) is vertex transitive if and only if n =10,
r=2or r*=+1 (mod n). It is a Cayley graph if and only if
r2=1 (mod n). It is arc-transitive only in the following
seven cases: (n,r) = (4,1), (5,2), (8,3), (10,2), (10,3), (12,5),
(24,5). The family contains some very important graphs,
such as the n-prism G(n,1), the Diirer graph G(6,2), the
Mobius-Kantor graph G(8,3), the dodecahedron G(10,2),
the Desargues graph G(10,3), etc.

The generalized Petersen graphs form a special case
of the so-called I-graphs, see Ref. 6. The I-graph I(n.j,k)
is a graph with vertex set

V(n,j,k)) = {Ug,ityse..lt, ;U0 pseeesVy 4 }
and edge set

E(I(nj.k)) = {uu,,  uv,ov

iHivptilis

s =0, ., n=1}

Since I(n,j,k) = I(n,k,j) we usually assume that j < k.
Clearly G(n,k) = I(n,1,k). Following the usual represen-
tation of these graphs where we draw vertices u; on one
circle and vertices v; on another concentric circle (with
smaller radius), we call u; and v; the vertices on the outer
rim and the vertices on the inner rim, respectively. The
edges between the two rims are called spokes. The class
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Figure 1. I-graphs 1(15,3,5) (a) and 1(15,3,6) (b). The former is

connected and the lafter is not.

of graphs I(n,j,k) contains the class G(n,k). The I-graphs
1(15,3,5) and 1(15,3,6) are depicted in Figure 1. The
reader is referred to Refs. 7-10 for the motivation of the
study of generalized Petersen graphs and /-graphs in con-
nection to combinatorial and geometric configurations.

If a, counts connected I-graphs then b, counts all
I-graphs.

Example 7: There are only 7 connected arc-transi-
tive I-graphs. They are the generalized Petersen graphs
G(4,1), G(5,2), G(8,3), G(10,2), G(10,3), G(12,5), G(24,5).
Hence

012345678910..
0000110010 2..

n

a”l

There are infinitely many arc-transitive I-graphs if
we drop the condition of connectivity.

01234567 38910..
1000110020 3..

n

bn
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If we think of a and b as infinite column vectors a =
(ay,ay,...)T etc., then there is an infinite triangular 0-1
matrix M such that b = Ma.

Clearly (M), =1 if and only if k | n, and we have

b, =a,

b,=a, +a,

by =a, + a,

b,=a, +a, +a, etc

Let N be the inverse of M. Matrices M and N do not
depend on a (or b). By Mobius inversion, (V) = u(n/k)
if k| n, otherwise 0. Hence

a, =b,

a,=-b, + b,
a;=-b, + b,

a, =-b, + b,, etc.

CONCLUSION

The method explained in this paper has numerous appli-
cations not only in mathematics and computer science
but also in chemistry. A possible application would be to
find connected particles from a mass spectrogram that
presents also some particle combinations.
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SAZETAK
Prebrojavanje nepovezanih struktura: kemijska stabla, fulereni, /-grafovi i druge strukture

Marko Petkovsek i Tomaz Pisanski

Kada se prebrojavaju izomeri odredenoga broja atoma, obi¢no se pretpostavlja da se Zeli doznati broj po-
vezanih struktura. U ovoj su noti autori prikazali metodu koja se rabi za prebrojavanje nepovezanih struktura,
ako se pozna broj povezanih izomera. Ta se metoda moZe rabiti i u obrnutome smislu. Ako je poznat broj svih
struktura, broj povezanih struktura je takoder poznat.
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