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Reissner-Mindlin Based Isogeometric Finite Element Formulation for Piezoelectric Active
Laminated Shells

Predrag MILIC, Dragan MARINKOVIC*, Sandra KLINGE, Zarko COJBASIC

Abstract: The paper deals with the isogeometric analysis (IGA) of active composite laminates with piezoelectric layers. IGA is a special formulation of the finite element
method (FEM) that aims at seamless integration of geometric and finite element modelling. NURBS basis functions are employed to develop isogeometric shell formulation
based on the Reissner-Mindlin kinematics. Piezolayers characterized by electro-mechanical coupled field effects enable active behavior of the considered structures. The
electric field acts across the thickness of the piezolayers and is coupled to the in-plane strains. In addition to a number of advantages that NURBS modelling provides,
defining the surface normal vector at the points of the control polygon, which are generally not located on the surface, creates certain difficulties. A method of determining
the surface normal vectors at the points of the control polygon based on the Greville's points is discussed. In order to demonstrate the applicability of the developed
formulation, a benchmark case is computed and the results are compared with those obtained by means of classical FEM formulation, which are available in the literature.
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1 INTRODUCTION

The progress of science and technology led to the
emergence of modern structures, which are not only
lightweight, but also kind of 'smart'. The lightweight
property is attributed to advanced materials, primarily
fiber-reinforced composites, while the structure 'smartness'
is due to the so-called active materials like piezoelectric
materials [1, 2], shape memory alloys [3], etc. These new
materials enabled a dramatic change in the behavior of the
structures from conventional passive ones to actively
controlled structures, which include capabilities such as
self-sensing, signal processing, and control by means of
actuation [4]. Smart structures are used in various fields of
engineering: aeronautics and space engineering [5], energy
harvesting [6, 7], medical applications [8], robotics [9], etc.
Particularly lightweight structures benefit from this new
design approach in order to reduce the mass of thin-walled
structures, the thickness is often reduced to the limits of
unwanted deformation, noise and vibrations, which calls
for the control of their dynamic behavior [10].

The focus of this paper is on modelling thin-walled
active structures with embedded piezoelectric layers,
which offer both sensing and actuating options by means
of electro-mechanical coupling. To investigate the
kinematics of laminated shell structures, various 2D
theories can be used [11]. Some developments were based
on the classical laminate theory [12]. However, the first-
order shear deformation theory was much more employed
due to its better suitability for laminated structures, which
are prone to transverse shear effects [13, 14]. Higher-order
shear deformation theories were applied as well [15, 16],
however the numerical effort with these theories is nearly
the same as with the full 3D approach, which is
disadvantageous. Novel developments were focused on
geometrically nonlinear formulations [17, 18].

Isogeometric analysis, proposed by Hughes et al. [19],
aims to close the gap between the CAD (or actual)
geometry and the geometry used upon finite element (FE)
discretization. There are several different isogeometric
shell formulations: Kirchhoff-Love [20-22], Mindlin-
Reissner [23], higher-order kinematics [24]. Models of

isogeometric laminated composite shells have also been
developed [25, 26].

The accuracy of the results of the isogeometric
analysis of the shell largely depends on the precisely
determined normal vectors at the points of the control
polygon. Considering that they do not have a unique
projection on the middle plane of the shell, several
researchers have investigated this problem [27, 28].

Upon providing the motivation to work on this topic
and a short overview of different directions of development
in the field of active piezoelectric laminates, the rest of the
manuscript is organized as follows. The next section
provides basics related to B-splines and NURBS basic
functions. This is followed by the procedure of finite
element mesh refinement and the determination of the
director vectors normal to the reference surface at control
points, both within the framework of isogeometric FE
formulation. Upon defining the displacement field, the
mechanical and piezoelectric constitutive equations are
used to define the finite element matrices for the coupled
field problem. The derived FE formulation is applied to a
benchmark case in order to demonstrate the development.
Finally, the concluding remarks of the study are given.

2 B-SPLINE AND NURBS BASIC FUNCTIONS

In this work, the geometry of the FE model is based on
NURBS  surfaces (NURBS-Non-Uniform Rational
B-Splines). The model properties are influenced by this
fact and, therefore, the basis spline (B-spline), NURBS
functions, as well as curves and surfaces based on them are
addressed below.

NURBS has a clear advantage compared to a B-spline
related to the possibility of accurate descriptions of quite
complex geometric shapes. NURBS are actually built by
using B-splines as basic functions.

Cox-De Boor's recursive formula [29] is used to define
a B-spline of the order p based on a knot vector
E=[&, &, ..., Sipr1]. For p =0, the basic functions read:

1 < ;
N,0(5)={ §=8<n o

" 0 otherwise
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Higher order basic functions are defined in this
manner:

Ny (&) === N, (&)+

§i+p+l_§
—F— N, 2
Eo-c (£) @

i+lp-1
§i+p+l - é:i+1

The knot vector is given as a set of parametric
coordinates & in a non-decreasing order. The function
order, p, and knot multiplicity determine the continuity of
basis functions. If the knot multiplicity is &, the continuity
is CP*. Further characteristics of the basic functions are:
Nio(&) is a stepped function equal to zero for all £ except
for a half open interval &e[&, &+); Nip(E) is defined as a
linear combination of two functions of degree (p — 1); a
basic function of order p has a value different from zero
only in the semi-interval &e[&, &1p1); sum of all basic
functions of the order p at a point £is equal to 1 (partition
of unity); the functions are non-negative and linearly
independent.

A p-order NURBS curve is represented as a rational
function based B-spline basic functions as given below
[29, 30]:

where P; are the control points forming a control polygon,
w; are the weights, {N;,({)} are the B-spline basic
functions of the order p defined on the non-uniform knot
vector 2= {a, ..., a, &1, ooy Emp-1, b, ..., b}, and R;, are the
p-order basic rational functions of the NURBS.

The knot vector is usually normalized, so that a =0 and
b = 1. The order of spline defines how many times the
elements a and b are repeated in the knot vector. In this
way, the discontinuity is realized at the ends of the spline.
A NURBS surface of the order p in the & direction and
order ¢ in the 7 direction is given as:

n m

Z(;Z;‘)Ni,p (&N, 4 () wyB;
i=0 j=

S(&m)==",
zsz,p (‘E)Nl,q (U)Wk,l

k=01=0

0<& <l (@)

Introducing the basic rational function:

R, (& m)=— Nip (£, ()

33 Ney (£) Ny (m)wy

k=01=0

0<E n<l (5

the equation for the surface reads:

n m

S(§, 77)=ZZR,7(§, 77)1’,7,035,7731 (6)

i=0 j=0

3 FINITE ELEMENT MESH AND DIRECTOR VECTORS AT
CONTROL POINTS

An example of a NURBS surface (patch) defined as
per Eq. (5) is shown in Fig. 1. The NURBS surface is
defined by points of control polygon in the physical space,
index vectors in the index space and by degrees of the basic
functions. The boundaries of element surfaces are defined
in the parameter space (Fig. 2). Upon mapping into the
physical space (Fig. 1), the elements of the NURBS surface
can be observed. Each element-surface is defined on half

open intervals &e[&, &+1); andne[r,7+1). This is the
initial mesh of elements.

& reference surface -“"I‘
Figure 1 NURBS surface based on quadratic basic functions

The geometry of the element reference surface (as part
of the patch) is determined by the mesh of the control
polygon points with the corresponding weight coefficients
and corresponding NURBS basis functions R, (&, 7) on

the half open intervals £e[&, &) andne[r), 1p1). Other
NURBS basic functions of the patch outside the half open
interval have a zero value, and therefore the points of the
control polygon corresponding to them have no influence
on this part of geometry. For the sake of simplicity, all
control points that affect the geometry of element as well
as their corresponding basic functions will be numbered
from 1 to ne,, where n., = (p + 1)(q¢ + 1). Fig. 1 shows a
patch with the element and its corresponding control
polygon points marked.

0.67 0
rl; :- 1
0.33 e

ut 0 E -1
& & & & & & & UL ] l
Index space Parametric space Master element

Figure 2 Index space, parametric space and natural coordinate system

Isogeometric analysis closes the gap between the CAD
geometry obtained from a CAD modeller and the finite
element geometry. The initial number of elements along
each direction is determined for the initial mesh by the
following equation and is clearly visible in the parameter
space:

n, =(n=p)(m-q) ™
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where m and n are the number of basic functions (i.e. points
of control polygon) along the £and 7 directions, and p and
k are the degrees of the basic functions in the £ and 7
directions.

The initial mesh can be changed with the techniques of
knot insertion into the knot vectors (k-refinement),
increasing the degree of basic functions (p-refinement) and
increasing the degree of basic functions with the
subsequent insertion of a new knot into the knot vectors
(k-refinement). With the last mentioned technique, the
degree of the basic functions and the density of the mesh
are increased with the aim of increasing the degree of
continuity at the elements boundaries.

For the formulation of the shell isogeometric finite
element type, we need four coordinate systems:

- the global Cartesian coordinate system (x, y, z),

- the natural coordinate system (7, s, f) - an orthonormal
system with —1 <7, s, t <+1,

- the local Cartesian coordinate system (x', y', z"),

- the curvilinear coordinate system (&, 7, &).

Figure 3 Defining the coordinate system at a point on the reference surface

The tangent plane at a point on the surface is defined
by vectors 171 and 171 . They are determined as derivatives
1 2

of the position vector r by the variables & and 7.

-, _a_}‘; Nep aRk (5’ 77)
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where Ri(¢&, 17) and P are the basic functions and the points
of the control polygon on the element reference surface on
which the observed point is located. The obtained vectors,

I7tl and Vt; , are not generally perpendicular to each other.

It is necessary to form an orthogonal coordinate system.
The vector product of the previous two vectors gives a
vector normal to the tangent plane.

V.=V xV, 9)

An orthonormalized coordinate system was formed by
Eq. (11):

v, =I7r XI;;

n z

(10)

7| 7ok 7o |b
- ' . t " _ z "
6.=—1= my ,en:—2= my e = =qmy (11)
x — y — z —
, " v, " V., "
1 n ) ny z 3

In order to form a finite element model with a shell
element type using the isogeometric approach, it is
necessary to determine the vectors normal to the reference
surface at the points of the control polygon. In the
isogeometric finite element method, most of the control
polygon points do not lie on the reference surface, in
contrast to the classical finite element method where the
nodes are located on the reference surface. In addition, they
do not have a unique projection on the reference surface.
To determine the vector normal to the reference surface for
a certain point of the control polygon, we can find several
methods in the literature:

- basis systems obtained by closest point projection,
- calculation of exact basis systems,
- determination of normal vectors in Greville points.

The first method of determining the base system is
based on determining the shortest distance between the
point of the control polygon and the reference surface. In
general, it is not possible to obtain a solution in closed form
for this problem. The iterative Newton-Raphson method is
most commonly used to solve it. Once the projection point
is determined, the orthonormalized coordinate system can
be determined according to the previous procedure.

The second method for the exact basis systems
calculation uses the fact that, for each element, the normal
vectors to the reference surface can be determined at the
integration points in two ways. First, the vector normal to
the reference surface at the integration point can be
determined through the derivative of the position vector
with the respect to the variable & orz (as shown earlier)
and, second, by interpolating over the normal vector at the
points of the control polygon (which are currently
unknown). It follows that a system of (p + 1)(¢ + 1)
equations has to be formed for each component of all
element control points. Also in this case the minimum
number of integration points is (p + 1)(k + 1). By increasing
the degree of the basic functions, the calculation of the
normal vector of the point of the control polygon to the
reference surface becomes more difficult. For example, for
the degree of basic functions 4, the number of points of the
control polygon that is active per element is 25. The
minimum number of integration points (to solve the system
of equations for the element) per direction is 5, and the total
number of equations would be 75 for all three components
of the normal vector. In addition, in this way it is necessary
to determine one more component of the basic system. If
the model is more complex, i.e. with more elements, the
problem becomes more demanding to solve.

The third method, which is used here, is based on the
determination of the control polygon normal vectors to the
reference surface using the Greville points. Greville points,
or abscissas, have one-to-one correspondence with the
control polygon points. Greville points are defined in the
parametric space as follows [31]:

;SP _ g, +...+§m+p , U,?P _ Nyt t0,, (12)
p q
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The number of Greville points corresponds to the
number of NURBS basis functions. Hence, it is also equal
to the number of control points. Tangent vectors to the
reference surface can be formed at Greville's points:

o, OR, (& ,S’P, ")

—Z

ler, OR, (é:rfp’ 77" )P

k

b
(13)

Jor _ 6}’

o 6’7 - =1 on

In the previous equations, k£ denotes the number of the
element control point and basis function. Ry represents the
basic functions of the element that have a value different
from zero, Py represents the points of the control polygon
of the corresponding basic functions R;. The vectors
formed at the Greville points lie in the tangent plane to the
reference surface at the point with parametric coordinates

&
and normal vectors in the Greville points, we can form a
system of equations based on interpolation. By solving the
system of equations, we determine the components of
vector normal to the reference surface corresponding to the
point of control polygon. The point of the control polygon
does not have a direct projection on the reference plane.
The reason for this is the property of the basic functions of
NRUBS, not all of which have the maximum value of 1
(only those on the patch boundaries have the maximum
value of 1). The components of the vector normal to the
reference surface in the Greville points can be calculated
based on the known other two vectors:

. Given that we know the parametric coordinates

I;;GP — 4 5] (14)

On the other hand, the vector components in the
Greville points can be represented by the following
equation:

yor :%‘Rk(g,f", 7 Ws 1=1,2,3 (15)
k=1

Iy

In the previous equation, the vectors ¥V}, at the control
points are unknown. In practice, integration is often
performed with a reduced number of integration points. In
that case, it is not possible to determine the normal vectors,
so the determination of normals is done using Greville's
points.

4 DIPLACEMENT FIELD

The position of the point on the middle surface can be
presented as a function of parametric coordinates:

X lon xk
ye=2 R (& M1y (16)
z k=1 z,

The thickness of the shell is assumed to be in the
direction normal to the reference surface of the element and
can be obtained for any point of the reference surface by
means of the interpolation functions and the thickness 4
corresponding to each control point.

x ., X, h Viax
y ZR (& M +7(r 1)1 Vi (17)
z Zk Vk}z

where x, Vi, zr are the global coordinates of the control
point of element, % is the control point correspondent
thickness; ¢ is the offset of the reference surface from the
mid-surface in the natural c.s. of control point &, given as
t = 2hJhi; Visx, Visy, Vis- are component of the vector
perpendicular to the reference surface at control point Py
(Eq. (15)).

The isogeometric formulation of the element implies
the same shape functions for the interpolation of the
displacements field as for the CAD and element geometry.
Thus, it will be:

u u, u,
Mon 2

V= ZRk A ERA (18)
k=1 R

w W, W

where u, vi and wy represent the nodal displacements along
x, y and z axis (global displacements) respectively and uR,
Ry and wR are the relative displacements of the point on
the thickness direction line through the control point k& with
respect to the control point, resulting from the rotation od
the line, and of course along x, y and z axis. The
displacements u®, V&, and w¥; are to be expressed in terms
of the nodal rotations Gy, G and € (global rotations).

P

=

=
" K" layer

[
z
[/ Reference surface tangential plane

X Mid-surface tangentatptane |

1" layer

Figure 4 Equivalent layer approach for multilayer material and coordinate systems
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In order to do that, the assumption that the thickness
direction line remains straight after deformation will be used
(Reissner-Mindlin  kinematics). Threfore, in the local
coordinate system fixed to the control point £, the following
relations can be written:

R

Uy A o 7 9k
Vi :?k(t-t,k)[-ng,Vlcl]{_.k] 9y (19)
WR k2
k qzk
l; exk
qx’
{ k}: ' eyk (20)
Dy Vie 0
zk

’

where 0,4 and 0, are the nodal local rotation (about the x
and y' axis) Fig. 5.

A
(1-t) oy (1-0)8e¢
et Rt —
\\(l—[,)%‘oy' E l—l,)%‘ex
’_:) N\ Oy’ \\ Ox'

ox’
4mcmrc reference \Dg,y

s
X \ N
direction

Figure 5 Rotations of the thickness direction line in the local coordinate system

Directionally dependent material properties demand to
define the strain field in the local coordinate system. This
is usually done so that a distinction is made between the in
plane (membrane-flexural) components and the out-of-
plane (transverse shear) components:

%
ox'
] |
, xx' 8}/,
{emf} Sy ou' o'
\ Viy PR
{e}=3 —— ¢= R G (21)
e -
< v ow
yx’z‘ 62’ ay!
oz' ox'

Derivatives of displacements in the natural coordinate
system can be represented by transformation using
derivatives of global displacements in the global
coordinate system and the transformation matrix:

where, for example, u', x' = Ou'/0Ox' and u, x = Ou/Ox.

The transformation of derivatives from the natural to
the global coordinate system is done by means of Jacobian
inverse matrix:

Ye Ve Zg
[‘I]: Xg Yo Za|T
x,t y,t Z,
[ oN, oN, N,
Xk Vi Z
¢ o4 os
| ON, ON, ON
_ Ey, ky, Lz = (23)
ol on on on
h h h
_TkaV/dx TkaVk}y Tkaka_

u v w

X X

X u,ﬁf
-1
Uy Vy Wy _['l] u, v w
u

u, v, w

"z »Z Wl

Using the local displacement derivatives given in Eq.
(22), the following form is obtained:

[Bmf}
{et=[B Juj=| -- |{u}=
(8]

[B.,] | [By] |[{u)

= - + - -

[Br] | [Beo JF [ Bu, ]| [{a}

24

Obviously, the strain—displacement matrix, [B,]
contains the membrane-flexural, [B,,], and transverse
shear, [Bs], strain displacement matrices.

5 PIEZOELECTRIC CONSTITUTIVE RELATIONS

Selecting the strain and the electric field as
independent variables, the linear piezoelectric constitutive
equation in the matrix form is:

fo} =" J{e}-[e] {E}

25

where [C?] is the symmetric material constitutive (Hook's)
matrix, {o} is the stress vector, {&} is the strain vector, [e]
is the piezoelectric coupling matrix, {E} the electric field
vector, {D} the dielectric displacements vector, {d*} the
vector of dielectric constants (electric displacement to
electric field ratio). Stress and strain are second order
tensors, but also that for the sake of convenience, they are
in the engineering (Voight) notation commonly
represented in the form of vectors {&} and {o}.

Material properties of commercially available
piezoelectric ceramics are transversely isotropic.
The above equations can be given together in a developed
form, as follows:

Uy, v, w,

U, v, w,|=

u, v, w,
_ (22)
V”‘l u,x V,x M},x

S ||[Uy YV, W, |:kl Vs Vk3:|
k3 u,z v,z Wz
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%1 ¢, C, Cy 0 0 0 |0
Oyy G, G, Gy 0 0 0 ‘ 0
Oy ¢, C; G, 0 0 0 | 0
o,y 0 0 0 Cys 0 0 \ 0
5. 0 0 0 0 C 0 | e
13 | _ 1

o,
12

|
D, 0 0 0 0 e 0 | —d,,
D, 0 0 0 e 0 0 0
D, e e e 00 0 |0

The electrodes are placed on the upper and lower
surface of the piezolayers. It is assumed that the electric
charge is uniformly distributed over the electrodes and,
consequently, that the electric field acts in the thickness
direction only, so that £y = E» = 0. The components of the
dielectric displacements Dy and D, are not necessarily
equal to zero. However their product with the
corresponding components of the electric field (£ and E»,
respectively) in the electric Gibbs energy is zero, which
allows the seventh and the eight row and column to be left
out of consideration. Hence, the constitutive equation of
the piezoelectric layer reads:

i _Qu O, 0 0 0 | ey 11
%920 10, O, 0 0 0 | ey [[%n
Oy 0 0 Os O 0 [ O e
o=l 0 0 0 O 0 | 0 [y, @D
o, 0 0 0 0 0O : 0 Vig
D3, e ey 0 0 0 | —d%y] —E3

where the following reduced coefficients are introduced:

C? C?
0,=C, _C_]}’ Q, =G, -—,
33 33
e 1
Oss = Css _d_ls’ Qs =5(C11 _CIZ) (28)
11
&2
e, =e, ——2e,, d,=d,———,
31 31 C.. 33 33 33 C..

It is easy to notice that all the shear strain and stress
components are decoupled from the rest in Eq. (27).
However, this is generally not the case with the in-plane
shear components for the considered passive material
(fiber-reinforced composite laminates). In order to keep the
same approach to obtaining the cross-sectional force and
moment resultants as for the passive material, the equations
for the transverse shear components will be separated from
the in-plane components, thus yielding:

0 € ] &
0 € &y
0 e || &gy
és 0 Y23
0 0 ¥
13 (26)
0 0 iy
0 0 ||k
d,, 0 _Ez'
0 —d; —E3,
O 0, O, 0 | ¢ 11
%y, O, O, 0 | ey €y
o b= 0 0 0, 1 0 |y, (29)
_ - - - - _
D3 _6,31 ey 0 | _d’33_ —E3
Oyy _ &y
=kQ;; (30)
Oy Yiy

where £ is the shear correction factor.

The electric field distribution in the thickness direction
of piezoelectric layers should satisfy both, the Maxwell's
equations for dielectrics and the element kinematics. The
Reissner-Mindlin kinematics would imply linear electric
field across the thickness [32]. However, the same
investigation [32] shows that the classical assumption of
constant electric field over the thickness offers satisfying
accuracy for typical, quite thin piezopatches. Hence, the
electric field of the kth piezolayer is given by:

(€2))

with A@, denoting the difference of electric potentials
between the electrodes of the kth piezolayer and 7 is the
thickness of the piezolayer. This yields a diagonal form of
the electric field electric potential matrix:

(32)

6 FINITE ELEMENT DISCRETIZED EQUATIONS

Discretization of a continuum results in a finite
element representation. Proceeding in the way
characteristic for the finite element method, the generalized
displacement field that includes the mechanical
displacement field {u}T = {u, v, w}T in the global
coordinate system (x, y, z) and the electric potential ¢ of
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each piezolayer are related to the corresponding nodal
values {u}; and ¢; by means of interpolation functions.

In equilibrium, the virtual work of all acting forces in
moving through a virtual displacement is zero:

SW,+5W, =0 (33)

Assuming a system of conservative forces and that the
electric charge of the system is conserved as well
(electrically isolated system), the previous equation yields:

j{SS}T[CE]{a}—{SE}T[e]T{E}—{ﬁE}T[e]{a} ,
v —{SE}T[dE]{E}

+j{8u}T{lfv“v}dV+j{8u}T{Fsl}dsl (34)

n

+ {Su}j Fp}, - I 9/qds, —iM;Q; =0,

j=1 5

where F§ are the external forces acting on surface S, g is
the external charge defined on surface S>, and Q; represent
the electric concentrated charge at m points.

The element mechanical stiffness matrix resulting
from the variational principle reads [33]:

[k, =]k, |+[K J+[K,] (35)

The element stiffness matrix includes membrane-
flexural (in plane) [K,y], transverse shear [K,] and the so-
called torsional (drilling) stiffness [K;]. The former two are
easily computed based on the derived strain field:

(8]
[Km ]:.[ T [Cm][[BTm] ‘ t[BleﬂdVe

Ve t |:Ble ]

[B.] e
— C,
[KS]Z 1'/[ I:BROS ]T + I[BRIS ]T

(8] 1 [Bua] +1[Bu |0,

(36)

where [C,,] is the part of Hook's matrix relating the in-plane
stresses and strains, and [C;] relates the transverse shear
stress and strains.

A node has five degrees of freedom in the local
coordinate system (two rotations), but as a consequence of
transformation there are in general six degrees of freedom
in the global coordinate system. This may give rise to
numerical problems for a special position of the element
leading to zero stiffness for the rotation about one of the
global axes. An erratic behavior of the element.
A numerically quite simple solution is proposed by
Zienkiewicz and Taylor [34] and it implies introduction of
additional torsional stiffness. Governing torsional strain
energy, E;, is defined and it serves as a penalty function
forcing the local rotation 0. to be approximately equal to
0.5(0v'/ox' — Ou'/0y") at integration points:

2
E = %aﬂ;j{e —l[a—v—a—'fﬂ dA 37)
A (r,8,0)

Here, Y is the Young's elasticity module and ¢ is a
fictitious parameter that can be chosen.
The element dielectric stiffness matrix is given as:

K, J:‘l[BafT[dg][BAdV (38)

It is diagonal as the difference of the electric potentials
of one piezoelectric layer affects only the electric field of
the very same piezolayer. Analytical integration in the
thickness direction yields:

' +1+1
d33k

= e et )

where J; is the Jacobi matrix between the global and
natural coordinate system. Given that the boundaries of the
element in the parametric space are determined by the
parameters &£ and 77, mapping from the parametric to the
normalized space is also necessary.

CEH _5,- 77»'+1_77"
det[qu]k= 12 : ’2 / (40)

The piezoelectric coupling matrix describes the
coupling between the mechanical and the electric field, and
it is given as:

(K ]=[K.] =] (BTl [ ¥ (41)

vV

7 NUMERICAL EXAMPLE

The considered two examples use a model of a
composite cylinder arc with two piezolayers. The structure
is a simply supported composite cylindrical arch of the
radius R = 100 mm and the width » = 62.8 mm. The
composite layers have a "balanced" stacking sequence [45/
— 45/0] s (orthotropic material properties) and the
piezolayers, which cover completely the top and bottom
surfaces, are oppositely polarized. The thickness of each
composite layer is 0.12mm and that of the piezolayers is
0.24 mm. The properties of the composite and piezoelectric
layers are given in Tab. 1 [33].

Deformation of the arch is achieved in two different
ways with purely mechanical loads and with loads obtained
through excitation of the piezolayers by electric voltage.

Although the symmetry of the structure allows to
consider its quarter with appropriate boundary conditions
applied, it was decided to use the full model as the structure
is relatively simple and thus the resulting FE model would
not be numerically demanding. The structure is discretized
using a NURBS patch with the basis function of degree 4
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in arch direction and degree 2 along the cylinder axial
direction (width).

Table 1 Material properties

different finite element meshes were used to check the
convergence the selected number of elements in the
circumferential direction was 10, 20 and 40, respectively.

To check the suitability of the developed FE

formulation for both purely mechanical and coupled

piezoelectric cases, two different loading cases were

considered. The first one is purely mechanical. In this case,

the structure is loaded with a vertical force (1N/m)

uniformly distributed over the width line that splits the arch

into halves. In the second case, the excitation is achieved

by means of electric voltage of 100 V supplied to the

piezolayers. As the piezolayers have symmetric position

Material PZT G1195 T300/976
properties piezolayer graphite/epoxy
Elastic properties
Y1/ GPa 63 150
Yzz / GPa 63 9
Via 0.3 0.3
G,/ GPa 242 7.1
Piezoelectric properties
31 (10° C/mm?) 2.286 0
3, (10° C/mm?) 2.286 0

The mesh has 20 elements and 25 control points in arch
direction. Along the cylinder axial direction (width), the
number of elements is 4. The obtained results are compared
with the results obtained using the classical finite element
model discretized with the Reissnerr-Mindlin shell type
developed for modeling composite laminates with
piezolayers [33]. This is a full biquadratic shell element
with 9 nodes. In the case of classical element, three

with respect to the mid-surface of the arch and are
oppositely polarized, this excitation induces bending
moments uniformly distributed over the supported edges
and the free cylindrical edges of the arch. The presented
results of the isogeometric approach indicate excellent
agreement with the results reported in previous study
(Fig. 6 and Fig. 7), but it should be noted that the
isogeometric formulation uses less degrees of freedom to
achieve the same accuracy as the classical FE formulation.
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Figure 7 Simply supported composite cylindrical arch subjected to excitation of the piezolayers by electric voltage

8 CONCLUSIONS

Active thin-walled structures have received a great
deal of attention over the previous two decades, which is
due to the obvious advantages they offer over the classical,
passive structures, recognized in the improved dynamical
behavior, safety and robustness. Suitable numerical tools

that enable their efficient modelling and simulation of their
behavior are an important prerequisite for their successful
and efficient development.

This paper proposes an isogeometric FE formulation
for shell structures made of composite laminates with
embedded piezoelectric layers. The piezoelectric layers
characterized by the coupled electro-mechanical field may
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be used both as actuators and sensors and thus enable active
behavior of the considered structures. By coupling sensors
to actuators via a controller, adaptive structural behavior is
obtained. The developed formulation offers a tool for
modeling mechanical and electrical field as well as their
coupling in such a structure, and it could be extended in a
further step to include a control algorithm and thus test its
effects. The formulation covers laminated structures. In
order to keep the level of numerical effort in an acceptable
realm, the formulation relies on a first-order theory with
the Reissner-Mindlin kinematics. Hence, the transverse
shear effects are included, which is important for laminated
structures made of composite materials, due to their
susceptibility to those effects.

The problem of defining a normal to the reference
surface was given particular attention. While it is a
relatively trivial task in the framework of the classical FE
formulations, it turns out to be a relatively cumbersome
task in an isogeometric formulation. In this work, the
approach based on the Greville's points is adopted.

The structure considered in the example and subjected
to both purely mechanical and electrical loading, shows
that the developed isogeometric formulation with higher
degrees of basic functions offers a good match for the
classical FE formulation of a piezolaminated shell. The
results are easily matched with less degrees of freedom and
therewith with a smaller numerical effort. This is quite
promising for further work, which will aim at extension of
the formulation for geometrically nonlinear and dynamic
analysis.
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