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SUMMARY

The structure of solutions of the three dimensional chemostat competition system with the yield functions
0;=A;+B;S" and 6,=A,+B,9", is analysed. The stability of equilibrium points and the three dimensional Hopf
bifurcation of the system are discussed. The conditions of the existence of limit cycles on the two dimensional stable
manifold when one microorganism vanishes are obtained. Some examples are used to show the applicability of the

results.
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1. INTRODUCTION

The chemostat, sometimes also referred to as
bioreactor, serves as a basic model in the continuous
culture vessel. It often serves as a starting model of the
open system in biology ecology, and also it isused in
modelling the waste water treatment and in the
mammalian large intestine (see, for instance, [14]).
Many of these models and references can be found in
[1]. Usually, a chemostat consists of three vessels: the
culture vessel, the feed bottle, and the overflow vessel.
The feed bottle contains medium with all of the
nutrients needed for growth which is pumped at a
constant rate into the culture vessel. The culture vessel
is charged with one or more microorganisms which
compete for the nutrient. The contents of the culture
vessel are pumped into the overflow vessel at aconstant
rate to keep the volume of the reactor constant. The
basic assumptions are that the culture vessel is well
stirred, and the temperature, pH, etc., are kept constant.

Let S(t) denote the concentration of nutrient in the
culture vessel, x(t), i=1,2, denote the concentration of

two microorganisms. Let S denote the input
concentration of nutrient, and D, thedilution rate (flow
rate/volume), m;, the maximal growth rates, k;, the
Michaelis-Menton constants, and &, i=1,2, the yield
coefficients, which are all positive. This is usually
called the Monod model or the model with Michaelis-
Menten dynamics. The model takes the form:

S 1 S
——(so S)D -y =y
51 kl+S 5, "k, +S

dx1 Xl[ mS D]

k,+S (1)
ax, m,S
D
ot Xz[k+s ]

0)=5">0, x(0), x,(0)>0.

Most of the models in the chemostat assume that
the yield coefficient is a constant [1, 5-7]. But the
accumulation of experimental data indicates that a
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constant yield fails to explain the observed oscillatory
behavior in the vessel (see Dorofeev, et a. [2,7]).
Therefore, to modify the model becomes necessary.
Crooke [3,4] suggested a linear function for the yield
coefficient and declared a limit cycle may exist in his
model. Huang (1990 [8]), and Pilyugin and Waltman
(2003 [7]) constructed a model with a general yield
function, and studied the limit cycles and their relative
positions. However, all the above models considered
only one microorganism in the vessel. In Ref. [16], a
three dimensional chemostat with two microorganisms
was studied. In the model the functional reaction
functions were in the Monod type, and the yield
coefficients were assumed to be §=Aj+BS, i=1,2.
Also, in Ref. [17] the yield coefficients were assumed
as 6;=A+B%, and &,=const. Some properties of the
equilibrium points were discussed there [16,17]. Ref.
[7] gave a numerical example with 6;=1+50S3, and
8,=120 and it obtained five limit cycles through a
bifurcation numerically. Recently, Ref. [19] studied the
chemostat with quadratic yields: 6;=A+BS?, and
6,=C+D%, and proved the conditions of the existence
of two limit cyclesin the model.

In this paper, we study a three dimensional
chemostat of which both the yield coefficients are
functions of the nutrient in the general forms:
6;=A+BS", and §,=C+DS". The model is useful in
modelling the case when the microorganism is very
sensitive to the nutrient. We shall analyze analytically
the equilibrium points, global stability and the Hopf
bifurcation of the three dimensional system. It is easy
to see that the model in this paper includes almost all
the previous results as special cases (for example, see
those in Refs. [3, 4,16-19]). Our model and the main
theorems with proofs are in Section 2.

It is always of interest in both theory and
applications to study the existence and properties of
periodic solutions of the n-dimensional autonomous
differential system for n>3. The situation of n>3 is
much complicated than the one in the plane. This is
because some powerful tools in the plane system like
Poincare-Bendixson theorem cannot be applied
directly in the cases of n>3. We use the Hopf
bifurcation method directly to the three dimensional
system to show the existence of limit cycles. Not many
of the resultsfor n>3 are reported in the literature [13].
Some examples are applied to illustrate our theorems
in Section 3, which will help us to understand our
results.

2. THE MODEL AND MAIN THEOREMS

Performing the standard scaling for the continuous
fermentation, let:
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S-g X=g Vg Tt
m ook oL

m lel S), Dl

and then drop the bars, and replace 7 with t, B{(S?)"
with By, By(S)Mwith B,, the system (1) becomes:

dS_1 S X mS X, m,S

dt T A+BS k+S A+BS"k+S
dx, mS

ot B L Y |

ot (kl+s jxl @
d_xz:( m,S _1sz,

dt k,+S

The parameters have been scaled by the operating
environment of the continuous fermentation,
determined by S and D. The variables are non-
dimensional and the discussionisin:

R ={(Sx.%) | 0<S<1, x>0, x,>0}
Leml:L, A, = i

m -1 m, -1
It is easy to see that:

(i)if 0<m <1, i=12, then ‘z—’;l<o, %‘%o and

lim,.. x(t)=1lim_ . %(t)=0;
(ii)if 4,21, then %‘1<0 and lim,_ x(t)=0;

(iii) if 4,>1, then ‘Z—’%<o and lim_,_ x,(t)=0.
()

So in order to avoid the microorganisms vanishing,
we need to assume that: 0<A;<1, i=1,2 (which imply
m>1, i=1,2).

Let:

(=204 (k + 4 )° — 4" miky ] = 4"k + 4, ) ,

"= (ke + 4) +mk(1-4)

4

A EEYS L (R S S R (R

(K + 7, )" +mpky(1-4,)

®)
Theorem 1. The system (2) has three equilibrium

pointsin R®:
E,(L0.0), E (4.(A +BA)(1-4)0)
and E, (4,0,(A +B,45")(1-4))
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in which is Eg unstable (saddle); E, is asymptotically

stable if %> R and A;<A,, unstable if either
inequality islreversed; E, is asymptotically stable if
%> R, and A;>A,, unstable if either inequality is
re\zler%d.

Proof. We only prove the cases for E; and E,. From
the Jacobians of the system (2) at E; and E,, the
corresponding characteristic equations take the form:

(r —a)(r?+br +¢)=0, i=1,2 (6)
where:
_ mi
%_&+@

_ _ _nBl/llml mlk1
b=1+(1 ll)[AﬁBlzf”(klml)Z] @)

k —_
01:(1—41)# (whichis>0);
1
_ M4
az_kl+/12

_ _ _mBz/q‘zmil mzkz
b1+ (2 %)[AﬁBzﬂf(kzw)Z] ®)

c;(l—@% (whichis>0).

A

When El >R, b, >0, therootsof r2+ byr + ¢;=0
have negative real parts. The stability of E; is
determined by the sign of a;. ThusE; isstableif a;<0,
(or A1<Ay), unstableif 1;>A1,. When % >R,, b,>0
therootsof r2+ byr + cy=0 have positiv; real parts, E;
is unstable.

Similarly, when %> R,, b, >0, the roots of the
equation r2+bor + 02:20 have negative real parts. The
stability of E, is determined by the sign of
a :%—1. Thus, if (or if Ay>Ay), Eyisstable; it
is unstable if 2;<4,. When %< R, b <0, Eis

s

always unstable. The proof of Theorem 1 is

completed.

Theorem 2. (i) If 1,<A,, and % > R, , theequilibrium

1

point E; is globally asymptotically stablein R?; (ii) if

A1> Ay, and %> R,, the equilibrium point E, is

2

globally asymptotically stable.
Proof. Let:

Q={(Sx,%)|0<S<-x —X%,,
0<x <(1-4)A+BA)+&,
0<x <(1-4,)(A +BA4" )+ &,
O<Il <+, g >0}.

9)

Wefirst prove that Q2isapositively invariant set of
2.

Consider on the face S=0 and, by system (2),
as|
dt
into R® but the reverse is not true. For the face

=1>0. Thus, any trajectory inwill go through

S=0

M= St X+ Xo—1=0 (0<I<+4o0):

dM

a4 -
dt |y
—xl( 1 _1j m(l-x-%)
A+B(1-x-%)"  Jk+(-x-X)
_X{ 1 _1J m(l-%-%)
A+B(I=%-%)"  Jik+(1-x-X,)
(10)

Since both x; and x, are bounded and all the

parameters are positive, am <0 if lissufficiently

M=0

larger. That is, any trajectory in R® will crossthe plane

M=S+Xx;+X%,—1=0 into £2. Moreover, because x;=0,
X>=0 both are the solutions of system (2), Q is a
positively invariant set of system (2). In other words,
any trajectory initiatingin R® will go to Q2when t—-+oo.
Therefore, both E; and E, are globally asymptotically
stable. We thus complete the proof of Theorem 2.

It follows from Theorem 2 that:

(i) if ;<2,, and % > R, then, for any trgectory in R®,

1
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lim,,, S(t)=4,,
lim,, ., x(t)=(1-4)(A +B4),
lim, ., %,(t)=0 and:

(i) if A;>A,, and %> R,, then, for any trajectory in

2
3
R’,

Iqu—wrm S(t):ﬂ?’
lim,.. %(t)=0,
lim,,.. % (1) =(1-% )(A +B4").

Before we prove the theorem of the Hopf
bifurcation for the three dimensional system, we must

first study the stability of E; when %: R, and E,

1
when %: R,, by using the LaSalle corollary to the

2
Liapunov stability theorem. Since our Liapunov

function is not necessarily continuous on the closure
of the region, we shall use the extension that was used

by Wolkowicz and Lu [15]. The extension states that
. : . X .
VisaLiapunov function for a system (:j—t: f(X)in
aregionif:
(i) Viscontinuous on G;
(i) Visnot continuousat apoint X € G impliesthat
lim, ;V(X)=o.

XX
XeG

(i) V'=VV-f<0onG.

It isdifferent from Theorem 2 that the condition of

A Az

—>Rl or
2

foIIOW| ng theorem.

>R, is no longer needed in the

Theorem 3. Assume Ai>1, i=1,2. (i) If 41<A,, then
the equilibrium point E; of (2) is always globally
asymptotically stable in R?; (i) if A;>4,, then E, is
globally asymptotically stable.

Proof. We prove the case of (i) first. Let:

S X _ *
V(S%.% )= j%quj%dm% (11)
A 'y

where Xl* = (l-ll)'(Al"' Bllln), and Ci1, Co are
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determined |late. Then:

vi=2" ’1(1—3— _MS % M3 ]+
S A+BS k,+S A+BS"k,+S
X =% m m,S
S Sl —1|=
et e
_S_;tl l_s_ Xl rnls +
S A+BS k +S

mA
+C (% — Xl)(ﬁ 1)+ ( ) 1J+

2

ol mS _mh , S-4 1 mS
+S k, + 4, S A+B,S"k+S
EV1+V2+V3.

It follows that:

V=21 8) -0 (1- A (A +BAN s - 1)+

k, +
S-4 x mS ms
{_ s A+Bsk+s MGs )]

mS _,_(m-1)(S-4)
k,+S k,+S

m, mS
=S /11)A1+Bsn +S Clxl(m_l)

—_ m m-1<_
S M) s s s (5 A)

(S-4) n
:(kl+X§)(AiilBIS")<Cl(ml'l)(Ai+Bls )-m,).

(12
In order to have V;,<0, we determine c; as it
follows:

H .
1) if &XA4, ch - h that:
@i 1, choose ¢, ] suc

c(m -1)(A +BS")>c(m -1)=m, and V;,<0.

Then, we have;

_S-hy g m (M 1(S- 4,)
Vi = (1-5) m (1 A4 )(A+BA) k+5
=S M kA
<(S ﬂl)[ 3 (1 ﬂ«l)k1+s ml/’«lj
(S A gt
S(k;, +S)4
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. m,
2) if S>A,4, choose ¢, = such
()1 S T (mo1)(A+BA)

that:
a(m-1)(A+BS")zc(m-1)(A+BA')=m,
hence V4,<0.

Also, since mA,=k;+14, one has:

_S-Ahi_g)-
V=g (1-8)

_(S_ﬁi)[l_ss_(l_il)klnfskln:fj

<0, (theequal sign holdsonly when S=4,).

Thus V;<0.
Furthermore, since 1,<A,,
mA4 M4,

V, = ———-1(< ——-1|=
2 szz[kz-i‘ﬂl \J szz[kz-i-ﬂ,z \J 01

(sincec, >0 and x, >0).

Now we shall choose ¢, so that V3=0:

v [czmsz(S—zl) . m(S-4) ]
’ (k;+S)(ky+4,) (A +BA")(k +S)
_Xm(S-4) ek, 1

k,+S (k+4 A+BA")

V3 is less or equal to O if it determines c, as it
follows:

c, :& if S>4 sinceS<1,
k(A +B,)

C, _kth if S<4,sinceS>0.
k

2

Therefore:

V=V +V,+V,<0 (13)
and by the LaSally corollary, all trajectoriestend to the
largest invariant set in A={(S,x,,x,)|V'=0}. This
requires S=4, and X=0.

To make {S|S=4,} invariant, under the
condition x,=0, it requires:

1
S=1-4-X—==0
A AR (14)

which implies x;=(1-A7)(A;+B14,"). Therefore { E, }

is the unique invariant set in A. We thus complete the
proof of the theorem 3-(i). A similar argument will
prove Theorem 3-(ii).

The teorem 3 indicates that the stability of the
equilibrium points E; and E, are now established for
%: R, and %: R,, respectively. We are now in a
polsition to prove%[hethree dimensional Hopf bifurcation

theorem for the system (2). We first introduce the

following Lemma (Theorem 1, p. 254 [13]).

Lemma 1. Let W be an open set in R3, (0,0,0) € W.
Let f:Wx(—ug,g)—R3 be an analytic function on
Wx(—g,tg) Where g is a small positive number.
Denote the Jacobian of f at (X,u)=(0,0,0),0) as
J(f(0,0)) and assume that:
(i) the system:

dX

—=f(X,

m (X,u) (15),,
has (0,0,0) asits equilibrium point for any u;

(i) the eigenvalues of J(f(0,0)) are:
HB(u)),o=%1p(0), 8(1)|,o=05(0)
with B(0)>0, §0)<O0.

Then if (0,0,0) is asymptotically stable at u=0,
there exists a sufficiently small u, u>0 such that the
system (15),, has an asymptotically stable closed orbit
surrounding (0,0,0).

The proof of theLemma1 isbased on the Liapunov
second method which can be found in Ref. [13] or
any advanced level books on bifurcations [20].

Theorem 4. (i) If 14<A,, the system (2) undergoes a

Hopf bifurcationat R, = % , and the periodic solution

1

created by the Hopf bifurcation isasymptotically stable
for 0<R —%« 1; (ii) If Ap<A4, the system (2)

1
undergoes a Hopf bifurcation at R, :%, and the

2

periodic solution created by the Hopf bifurcation is

asymptotically stablefor 0< R, —% <<1
Proof. Make the variable change:

S=S-4, X =x-(1-L)A+BA), % =%
and denote the Jacobian of the system (2) in variables

S, %, % as J(S,%,%).
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Choose =R, —% , Ry asin Eq. (4), asthe Hopf
1
bifurcation parameter, and consider the system (2) in

vaiales S, X, izas‘:j—)t(: f(X,u) inEg. (15),,. Then:

J((0,0))=3(5.%.%,)

(5% % )=(000)
u=0

=J(S.x,%)

(5,6(1 % )=( 24 (1-20 )( A +ByA ) 0)
U=

The corresponding characteristic equation is:

_ MA 2 (1oa) MK )
(r k2+ll+1J(r +(1 ll)(k1+ll)2J 0. (16)

Theeigenvauesof Eq. (16) are+i (0) and &0), where:

p(0)=—2 (1% )mk, >0,

Ko+ 4
__mA m4 M4
5(0)_k2+/11 1<k2+11 k2+;L2<0, (17)
(since 4, < 4,),

and the hypotheses of the Lemma 1 are satisfied. From

Theorems 3 and 2, it follows that:

1) The equilibrium of the system (2): (0,0,0) in the
coordinate system, or (41, (1-41) (Ar+B1A4"), 0)
in S, X, X,, isasymptotically stable;

2) (0,00)in S, X, X,, orin (A, (1-17) (Ag+By "),
0), isunstableif u>0.

Therefore, the system (15),,, (or (2)), undergoes a

Hopf bifurcation at u>0 (or, Rl:%). Lemma 1
implies that for a sufficient small u, /,L>10, the system
(15), has an asymptotically stable closed orbit
surrounding (0,0,0), that is, for 0< R, —% << 1, the
system (2) has an asymptotically stable cllowd orbit
surrounding Eq(A4, (1-244) (Aj+B1A1"), 0). Theorem

4-(i) is obtained.

A similar argument can prove Theorem 4-(ii).

Regarding the behavior of the trgjectories near the
equilibrium points, we have the following results.

For E,, in the solution plane of x,=0 the system (2)
is reduced to:

dS_1 S X, mS

d ~ ° A+BS k+S

(18)
d_xl_(m_s_lj
a k+s v
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Thisisaspecia case of the following system ([8])

%ﬂ(g(y)—l)

dy 4 y- a(y)
dt F(y)

(19)

X,

with y=S, g(y)=- >, F(y)=A +BS', and
k,+S

X=X1-

The system (19) has two equilibrium pints (0,1),
and (x*,y*), where:

x*=(1-y*)F(y*), y*=g7%(1)

with the condition g(1)>1.

It iseasy to seethat (0,1) is a saddle. Denote:

p=1+x* i(gj
dy\FJl oy

The following theorem is proved in Ref. [8].

(20)

Lemma 2. Assume g(1)>1. If p>0 then (x*,y*) is
stable; if p<O, it is unstable and there exists at least
onelimit cyclein Egs. (19) surrounding the equilibrium

(x*.y*).

Thus, by Lemma 2, one has:

Theorem 5. Assume m;>k;+1. The system (18) has
two equilibrium points: M4(1,0), whichisasaddle, and

Ma(Aa, (1-41)(Ag+ By 44"), which isstableif % >R,
1
A

and unstable if E< R,. In the case when M, is
1

unstable, thereisat least one limit cyclein system (18)

surrounding M.

For E,, in the face x;=0 we have the similar result
for the two dimensional system:

dS_1 S X, m,S

d ~ ~ A+BS"k,+S
D [ MS gy (21)
dt k,+S

Theorem 6. Assume my>Kky+1. The system (21) has
two equilibrium points: N1(1,0), which isasaddle, and

Np(A1, (1-A1)(A+B124M), whichis stableif % >R,
2

and unstable if %<R2. In the case when N, is

2

unstable, thereisat least onelimit cyclein system (21)

surrounding N,.
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3. EXAMPLES

Example 1. Consider:

as o X 28y 9858

dt 1+50S* 0.7+S 120 65+S
Kox 2

dt 07+S (22)
dy 9.85S

- -1),

dt y(6.5+S )

S(0)=0.4, x(0)=2.0, y(0)=0.

The system (22) has shown numerically that
multiple limit cycles exist [7]. It follows that A,=0.7,

A,=0.73, A 1 0.2, and by formula (4):
B, 50

1

(1- /11)(3112 (ky + 1)12 - mlklﬁf)—if (kg + 41)2

- (ko 4)” +(1- ) miky )
(- 0.7)(3(0.72)(07+0.7)° ~2(0.7)0.7°) -0.7° (0.7 +0.7)°

(0.7+0.7)° +(1-0.7)2(0.7)
= % =0.02.
24
(23)

From Theorem 4, the system (22) undergoes a

Hopf bifurcation and there exist limit cycles
surrounding the equilibrium (0.7,5.445,0). This is an
analytic proof of the numerical result shown in Ref.
[7].
Example 2. Consider the system (2) with §;=A+BS?
and 6,=C+D%2. In Ref. [19] the stability and the
existences of two limit cycles were studied but the
bifurcation for the three dimensional system is not
considered. Following Theorem 4, we have:

Theorem 7. The system (2) with the yields 6;=A+BS?
and §,=C+D$? undergoes a Hopf bifurcation at
A . .

B R, if 14<A,, where Ry is calculated by formula

(4) for n=2.

We would like to mention that the corresponding
two dimensional chemostat, that is, x,=0 in Example
2, was studied in Ref. [18]. However, the discussion
of the conditions for the Hopf bifurcation in the two
dimensional case required that one more condition
03<0 (Theorem 2, p. 389, [18]) is needed to guarantee
the bifurcation. Since the formula [18] for gz is:
6,-3(2an-Ban - Zop +San s 10+ s,

(24)
and &, i=1,2,3, by, j=1,2,3,4 are involved some
original variables, which is impossible to be valued.
Because in their proof [18], before using the Friedrich
method, a variable transformation:

S=m-(L+1)

X = m Xq
Pa(A+BS A |

t_:\/rrhkl(A+ Bsgﬂf)xl -t

was made, which resulted in that the coefficients ay,
ay, ag, ay, by, b3, by, by al have old variable x; such
that the calculation for g3 was impossible in this way
and is definitely wrong.

We would like to conclude our article with the
following remark.

Remark.The structure of the solutions of the
systems (2) with theyields 6;=A+BS", d,=A+BS"M has
quite similar property asin the case of any particular n
and m (see Refs. [3, 4, 7, 8, 15-19]). Hence, a further
study for the yields:

5=agta;Sra,S+...+a, 9,

8,=by+b,Stb,S+.. +b S"
may be very interesting.
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3-D BIFURKACIJA U BIOREAKTORU S N-TIM I M-TIM PRIRASTIMA

SAZETAK

U ovom radu analizirana je konstrukcija rjesenja trodimenzionalnog bioreaktorskog kompeticijskog sustava s
Sfunkcijama prirasta 8;=A j+ B;S" i dy=A,+B,S™. Prodiskutirana je stabilnost toc¢aka ravnoteze i trodimenzionalna
Hopf-ova bifurkacija sustava. Definirani su uvjeti postojanja granicnih krugova na dvodimenzionalnoj stabilnoj
plohi kad nestane jedan mikroorganizam. Primjenjljivost rezultata pokazana je na nekoliko rjesenih primjera.

Kljucéne rijeci: bioreaktor, prirast varijable, tocka ravnoteze, 3-D bifurkacija.
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