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SUMMARY

A numerical technique based on the Pocklington's equation and the method of moments for the study of circular
loop antennas is exhibited. The current distributions thus obtained are in total harmony with the corresponding

analytical results of King.
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1. INTRODUCTION

The circular loop antenna consists of one or more
turns of highly conducting wire around a circular
shaped frame. Such antenna has its most important
application for reception although it is also useful in
transmission operation mode. The most common
applications for this antenna include the measurement
of magnetic fields and distributions of currents, and
when its dimensions are electrically small the antenna
isused as avauabletool in direction finding.

The present paper shows a comparison between
the analytical solution [1] for the current distribution
around the antennaand anumerical solution based upon
the method of moments and the Pocklington’s equation
[2-4]. It will be shown that the numerical solution
provides areliable and faster solution which produces
excellent results compared with those of the analytical
one. Such comparison shows the goodness of using
the method of moments instead of the Fourier method
both in the mathematical formulation and the
computational procedure. Also, an objective expected

in this paper is to show that the numerical solution is
as good for linear structures as for curve structures
which implies that the mathematical model used is
suitable for arbitrary geometry wires.

2. ANALYTICAL SOLUTION FOR
CIRCULAR LOOP ANTENNAS

The antennato be analyzed is shown in Figure 1. It
is built of acircular ring of perfectly conducting wire
whichisfed by adeltagap generator 6 (¢) at ¢=0. The
radius of theringisA, that of thewirea. Inthisanalysis
itisassumed that the antennadimensions are electrically
small compared with the wavelength in the medium so
that:

a’< A, |kal<1 D
where k=5—j o is the complex propagation constant of
the medium; when the medium is air, =0,

B = o ue, =27/ A . Inthispaper the analysiswill be
carried out for air.
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The boundary condition E=-Vé (¢)/A around the
antennaallowstheformulation of theintegral equation
for the current 1(¢). The delta gap generator makes
possible that the electric field existsonly at ¢=0where
it becomes infinite, and E =0 elsewhere. The electric
field isrelated with the generator’svoltage V in such a
way that:

j E,Adp =-V )
I1@)
24 s
Delta gap
generator
Za

Fig. 1 Circular loop antenna

For getting the integral equation we make use of
the electromagnetic potentials A and @ on the surface
of the wire:

Vé(p) 1oo .

== jwA,
A pa¢l 3

The scalar and vector potentials are defined as
follows:

T

@ = a(¢" )W(ep-9')de’
e | AW o0) .

A, :Z—Oj | (¢ )W (p—¢')cos(p—¢')de'

”—ﬂ'
where the kernel is:
' 1 V4 e—jkAR
W(p-¢ )=2—ﬂf ——dy
- (5)

weafer( =53 o (2

The relation between the current [(¢) and the
charge q(¢) is expressed by the equation of continuity:

10 (p)
A oy H1®0(0)=0 (6)

which yields the following integral equation for the
current in the loop:

Vé(p)=
(go) 4 °. kA 0

W(p-¢" )l (¢")do', &=t/

o tlia 1 62}
.[ cos(p—o')+ @)
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The solution for this equation is obtained by
expanding both the kernel and the current inits Fourier
series.

)= i K g ™Moo
K, _1 TW(qo—qa')eim(’”"”')dga
27
p)=Y1,e"
1 :O

lo=—= | I(¢")e"™ do'
2r °,

(8

The substitution of Egs. (8) into Eq. (7) leaves the
integral equation in the form:

lgozanjejnww)| d

:J—?JZanlne—w ©)
kA n?
a, = E(Km—l + Kn—l)_a Kn

which is a Fourier series with the coefficients
j&oanl /2 which are evaluated in the common way:

i%at, 17 ino v
250%In _ 2~ [y -
2 2;;_[[ d(p)etdp =5

—jv (10)
goa,

therefore the desired solution for the current distribution
is

n

! :“V(i+2m mw] 11
((0) G \ & le a, (D
In spite of the ssimple form in the solution of the
current distribution, the evaluation of the coefficients
a, entails mathematical difficulties. There have been
researchers interested in obtaining reliable
approximations for K, which isthe mgjor difficulty in
the analysis of the circular loop antenna; among them
the most important are Hallén [5], Storer [6], Wu [7]
and Watson [8]. The last two have created a procedure
which produces good results for a great range of the
parameters involved. The results are the following:

1, 8A 1%
K, = ”I ?——O[Q (X)+ j35(x) Jax
1 na na
- a4 - 12
o =2 16 212, 12)
12kA

- .[ [ 2, (X)+ 35, (%) ] 0

where €, are the Lommel-Weber functions:
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.Qm(x):%jfsin(xsine—rrﬁ)de (13)

and J,, are the Bessel functions, 15 and %y are the
modified Bessel functions of the first and second kind,
respectively, and C,, are defined as:

Co=r-23 (2me1) 4in(an) (14

where =0.5772... is the Euler-Mascheroni constant.
Although the solution provides an analytical expression,
the evaluation of each K, involves the calculation of
several functions, integrals and sums which leads to
computational difficulties, which are increased by the
number of termsin the expansion (11). In thisway the
numerical solution shown next provides asimpler way
for finding the current distribution with less
computational effort.

3. NUMERICAL SOLUTION FOR THE
CIRCULAR LOOP ANTENNA

The numerical solution is based upon the well
known Pocklington’'s eguation [2-4] for wires with
arbitrary geometry:

P ds' (15)
where Ed is the tangential impressed electric field on
thewire'ssurfaceand s, s, arethe arc length along the
axis and current filament, respectively. The wire's
geometry is expressed by the dot product ses', where
s(s) isthe unit tangential vector for the wire's axis and
S (S) isthe unit tangential vector for the parallel curve
which represents the current filament, as it is shown
in Figure 2. The equations which describe the antenna
geometry are the following:

. pe e—jk|r—r'|
El=—d [1(s) Kises+ 2 |&
° a)g£ (s){ e }47r|r—r‘|

r(s)= Acos(%ji + Asin(%}j +ak

r'(s)= Acos(%}i + Asin %}j+ak

(s)= —Sin(%Ji +COS(TSJ j (16)

s‘(s‘):—sin(%JHcos(%Jj

The numerical solution consists in the application
of the method of moments which expands the current
asaseries of N basis functions, where the coefficients
of such a series must be determined:

1(s) =2 cla(S) (17)

P
Fig. 2 Circular 100p antenna and 1ts assocliated Vectors

By substituting Eq. (17) into Eq. (15) it results in
one equation with N unknowns:

ds'

. pe e—jk|r—r'|

EL=—LSc[1,(s) kses LA

° ZC”!. ”(s){ > s+asas‘}47r|r—r‘|

(18)

The coefficients c,, are obtained by building a set of

N linear equations from Eq. (18) by taking the inner
product with a set of N weighting functions wy(S):

.[megds:—a)i;ian'ijln(s‘)-

P —jk|r7r'|
| k?ses'+ 0 € dsds
0s0s' 47r|r—r‘|
m=1,2,--,N (19)

The set of linear equations could be expressed in
matrix form as follows:

Zu le ZlN ¢ Vi
Z Z Z \

31 22 2 N G _ 2 (20)
ZN 1 ZN 2 ZNN Cn Vn

[Zim](C0) = (V)

where the matrix’'s elements are expressed as:

i . , . 2 e—jklr—r'l .
Zn‘n = J.ijln(s )|:k SeS + 6sas'j|mds ds

s s

(21)

The basis functions used in this paper are pulse

functions and the employed weighting functions are

Dirac’s delta functions, in order to model a delta gap

generator which fed the antenna. |n thisway the matrix
elements (21) become:

. Py —jk|r7r'|
Zrm=—ij. Kses+—2_ |8 _gs
we 3, 0s0s' 47r|r—r'|
=5
v - V/A s=s,
" 10  dsewhere (22)
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where A isthelength of asegment in which the antenna
is divided. The numerical solution for the current is
given then by:

(6)=[Zm] " (Va) (23)

4. NUMERICAL RESULTS

The method of moments procedure was
programmed in order to reproduce the results obtained
by King [1] for severa circular antennas. The results
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obtained agree with those shown by him. The following
plots, Figures 3 to 8, represent the rea and imaginary
parts for the current distribution along the length of the
antenna. The antennas were fed by adeltagap generator
with 1 V amplitude which is working at 1 GHz Each
antenna was divided into 149 segments. The wire's
radius of each antennais determined by the relation:

2 Aj

with ©2=10 for each one.
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Fig. 3 Current distribution for kA=0.1
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Fig. 4 Current distribution for kA=0.2
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Fig. 5 Current distribution for kA=0.3
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Fig. 6 Current distribution for kA=0.4
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Fig. 7 Current distribution for kA=1

The comparison between the analytical and these
numerical results can be done in the origina results
given by King in Ref. [1] on p. 468-469, Figures 11.4
a,b. The results presented here agree correctly with
those presented by him.

5. CONCLUSIONS

Although the analytical analysis provides a
mathematical tool for the electrical behaviour in the
circular loop antenna, it has shown to be difficult for
developing its algorithm computationally. Mainly it is
due to the intricate shape for the coefficients K, which
involves the calculation of several Bessel functionsin
its different forms. However it is necessary to say that
although Eq. (12) provides a mathematical formulafor
each K,,, such a formula still is an approximation for
the correct value of each coefficient.
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Fig. 8 Current distribution for kA=2

The numerical choice presented here solves the
complexity associated with King's algorithm in away
that Pocklington's equation represents correctly the
circular loop antenna. The method of moments brings
a suitable solution for the integral equation which
modelsthe current distribution in the antenna, providing
amatrix solution which can be easily programmed with
the aid of the standard algorithms for sets of linear
equations. Although the obtained solution is an
approximation for the current distribution, its exactness
can be increased by the way the number N of segments
is increased.
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NUMERICKI PRISTUP KING-OVOJ ANALITICKOJ STUDIJI ZA KRUZNU ANTENU

SAZETAK

U ovom radu prikazana je numericka tehnika za proucavanje kruznih antena koja se temelji na Pocklington-ovoj

jednadzbi i metodi momenata. Pokazano je da se tako dobivena distribucija struje u potpunosti slaze s odgovarajucéim
analitickim rezultatima koje je postavio King.

Kljuéne rijeci: kruzna antena, metoda momenata, Pocklingtonova jednadzba.
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