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Ruder Bošković Institute, POB 1016, 41000 Zagreb, Croatia

Received 19 November 1993

UDC 539.186

Original scientific paper

We study the squeezing properties of the Jaynes-Cummings model with the q-
-intensity-dependent coupling interacting with initially q-deformed coherent radia-
tion. We observe strong squeezing for small positive and small negative q values. If
q ≈ 1 or > 1, squeezing is very weak.

1. Introduction

The Jaynes-Cummings model (JCM) [1] of a single two-level atom interacting
with a single mode of the quantized radiation field in the dipole and rotating-
wave approximations has been the subject of many recent investigations [2] in laser
physics and quantum optics. It has been observed [3] that the long-time behaviour
of the model is very sensitive to the statistical properties of the radiation field
in the initial state, revealing a number of unexpected pure quantum features of
the model [2-4]. For example, the mean photon number exhibits quasi-periodic
collapses and revivals. The dynamics predicted by the model has been supported
in experiments with Rydberg atoms in high-Q microwave cavities [5].

Recently, there have been several generalizations of the JC Hamiltonian in which
the interaction between the atom and the radiation field is no longer linear in the
field variables. These are the JCM with the intensity-dependent coupling [6-9] and
the multiphoton generalization of the JCM [10-12].

The squeezing properties of the JCM have been investigated by many aut-
hors [8,10,11,13,14], in particular after it has been possible to produce a squeezed
electromagnetic field in the laboratory [15]. States containing a large amount of
squeezing can be obtained from the JCM with the intensity-dependent coupling
and with the multiphoton-transition mechanism. Theoretically, it has been recog-
nized that squeezing states can be constructed as generalized coherent states using
group-theoretical methods [16]. One of such generalizations is the conjecture [17]
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that quantum-group coherent states [18,19] are natural candidates for describing
squeezing states of matter.

The aim of the present paper is to investigate the squeezing properties of the
JCM with the intensity-dependent coupling characterized by an additional param-
eter q. It is equivalent to the JCM in which the creation and annihilation operators
of the radiation field are replaced by q-deformed-oscillator operators [19]. The case
q = 1 corresponds to the standard JCM.

2. The q-deformed JCM

The Hamiltonian of the deformed JCM (DJCM) is of the form

H = ω0σ3 + ωNA + g(A†σ− +Aσ+), (1)

where σ3, σ± are the standard pseudospin atomic two-level transitions operators
([σ+, σ−] = 2σ3 , [σ3, σ±] = ±σ±). The operators A and A† are constructed from
the single-mode field operators a, a† and N ([a, a†] = 1, [a,N ] = a, N = a†a). In
the case of intensity-dependent coupling, the operators are

A = af(N) = f(N + 1)a,

A† = f(N)a† = a†f(N + 1),

NA = N,

(2)

where, generally, f(N) is an arbitrary real function of N . These operators satisfy
the deformed-oscillator commutation relations:

[A,A†] = [N + 1]− [N ],

[A,N ] = A,

[A†, N ] = −A†,

(3)

where

[N ] = Nf2(N).

The q-deformed JCM, (DJCM)q, is obtained when we choose

[N ] =
1− qN

1− q
. (4)

There are also other possibilities [9]. The operators A and A† then satisfy the fol-
lowing q-deformed commutation relations:
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AA† − qA†A = 1, q ∈ R,
or

AA† −A†A = qN .
(5)

The time-evolution operator U(t) = e−iHt for this case was found in Ref. 19,
where the time behaviour of the mean photon number n(t) ≡

〈

ψ(t)|a†a|ψ(t)
〉

and
the population inversion 〈σ3(t)〉 ≡ 〈ψ(t)|σ3|ψ(t)〉 were investigated for different
values of the deformation parameter q.

3. Squeezing

The squeezing properties of the radiation field are usually studied by introducing
two Hermitian time-dependent quadrature operators:

a1 =
(

aeiωt + a†e−iωt
)

/2,

a2 =
(

aeiωt − a†e−iωt
)

/2i,
(6)

satisfying [a1, a2] = i/2. The corresponding uncertainty relation is (∆a1)(∆a2) ≥
≥ 1/4, where variances (∆a1,2) are defined by (∆a1,2)

2 =
〈

a21,2
〉

− 〈a1,2〉2. A state
of the field is considered squeezing if either (∆a1) or (∆a2) are smaller than 1/2.

Let us define the relative variances with respect to (∆a1,2)coh = 1/4:

S1,2(t) = 4(∆a1,2)
2 − 1. (7)

The squeezing condition becomes

Si(t) < 0, i = 1 or 2. (8)

In terms of the photon operators we have

S1(t) = 2
〈

a†a
〉

+
〈

a2
〉

e2iωt +
〈

a†2
〉

e−2iωt −
(

〈a〉 eiωt +
〈

a†
〉

e−iωt
)2
, (9)

and similarly for S2(t).

The matrix elements of the operators a, a2, a†a, . . . are calculated using the
wave function |ψ(t)〉 = U(t)|ψ(0)〉 with a given initial state

|ψ(0)〉 =
∞
∑

n=0

Qn |n〉 |ψatom(0)〉 , (10)

where |ψatom(0)〉 denotes the atom in the ground state |−〉 (σ−|−〉 = 0) and |n〉
denotes the normalized Fock states of the operators A, A† [19]:

|n〉 = (A†)n
√

[n]!
|0〉 , A |0〉 = 0, (11)
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črnugelj, martinis and mikuta-martinis: squeezing properties of the. . .

with [n]! ≡ [n][n − 1] . . . [1] and [0]! = 1. The initial distribution of A quanta is
assumed to be a deformed Poisson distribution [19]:

|Qn|2 = | 〈n|α〉 |2 = eA
(

|α|2
)−1 |α|2n

[n]!
, (12)

where α = |α|eiφ and eA(x) is the deformed exponential function:

eA(x) =

∞
∑

n=0

xn

[n]!
. (13)

Note that the mean number of A-quanta at t = 0 is

n = |α|2 e
′
A

(

|α|2
)

eA (|α|2) . (14)

Introducing the notation 〈a〉 = e−i(ωt−φ)A1(t),
〈

a2
〉

= e−2i(ωt−φ)A2(t) and
〈

a†a
〉

=
= A0(t), we obtain

S1(t) = 2[A0(t)−A2(t)] + 4 cos2 φ[A2(t)−A2
1(t)],

S2(t) = 2[A0(t)−A2(t)] + 4 sin2 φ[A2(t)−A2
1(t)],

(15)

where in the resonant case ω0 = ω:

Fig. 1. Behaviour of S1(t) and S2(t) as functions of the phase φ of α for |α| = 2,
q = 0.9 at t = 0, 1 and 2.
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Fig. 2. Time evolution of S1(t) for |α| = 0.8 and φ = π/2. The various curves

correspond to q = −0.2, 0.2 and 0.9.

Fig. 3. Time evolution of S1(t) for φ = π/2 and different |α| and q values.
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A0(t) = n(t)

= n−
∞
∑

n=0

|Qn|2 sin2
(

gt
√

[n]
)

,

A1(t) = |α|
∞
∑

n=0

|Qn|2
√

[n+ 1]

[√
n sin

(

gt
√

[n]
)

sin
(

gt
√

[n+ 1]
)

+
√
n+ 1 cos

(

gt
√

[n]
)

cos
(

gt
√

[n+ 1]
)]

,

A2(t) = |α|2
∞
∑

n=0

|Qn|2
√

[n+ 1][n+ 2]

[

√

n(n+ 1) sin
(

gt
√

[n]
)

sin
(

gt
√

[n+2]
)

+
√

(n+ 1)(n+ 2) cos
(

gt
√

[n]
)

cos
(

gt
√

[n+ 2]
)]

.

(16)

The dependence of the functions S1,2 (t = 0, 1, 2) on the phase φ of α is shown
in Fig. 1. We observe that the maximum squeezing for S1(t) can be obtained for
φ = π/2. The time evolution of the function S1(t) for φ = π/2, |α| = 0.8 and
different values of the deformation parameter q is shown in Fig. 2. We see that the
initial squeezing disappears quickly for q& 1, whereas it oscillates for q small or
negative. In Fig. 3 we show the time behaviour of S1(t) for |α| = 2 and 5, φ = π/2
and q ≈ 1. We conclude that squeezing is rather weak if q ∼> 1. For small positive
and negative q values, large magnitudes of squeezing are obtained. We expect that
the long-time behaviour of S1(t) will be characterized by recoveries of squeezing at
least for small q values.
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SVOJSTVA STJEŠNJAVANJA q-DEFORMIRANOG
JAYNES-CUMMINGOVOG MODELA

JOSIP ČRNUGELJ, MLADEN MARTINIS i VESNA MIKUTA-MARTINIS

Institut “Ruder Bošković”, 41000 Zagreb

UDK 539.186

Originalni znanstveni rad

Proučavana su svojstva stješnjavanja Jaynes-Cummingovog modela s vezanjem
ovisnim o intenzitetu i parametru q, u medudjelovanju s početnom q-deformira-
nom koherentom radijacijom. Opaženo je jako stješnjavanje za male pozitivne i
male negativne vrijednosti q. Ako je q ≈ 1 ili > 1, stješnjavanje je vrlo slabo.
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