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Using a recently derived form of the Green function for a multilayer, a compact and
transparent framework for consideration of nonlinear processes in layered systems is
developed within the approximation of undepleted fundamental waves. The theory
is particularly suitable for the analysis of cavity (multiple-interference) effects on
nonlinear light generation in multilayers and planar cavities. This is illustrated by
considering harmonic generation from a nonlinear slab embedded in a multilayer
and briefly discussing cavity effects in such systems.

1. Introduction

The interference of multiply reflected light in a (nearly) transparent layer may
cause large variations of an optical-signal intensity with layer thickness, light fre-
quency and its propagation angle. This is well known in Raman spectroscopy of
reflecting substrates overlaid by dielectric layers [1]. Recently, the same effects have
also been observed in second-harmonic generation (SHG) from similar systems [2—6]
and, clearly, should be observable in other nonlinear processes. From a more fun-
damental point of view, these multiple-interference phenomena can be considered
as a manifestation of the weak ”quantization” of the electromagnetic field confined
in a low-finesse cavity formed by the substrate and the overlayer-air interface as
the second mirror. Thus, whenever a light wave involved in a process happens to
coincide with a resonant mode of such a cavity, an enhanced signal intensity (cross
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section) is obtained. This, quantum-optical point of view is very useful when dis-
cussing multiple-interference effects in more complex systems. In quantum optics,
the use of a resonant cavity for enhancing the nonlinearly generated signal is an
old idea. For example, in the search for efficient monolithic harmonic generators,
considerable attention has recently been paid to cavity-embedded semiconductor
multilayered systems [7—10].

To describe nonlinear light generation in a multilayer properly, one must account
for all reflections of all waves involved in the process. Within the approximation
that fundamental waves are essentially unaffected by the nonlinear interaction, this
is usually done by calculating the relevant fields using the transfer—matrix method
[11] or, mostly for lower layered systems, using the Green-function formalism [12].
Very recently a combination of these two approaches has been proposed in which the
Green-function technique is used to obtain generated field in a nonlinear layer from
given fundamental fields, whereas wave reflections are accounted for by means of
the transfer-matrix method [13]. In this work we reconsider the theory of nonlinear
processes in lagered systems and develop a compact and transparent formalism for
calculating generated fields. It is based fully on the Green-function method and
a recently derived compact form of the Green function for an arbitrary multilayer
[14]. Since the Maxwell boundary conditions are already built in the Green function,
the total field generated in a nonlinear process is obtained in this framework by an
(elementary) integration. In this way, one avoids a rather cumbersome matching of
the bound field and the free field necessary in the transfer-matrix method [11] or
matching of the self-field and the additional field necessary in the combined method
[13]. Furthermore, the Green function employed is expressed as a dyadic formed by
the electric-field functions of the waves incident on the system that already account
for multiple wave reflections by means of the generalized Fresnel coefficients. Since
these same field functions enter into the expression for nonlinear polarization, this
approach leads to a compact and transparent analytical result for the field generated
in an mth-order wave-mixing process in a multilayered system involving the relevant
Fresnel coefficients as input parameters. The problem of calculating the generated
field therefore reduces effectively to the problem of calculating the transmission and
reflection coefficients of the corresponding stacks of layers, that is, to a standard
problem in optics of multilayers. This makes the theory particularly convenient for
the analysis of cavity (multiple-interference) effects on nonlinear light generation in
multilayers and planar cavities. As an illustration, we consider harmonic generation
from a nonlinear slab embedded in a multilayer and briefly discuss cavity effects
in such a system. This system resembles the configurations of the novel solid-state
nonlinear cavities for harmonic generators [7-10] and is therefore of obvious interest
in spectroscopy of multilayers as well as in quantum optics.

2. Theory
2.1. Fundamental fields

Consider a multilayered system whose linear properties can be described by
the dielectric function e(r,w) defined in a stepwise fashion, as depicted in Fig.
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1. Denoting the (conserved) wave vector parallel to the system surfaces by k =
(kz, ky), the wave vector of an upward (downward) propagating wave in an [th
layer is written as K¥ = k + 3,2, where

Bl = k12 - k2 = ﬁll + iﬂlﬁa ﬁl/ Z 07 5;/ Z 07

ki(w) = \/6l(w)lz; = [m(w) + ik (w)]k = nl(w)ﬁ;, (1)

with 7, and x; being the refractive index and the extinction coefficient of the layer,
respectively, and k = w/c. For a transparent layer (k; is real), propagating waves
(k < k;) may also be described by the corresponding propagation angles ¥;, so
that B, = kjcos?d;. With this notation, a ¢ = p- or a ¢ = s-polarized linearly
propagating plane wave incident upon the system from its upper (n) or lower (0)
side (assumed transparent) can be written in the form (the factor exp (—iwt) and
the added complex-conjugate field are understood)

El”cqinc(r,w) = Sg(k,w; z)quik'p7 v=nmn, 0, (2)
where p = (z,y) and E, is related to the intensity of the beam. In a representation

in which 0 < z < d; in an [0, n layer, whereas —oco < z < 0 in the bottom (0) and
0 < z < oo in the top (n) layer, the functions £} are given [14]

t4 leiﬂzdz < _
SZZ(O) (k,w;2) = “—r i E,(k,w;z), Dy=1- r?frﬁemﬁ’d’,
q
< . .
Eq>l(k,w;z) = éqﬁeﬂﬁ’z* + Tijé;tlelﬁlzi .=z, zy =d; — 2,
N 1 Ao ~o
én (k) = E(ﬁ;k +kz), éi(k)=kx 2, (3)
for [ = 0,...n. Here the upper (lower) sign corresponds to £ (521), é;tl are the

unit (complex) polarization vectors associated with the upward (downward) propa-
gating wave in the [th layer, whereas ti(o)/l and 1}, = r?/n(o) are, respectively, the
transmission and reflection coefficients of the upper (lower) stack of layers bound-
ing the layer [. For the outmost layers, I = n (0), one must let ¢ (tg/o) =1 and

n/n
dy, (do) =0 in Eq. (3) since these quantities appear only formally. Also, obviously,
rl, =0and r{_ = 0. The remaining Fresnel coefficients satisfy
1 . Bi
q _ ' g 4q iBjd; _ Pig
ik = D tiitie T = Bktk/j/i7 (4a)
qj
(4)
1 .
g __1 .4 q 19 _ .49 .4 \.49 2if;d;
Tiritk = Dg; (Tirs + iyitise = Tipstipipe J} ’ (46)
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and, for a single i — j interface, reduce to t{; = |/v/;(1 +r{;) and r{; = (8; —

vi585)/(Bi + 75 B;), where ~j; = e;/e; and vf; = 1, respectively. They can be
calculated by using the above recurrences or by using any other suitable algorithm,
e.g., the transfer matrix—method.

£ X(T)(z) d 1

Fig. 1. System considered schematically. e, = n} are the (complex) dielectric func-
tions of the layers. Except the bottom or the top layer, all other layers may, in

principle, be nonlinear with the susceptibilities X( )( ).

2.2. Nonlinear polarization

Assuming that fundamental waves propagate essentially linearly and using Eq.
(2), one can write the polarization leading to an mth—order nonlinear process as
(15]

PV (r,w) = P (k,w;2)e™ P, w =" (+w;), k=) (+k)),
i=1 i=1
P (k,w;2) = X" (2) : (€4 (kiywis 2) By )™ (5)
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where x(") is the corresponding susceptibility tensor. Here we have used the nota-
tion [E;]™ = E1(E7) ... Em(E},), where EF appears with the —w; term. Similarly,
for scalar quantities we write [a;]™ = a1(a}) ... am(ak,).

2.3. Generated field
Using Eq. (5), the generated field in the system is given by [12]

E(r,w) = kP (%)2/dz’8(k,w;z,z’) P (k,w; ), (6)

with 8(k, w; 2, 2") being the appropriate Fourier transform of the Green function
for the system. G(k,w;z,2’) is represented by the elements 8(k,w;lz,l’z’) that
relate the field at a plane z in an Ith layer with the polarization at a plane z’ in an
I'th layer. It can be expressed in terms of the functions £ (k,w; 2) and £, (—k,w; 2")
as [14]

4,
8(k,w; Iz,I'2) = —k—?zzé(z — 2o + Z 8{1 (k,w;lz,0'2"),
9=p,s
2
gf] (k,w;lz,0'2") = 6“ & (€2 (k,w; 2)Em (—k,w; 2)0(1z — ')
n O/n
+E0 (k,w; 2)Egy (—k,w; 2)0(I'z" — 12)] (7)

where 0(lz = I'2') = 0(z — 2/) for = 1" and 0(lz — I'z") = 6(l = ) for I#l’, and
&, = 1 whereas & = —1. Egs. (5)-(7), therefore, give the generated field in a simple
form in the entire system. Considering the field E¥ °* in the external layers (v = n
or v = 0), one finds

; 2
B out(r’ o.)) — 61 2 i Z fq
q=p;s
x Z/dz —k,w; Z) (m)( ) [SM (kivwi;z/)EQi]mv (8)
O]
where the upper (lower) sign corresponds to E™ ©4* (E®°u). The intensity I, g of

the g-polarized generated wave in the vth region is given by the corresponding
time-averaged Poynting vector. Assuming transparent external layers, this gives

IV (k,w) = (2£)er1 !
T e (1, (wi)]™ 1 (w) cos? 3,

|JVV1 “Vm
qq1

[I:]j: (kla wl)]m,
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Jupetm =3 / A2 €4 (~k,w;2') - (™ (') ¢ (€L (ks wi 2)]™, 9)
l
)

with IV = (¢/2m)ny,|Eq,|* being the intensity of the ith fundamental beam. In
the second factor here, we have used 3, = k, cos,, where 9,y < /2 is defined
relative to the positive (negative) z-axis (see Fig. 1) and, together with k = cos px+
sin py, describes the direction of the radiation at w. From k = k,(w)sin 191,12,
the angle 9, is related to the corresponding angles 9J,,; of the fundamental waves
k; = ky, (w;) sin 191,1.1'1;1'] through the generalized Snell law

k(W) sind, k = ky, (w;) sind,, (£k;). (10)
=1

Together with Eqgs. (3) and (6)-(9), this completes the description of a nonlinear
process in a multilayer for all combinations of fundamental- and generated-wave
propagation directions and polarizations.

2.4. Cavity effects

In addition to the polarization properties of the process, the effective suscep-
tibility J describes various effects coming from the structural and material prop-
erties of the system, e.g., excitation of local guided modes in the system, cavity
effects, etc. Focusing attention on cavity effects, we note that, according to Eq.
(3), the contribution of each layer to |J|* includes the function [t} /Dgl* for
each wave, that is, the response (Airy) function of a planar cavity [16]. Letting
i = &qlrly | exp (2i¢}, ), this function is transformed into the familiar form gener-
alized, however, for absorption in the system:

q q |2
tu/l|2 _ |tl//l|

YH(k) = .
(k) |Dql (1= |rfrf, lemeadi)2 4 4r] ], Jemond: sin?(Bld; + &)

q

(11)

Here a;(k) = 2]’ is the absorption coefficient of the cavity and ¢/ (k) = ¢}, + ¢/
the total half phase-shift of the cavity mirrors for a wave. Y] exhibits a resonance
whenever the cavity-mode condition

(bql(k‘)Eﬁl/dl-i-d)?:Mqﬂ', M,=0,1,..., (12)

is satisfied with the width of the resonance governed by the cavity finesse for the

mode [16] fqi(k) = (7/2)\/Fy, where Fy (k) = 4|r]_r, Je=®% /(1 — |r]_r], |emo1%)2,
Thus, any nonlinear layer that supports propagating (8, >> ;') waves may act

as a Fabry-Pérot cavity. Furthermore, according to Eq. (4a), the factor |t? /l|2 may

also exhibit the resonant structure of the form of Eq. (11) with a (nearly) transpar-

ent intermediate layer for a wave, so that any layer in the system may, in principle,

act as a cavity.
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3. Application: Harmonic generation

We illustrate the usefulness of this framework by considering harmonic genera-
tion (HG) from a nonlinear slab (I) embedded in a multilayer, as depicted in Fig.
1. We assume a single ¢’-polarized fundamental wave of the wave vector k and the
frequency w incident from the top (n) layer at an angle ¢,,. Adapting the notation
appropriately, one can write Eq. (9) as

2T m2w?
1Y = (S P
q c [nn}mnz(jn) cos2 ﬁl(lnz) aq q
dy
ai = / Az €4y (—mk,mw: ') ™ (') : (€ (k,w; 2)] ™, (13)
0

where the superscript (m) denotes quantities that describe the harmonic wave
(calculated at mk and/or mw). With v = n, this equation describes HG in re-
flection, and, with v = 0, HG in transmission. For nondispersive external lay-
ers, 98" = 9, and 9™ = arcsin[(n, /n\™)sin®,,], respectively. Specially, with
Enlk,wiz) = tZL/zé;l exp (—if;z) for the bottom layer (1), for a semi-infinite slab
one obtains

0
nn v " 1m —i(B™ tmp)z ¢ A A— 1m
Jim(o0) = £ ) / Qe B 4mBN g SlmIE (M 1y femm (14

Of course, as can be easily checked through Eq. (3), this result also emerges directly
from Eq. (13) in the limit d; — oco. Finally, with n — 0 in Eq. (13), this equation
gives HG intensity if the fundamental wave is incident from the bottom (0) layer.

The calculation of J;} demands knowledge of the function Xl(m) (z). In a phe-

nomenological model, Xl(m)(z) for a single-crystal slab is, in general, the sum of the

(constant) bulk susceptibility Xl(g) and the susceptibilities Xl(;ni) associated with

the slab surfaces. Assuming the surface polarization slightly inside the slab [4] and
using Eq. (3), one has

(T}%l)q q’/l "
v n
@ = D™ | Dy Jar Jaq = Is.q¢ + T qqrs
ql
TrO = G ES ke s dy) XD ¢ [P ES, (k,w; d)]™
S,qq’ T ql ) v 1) Xys, 1€ g I\ W5 ag

. m N i
A G (e, muws 0) - x5 ¢ [ E S (I wi 0)],

FIZIKA A 5 (1996) 3, 141-151 147



TOMAS: NONLINEAR LIGHT GENERATION ...

d,
. m < .
g0 = /dz’e‘ﬁz( )d‘gi(—mk,mw;z') Xip) [P E S (k,w; )™ (15)

B,qq’
0

<
With £(k,w;2) from Eq. (3), explicit results for J§ 4 can be written down
immediately for arbitrary m. Performing elementary integrations, one explicitly
finds for Jg ,, for example,

jn(O) — ei(ﬁz(m)-Fmﬁl)dl/le {i 7771! T @iﬁldl)t [Sin[ﬁlm) + (m - Qt)ﬁl]dl/Q
' t!

= t(m —1)! - (8™ = (m — 2t)8)dy /2

s rp(m)
(m)s iBl(m)dl Sln[ l + (m B 2t)ﬂl]dl/2 _f{ 2\ o (m) f{ ~1m 16
Ty e BT (m — 26)B)d /2 (kx2z)-xp :[kxz]™, (16a)

(m)
n i (m) m ﬁ m)s m " m © ~ATm
L) P A S PRI S
l
(mk) ] - [ s1m
+ ) {rl(;")s — rl(;n)p} Z - Xl(g) (ke xz]™, (16d)
l

where { } denotes the expression in the corresponding parenthesis in Eq. (16a).

Clearly, J, 1;,(5; consist of more similar terms with different components of Xl(gl).

We stress the generality of the above result within the assumptions made. Equa-
tions (13)-(15) fully account for all possible reflections of the fundamental and the
harmonic wave in an absorbing multilayer. It is worth noticing the appearance of
the phase-matching term in J;? (reflection case) and the reinforcement of the cor-
responding term in J, gq", (transmission case) as a consequence of wave reflections in
the slab [see Eq. (16)]. HG from a semi-infinite medium (the n — [ system ) or a
three-layer (n — [ — 0) system, frequently considered in the literature [2-6,11-13]
is described by these equations with the use of the corresponding single-interface
Fresnel coefficients and for appropriate m. Finally, when summing J; 7 for different
layers, Eq. (13) gives HG intensity from an arbitrary nonlinear multilayered system.

Application of the above result in spectroscopy of multilayers is obvious. Cav-
ity effects in the present case are described by the product n(lm)V[Yq’}l]m of the
Airy functions and, as mentioned, by a similar form arising in the product
|tff7l)q\2[|t2’ /l|2]m for any intermediate layer. Thus, looking, for example, at the vari-

ation of HG intensity with increasing slab thickness, one obtains a rather simple
pattern with maxima appearing whenever d; matches the cavity-mode condition,
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Eq. (12), either for the fundamental or for the harmonic wave. In the first case, an
enhanced HG intensity is given by

(m)ar~q" 1m q |2

| un/, 2 _ Gl’/l [G"/l] |\7u/|2 Gq — |tl’/l|

W R gin2 ) I T (1 i |emeadr)2?
q q

(17)

with fid; = Mym — ¢f +i(ay/2)d; in JY,. A similar result is obtained for the
harmonic wave coinciding with a cavity mode. In this case, however, HG intensity
should normally be smaller since Y (™) rather than Y™ is at a peak value. Of course,
it may happen that either because of the weak reflection or, more likely, because
of the strong absorption of a wave, one of the Airy functions becomes ineffective.
In this case, one observes variations of HG intensity governed by the parameters of

one beam only. All these characteristic cavity effects have been clearly observed in
SHG from supported thin films [2-6].

In quantum optics, the system considered represents a nonlinear cavity formed
by the two multilayered mirrors. Solid-state planar cavities of this form have re-
cently been employed as parts of various surface-emitting devices, e.g., a nonlinear
planar cavity may be integrated with a semiconductor surface-emitting laser to
form a monolithic surface-emitting harmonic generator [8-10]. When specified to
the k = 0 case (1], = &), this theory provides the theoretical background for
such a device. Thus, with the condition n;d; = (M — ¢;/7)\/2, Eqgs. (13) and (17)
directly give the power conversion efficiency (~ I;//[I};]™) of a nonlinear cavity
designed to resonate with the fundamental wave. Using Eq. (4a), the enhancement
factors GY /s are rewritten in the terminology of quantum optics as

Ul Ti
G = ) 18
v/t |2 (1 —/R_Rye )2 (18)

where Ry = |rix|? and Ty = (n,/m)|ti/,|? is the reflectivity and transmissivity
(from the cavity side), respectively, of the upper (lower) cavity mirror. According

to Eqgs. (3) and (15), the overlap integrals J,;, become

d;
Tot = / X -7, fe(z) = R [e7RE —nzehiz] L (19)
0
where y = (—q) - Xl(m) : [@']™, with q describing the polarization of a wave that

propagates in the z direction. For highly-reflecting (Ry ~ 1) cavity mirrors, the
approximation f+(z) ~ —2iexpli(kid; + ¢i5 )] sin(k;z + ¢y ) is appropriate. There-
fore, for a structured cavity described by an effective dielectric function g;, Eq. (19)
provides a simple recipe for quasi-phase-matching [17] in HG, which is the method
usually utilized for maximizing J, In semiconductor-based nonlinear cavities [7—-
10]. The conversion efficiency of a cavity designed to resonate with the harmonic
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wave [nl(m)dl = (M — qbl(m)/w))\(m)ﬂ], or with both the harmonic and the fun-
damental wave simultaneously, is given by Eqs. (13) and (17)-(19), with an obvious
modification of the denominator in Eq. (17).

4. Summary

In summary, we have developed a transparent general formalism for consid-
eration of nonlinear processes in layered systems. In this work we have specially
emphasized its usefulness in discussing cavity effects that may be observed or ex-
ploited in nonlinear spectroscopy of multilayers and quantum optics. Therefore,
attention has been paid to processes with unbound waves in a system. It should
be noted, however, that this theory also applies to nonlinear processes with guided
modes in a system mediated, e.g., by a prism coupler. To consider such a process,
one of the external layers in Fig. 1 should be regarded as the prism and its effect
can be easily analyzed using the properties of the generalized Fresnel coefficients.
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NELINEARNA GENERACIJA SVJETLA U VISESLOJNIM SISTEMIMA:
EFEKTI REZONATORA

Koriste¢i nedavno izvedeni izraz za Greenovu funkciju slojevitih sistema razvijen je
sazet i jasan postupak za proracun nelinearnih procesa u viSeslojnim strukturama.
Teorija je posebno prikladna za analizu efekta rezonatora (interferencije visestruko
reflektiranih valova) na nelinearnu generaciju svjetla u viseslojnim sistemima i pla-
narnim rezonatorima. To je ilustrirano razmatranjem procesa harmonijske gene-
racije svjetla u strukturama s jednim nelinearnim slojem te kratkom diskusijom
efekta rezonatora u takvim sistemima.
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