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We analysediffraction line profiles obtainedat the X3B1 National SynchrotronLight
Sourcepowder-diffraction beamline.Calculateddiffraction-linewidths arecomparedto
themeasurementsof a NationalInstituteof ScienceandTechnologyStandardReference
Material, LaB6. The discrepancy at high Bragganglesis probablycausedby the inade-
quateGaussianapproximationfor theDarwin width of monochromatorBraggreflection.
Theequatorial-slitwidth hasamajorinfluencenotonly onvertical(equatorial)divergence
but alsoon thecharacterof diffraction-lineprofilesat high angles.The least-squaresfits
of instrument-functiondeconvolutedtungsten-lineprofilesshow thata Voigt functionsat-
isfactorilymodelsphysicallybroadenedline profiles.

1NoncopyrightableU.S.governmentcontribution.
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1. Introduction

With the increasinguseof synchrotronsourcesin condensed-matterphysicsandma-
terials science,thereis interestto bettercharacterizesomeaspectsof X-ray diffraction
that arespecificfor the synchrotronradiationandfocusingoptics. In particular, precise
knowledgeof theangle-dispersivediffractionline-profileshapeis of utmostimportancein
X-ray powderdiffraction,especiallyin line-broadeninganalysis,Rietveld refinement[1],
andotherwhole-powder-patternfitting programs.In this regard,laboratoryX-ray sources
wereinvestigatedextensively, but synchrotronradiationremainsinadequatelycharacter-
ized.

Materialdefectscausediffractionline broadening.Synchrotronradiationis inherently
advantageouscomparedto laboratorysourcesfor line-broadeningstudiesfor many rea-
sons:naturallyhigh beamcollimationprovidesa superiorresolution,the wavelengthof
the monochromaticbeamcan be easily tuned,and line shapeis generallysimpler and
controlledto our preference.Most important,however, is thehigh resolution,that is, the
narrow instrumentalline profile impliesahighsensitivity to smallphysicalbroadening.

Theaim of this work is to analysethebasicaspectsof X-ray diffraction line profiles
obtainedwith synchrotronradiation.In particular, wefocusedonline shapecausedby both
instrumentalfactorsandphysicalorigins.

2. Experiment

Synchrotron-radiationmeasurementswere performedon the X3B1 beamlineat the
NationalSynchrotronLight Source(NSLS),BrookhavenNationalLaboratory. Thetriple-
axisparallelgeometryis definedby aSi channel-111-cutmonochromator, aflat specimen,
andaGe111-cutanalyzercrystal(seeFig. 1).

Fig. 1. Schematicview of X3B1 NSLSbeamlinein theequatorialplane:(M) channel-cut
monochromatorcrystal;(ES)equatorialslit; (S) flat-platespecimen;(A) analyzercrystal;
(D) proportionaldetector.

Diffractionlinesarebroadenedfor two reasons:Instrumentalcontributiong andphys-
ical (specimen)origins f (suchaspoint, line, andextendedlattice defects,small-angle
andlarge-angleboundaries,etc.).Theobservedline profile is a convolution of thesetwo
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effects:
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Here,x representsthedata-samplingvariable(eitherBraggangleθ or modulusof thescat-
tering vectorq � 2

�
sinθ � sinθ0 � 	 λ � , whereθ0 correspondsto the diffraction-linecen-

troid). Both wavelengthdistribution Ω and geometricalaberrationsϒ contribute to the
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To obtainmicrostructuralparametersof thespecimen,thephysicallybroadenedprofile

f mustbeextractedfrom theobservedprofile h providedthattheinstrumentalprofileg is
calculatedor measuredprior to thedeconvolution.Measurementsareperformedonasuit-
ablespecimenthatshowsminimalphysical(structural)broadening,suchasNIST Standard
ReferenceMaterial(SRM)LaB6. Both laboratoryandsynchrotrondiffractionline profiles
arecloselyapproximatedwith theVoigt functionor its pseudo-Voigt andPearson-VIIap-
proximations[2]. To comparemeasuredand calculatedinstrumentalprofiles, we shall
review the overall effectsof geometricalaberrationson the synchrotrondiffraction-line
shape.

3. Synchrotrondiffraction-lineshape

Most of the diffraction line-profile modelsrely on a studyof Caglioti, Paoletti, and
Ricci [3] thatwasdevelopedfor neutrondiffractionandlater adaptedto thesynchrotron
case[4]. Basicstudiesof synchrotronpowderdiffractionwereundertakenby Cox et al.
[5], whoalsogaveacomprehensivereview of thefield [2].

The main equatorialinstrumentalfactorsaffecting the diffraction-lineprofile canbe
summarizedasfollows:

(i) Sourceheight(verticalangulardistribution of thepolychromaticbeam)is approxi-
matedwith theGaussianfunctionat thebendingmagnet.It dependson storage-ringelec-
tron(positron)relativistic factorγ, photonenergy ε, andthecritical photonenergy εc (5.04
keV atNSLS):

gS
�
z�
� exp

� � 4ln2z2

FWHM2
φ ��
 �

3�
wherethevertical(equatorial,for it is in thescatteringplane)divergenceis

FWHMφ � 1 � 331
γ
�
εc 	 ε � 0� 425; γ ��� 1 � � v	 c� 2� � 1� 2 � E 	 � m0c2 � � �

4�
Here,v
 E andm0 aretheelectron(positron)speed,energy, andrestmass,respectively, and
c is thespeedof light.
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(ii) Slit width a:

gES� z����� 1 � z� � a� 2
0 � z� � a� 2 � 5�

(iii) Monochromatorand analyzer (perfect) crystal normalized Darwin Bragg-
reflectionshape[6] (rockingcurve):

gM � A � z��� s2�
z  � z2 ! s2 � 1" 2 # 2 $ � 6�

Here,sdefinestheregion for a perfectreflection(withoutabsorption)from acrystal.
Themostimportantaxial aberrationis a divergence,which causesasymmetryat low

angles.This effect mustbemodeledseparatelyandwill not be treatedhere.For a math-
ematicalmodel to correctthe line profiles for axial divergenceseethe recentpaperby
Finger, CoxandJephcoat[7].

Fig. 2. Full width athalf maximum(FWHM) Γ of split-Pearson-VIIfuntionsfit to theline
profilesof LaB6 (full squaresanddiamonds).Differentbroadeningcontributionsto (10)
arepresentedwith lines.

The total diffraction-lineprofile resultsfrom a convolution of all the contributions,
which hasto becalculatednumerically. However, for mostpurposes,a simpleestimation
of linewidthsasafunctionof diffractionanglemaysuffice.Wavelengthdispersionfollows
from theBragglaw:

∆λ � λ � � ω2
M % ω2

A % FWHM2
φ � 1" 2cotθ $ � 7�

Here,theshapeof Darwin–Braggreflectionis approximatedwith theGaussianfunction.
ωM andωA designatemonochromatorandanalyzer-crystalDarwin widths.They depend
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on thestructurefactor, polarization,absorption,andtemperature(seefor instanceWarren
[6]).

To recognizetherelative importanceof variouscontributions,weestimatetheangular
resolutionat theX3B1 NSLSbeamlinewith 8 keV photonenergy, that is, approximately
at theCuKα wavelength:

FWHMφ & 2 ' 5 GeV( 8 keV)
* 0 ' 0190+ ; & 8)
ωM & 111Si( 8 keV)
* 0 ' 0021+ ; ωA & 111Ge( 8 keV)�* 0 ' 0045+ '

It seemsthatDarwin widthsof bothanalyzerandmonochromatorcrystalsmake a minor
contribution andcanbeneglectedin thefirst approximation.However, this largea diver-
gencewouldyield verypoorresolution(seeFig.2) andit mustbecontrolledby thenarrow
equatorialslit in front of thespecimen.TheFWHMφ yieldstheheightof thebeamat the
slit positionof about4.5mmfor theX3B1 beamline(ring–slitdistanceis 13.7m). Usually,
at leastthreetimesnarrowerslit hasto beusedto improvetheresolution.For instance,we
collectedthe LaB6 dataat 0.130049(3)nm with 0.75 mm equatorial-slitwidth (Fig. 2).
Line profileswerefitted with a split–PearsonVII function to modelthepeak-asymmetry
effects.Themainpeak-widthcontributionsarethen

φV * 0 ' 0031+ ; & 9)
ωM & 111Si ( 9 ' 54keV)�* 0 ' 0015+ ; ωA & 111Ge( 9 ' 54keV)�* 0 ' 0032+ '

Here,theverticaldivergenceφV is definedby theequatorialslit. Certainly, themonochro-
matorandanalyzerDarwin widths becomesignificantfactors.To calculatethe FWHM,
weusetheexpressionof Sabine[4]:

Γ2 * φ2
V , 2tanθ

tanθM - tanθA

tanθM . 1/ 2

. ω2
M , 2tanθ

tanθM - tanθA

tanθM - 1/ 2 . ω2
A & 10)

. & w2
ES . w2

RS0 D2
SR) 0 12'

Here,we addtheinfluenceof specimensize(which approximatelyequalstheequatorial-
slit width wES) andreceiving-slit width wRS (it canbeneglectedwhentheanalyzercrystal
is used),whereDSR is thespecimento receiving-slit distance.

In Fig. 2 we plot threecurves: theequatorialdivergencetermgivenby FWHMφ, the
first termof (10), andall termsof (10). Themonochromator-relatedwavelength(energy)
dispersionhasa major influenceat high diffraction angles,but the analyzeras well as
slit contributionsarequitesmall,exceptat low angles.Thefit is satisfactoryup to about
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2θ 1 1102 . At high angles,(10) may be inadequatebecauseit assumesthat the trans-
missionfunctionsof all opticalelementsthatcontributeto broadeningfollow a Gaussian
distribution. That may be a fair approximationin neutron-diffractioncase,but certainly
not for synchrotron-radiationdiffraction,whereprofileshaveasignificantLorentziancon-
tribution. To furtherexaminethis matter, in Fig. 3 we show theVoigt-functionfits to the
LaB6 line profilessothatLorentzianandGaussianpartsareseparated.FromFig. 2 is evi-
dentthatthemajorinfluenceonpeakwidth comesfrom the equatorialdivergenceof the
beamand

Fig. 3. Lorentz- (βL) andGauss-(βG) integral breadthsof the Voigt-functionfits to the
LaB6 line profiles.Thedatawerecollectedat0.130049(3)nm: (a)0.75mmequatorialslit;
(b) 0.25mmequatorialslit.
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wavelengthdispersionat the monochromator. Although the equatorial-beamdistribution
(3) mayhaveasubstantialLorentziancontribution,whichwouldcausediscrepancy atlarge
angles,thelattereffect is dominantat largeranglesfor this monochromator(channel-cut)
configuration.It is likely that long tails of theshapeof monochromatorBraggreflection
(see(6)) contributesubstantiallyto thepeakwidth andarevisible asa Lorentzianpartof
fitting Voigt or a similar function.This is confirmedby themeasurementswith narrower
equatorialslit (0.25 mm), presentedin Fig. 3b. The obvious differencefrom measure-
mentswith the 0.75mm slit (Fig. 3a) is a dominantLorentziancharacterof the profiles
at largeangles.Therefore,a wider equatorialslit hasaneffect of cuttingoff thelong tails
characteristicof the reflectionfrom themonochromator. This effect maybemoresignif-
icant in constant-wavelengthneutrondiffraction,wherewider slits mustbeusedbecause
of generallypoorbeamintensities,resultingin predominantlyGaussianpeaks.

Fig. 4. The LaB6 line profile (Braggreflectionsfrom the (843), (922), (850) and(762)
planescoincideat this diffraction angle)recordedat 0.069839(2)nm with the 1.5 mm
equatorialslit.

How slits canaffect the line profilesis illustratedin Fig. 4. Themeasurementof the
LaB6 reflectionwasmadewith 1.5mm wide equatorialslit. Thepeakhastheappearance
of a“super-Gaussian”.It is clearthatthesourceheight(3) is modulatedby theslit function
(5). Theresultingprofile is a convolution:

gS 3 gES 4 a5 267 a5 2 exp8 9 b2 : x 9 z; 2< dz 4>= π
2b
8 erf : ba

2
9 bx; ? erf: ba

2
? bx; < @A: 11;

where

b2 4 4ln2

FWHM2
φ B : 12;
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If theslit width a is smallerthantheFWHMφ, theprofile staysapproximatelyGaussian,
but thereis a lossof integratedintensity. If theslit width is increasedsubstantiallyoverthe
FWHMφ, (11)approachestheconstantvalueof C π D b, thusmakinga rectangular-likepro-
file shape.However, thereis anadvantagein a substantialincreaseof integratedintensity
thatmayoutweighthedrawbacks.Moreover, if thespecimenshows evena smallamount
of physicalline broadening,the“super-Gaussian”line shapewill not beobviousbecause
thephysicallybroadenedline profilewill smearit out.

4. Physicallybroadenedline profiles

From(1), it follows thatdeconvolutioncanbeperformedin termsof complex Fourier
transformsof respective functions:

F E nF
G H E nF
G E nFIH E 13F

The inverseFourier transformgivesa physicallybroadenedline profile by a summation
overall theharmonicnumbersn:

f E xF
G ∑
n

H E nF
G E nF exp J�K 2πixn

xm L H E 14F
Hence,thephysicallybroadenedprofile f is retrievedfrom theobservedprofileh without
any assumption(bias)on the peak-profileshape.However, (13) may not give a solution
if theFouriercoefficientsof the f profile do not vanishbeforethoseof theg profile. Fur-
thermore,if physicalbroadeningis smallcomparedwith instrumentalbroadening,decon-
volutionbecomestoounstableandinaccurate.Alternatively, it is advantageousto approx-
imatethe physicallybroadenedline profile with an analyticalfunction, andperformthe
convolution processwith a predeterminedinstrumentalprofile accordingto (1), which is
alwaysa mathematicallystableprocedure.Moreover, a subsequentline-broadeninganal-
ysisof physicallybroadenedline profile is muchsimplerif ananalyticalapproximationis
adopted.However, it is necessaryto validatewhetherthephysicallybroadenedline profile
canbeapproximatedsuccessfullywith any commonanalyticalfunction.For this purpose
we prepareda “standard”tungstenspecimenthat shows a particularamountof physical
broadening.The specificsaboutspecimenpreparationand datacollection and analysis
werepublishedelsewhere[8].

Deconvolution wasperformedfollowing (13) with LaB6 profilesdefiningthe instru-
mentalfunctionG. Becauseof noisein theraw data,Fouriercoefficientsbecomeunreli-
ableaftersomeharmonicnumber, andcauselargeoscillationsin thesynthesizedprofiles.
As an illustration, a typical plot of a synthesizedphysicallybroadenedline profile, ob-
tainedfrom thelaboratoryX-ray data,is shown in Fig. 5a(110tungstenBraggreflection).
Conversely, thesamephysicallybroadenedline profileobtainedfrom thesynchrotrondata,
with approximatelyidenticalcountingstatistics,doesnot show peak-tailripples. It indi-
catesthatthegenerallysuperiorsynchrotronresolutionandasimpler(singlet)wavelength
distributionallowsfor morepreciseline-broadeningstudies.Thefactthatthesynchrotron
110 tungstendeconvolutedprofile (Fig. 5b) is perfectlysymmetricalwhile its laboratory
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counterpart(Fig. 5a) is not, althoughthepeakasymmetryis muchmorepronouncedfor
the synchrotronsourceat smalleranglesbecauseof largeaxial-divergenceeffect, shows
that theCu Kα doubletseriouslyaffectsdeconvolutionand,consequently, all thederived
parameters.

Fig. 5. Lorentz-,Gauss-,andVoigt-functionfits to the instrument-functiondeconvoluted
physically broadened110 tungstendiffraction-line profile. Differencepatternsplotted
aroundzerointensityon thesmallerscale:(a) laboratorydata;(b) synchrotrondata.

To testwhethersimpleanalyticalfunctionscansuccessfullyapproximatea physically
broadenedprofile, least-squaresfits of Lorentz-,Gauss-,andVoigt-functionsto the tung-
stenprofileswereperformed(see,for example,Fig. 5b). It is obviousthattheVoigt func-
tion shows a superiorandoverall satisfactoryfit. Even moreimportantis how different
functionsfit profiles.AlthoughtheLorentz-functionapproximatestails quitewell, it fails
to fit profileshapecloseto its maximum.On thecontrary, theGaussianfunctionfits fairly
well aroundthepeakmaximum,whereastails fall off toorapidly. This is known to bealso
truefor theobserveddiffractionprofiles.Despitesubstantialprofile-tail ripples,thefits of
physicallybroadenedprofilesobtainedfrom the laboratorydata(Fig. 5a) show thesame
behavior.

Thesemeasurementsshow that the physicallybroadenedline profile canbe satisfac-
torily approximatedwith a Voigt function.Then,thesubsequentline-broadeninganalysis
canbeperformedin a simplermanner[9].
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5. Conclusions

Synchrotronradiationis certainlysuperiorto laboratoryX-ray sourcesfor diffraction
purposes.Generally, a largernumberof opticalelementsalongthebeamlinegivestheuser
moreflexibility but alsoposesmorechallenge.

For usual operatingconditions, the contribution of monochromatorDarwin width
shouldnotbeneglected,especiallyat largeangles.

Thesummaryinstrumentalfunction(assumedto berepresentedcloselywith themea-
suredLaB6 lineprofiles)containsasignificantLorentziancontribution,whichis incompat-
ible with thepresumptionthatall transmissionfunctionsareapproximatedwith Gaussian
functions.Themostlikely reasonwhy(10)failsto modeldiffraction-linewidth atlargean-
glesis becausethemonochromatorperfect-Braggreflectioncannotbeapproximatedwith
a Gaussianfunction.

Physicallybroadenedline profilesof asuitablypreparedtungstenpowderareapproxi-
matedsatisfactorilywith aVoigt function.
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PROFIL SINHRONTRONSKERENGENSKEDIFRAKCIJSKELINIJE

Analizirali smo difrakcijske profile linija dobivenih na snopu X3B1 Nacionalnog
sinhrotronskog izvora svjetlostiu Brookhavenu.Načinili smousporedbeza razneuvjete
i s vi vse prilagodbenihfunkcija. Prilagodbeprimjenomnajmanjihkvadrataza profile
volframovih linija, koje subile dekonvoluiraneinstrumentalnomfunkcijom, pokazujuda
Voigtovafunkcijadobroopisujefizičko proširenjeprofila linija.
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