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Solitonsdueto theinteractionof polarizedwavesin optically nonlinearmediahave been
analysedisingthe Riemann—Hilbertransform.We considerthe propagatiorandinterac-
tion of differently polarizedtwo—frequeng ultrashortopticalpulsesin aresonanmedium
consistingof three—leel particles. Theexactform of thesolitonsis obtainedexplicitly.

1. Introduction

Nonlinearopticsis oneof the mostimportantfields of physicswheresolitonsplay a
dominantrole. Suchsolitonshave beenobsened experimentally Elaboratepapershave
beenpublishedy severalauthors:Bashare andMaimistov [1], Steude[2] andKaup(3],
who analysedhe problemthroughinversescatteringtechnique.Later, Roy Chowvdhury
andDe [4,5] shoved how the sameproblemor its generalizatiorcanbe more elegantly
treatedusingthe Riemann—Hilberapproach6]. In generaltherearetwo classe®f prob-
lemswhich desere attention Oneis the propagatiorof opticalpulsesn afibre—thefibre
optics. Thisis of primeimportancen the presenday scenariodueto the introductionof
new modesn communicatiotechnologyln generalthe propagatiorof a nonlineawave
in anopticalfibre is describedoy the so calledunstablenonlinearSchibdingerequation.
Suchan equationwas originally deducedoy Wadatiet al. [7] and subsequentlytudied
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by mary authorse.g.MukhopadhyayandRoy Chaonvdhury[8], FuchssteineandKonope-
lochen[9] andothers.On the otherhand,a separatelassof problemsinvolvesthe study
of theinteractionof suchanoptical pulseduringits propagationn aliquid medium.When
anultrashortoptical pulsepropagates aliquid or gaseousnedium,someimportantphe-
nomenatake placesuchas self inducedtranspareng [10], simulatedRamanscattering
[11], simulatedBrillouin scattering12], etc.Our motivationwasto analysehelatterprob-
lem. Sincethe experimentsarealwaysperformedwithin afinite boundaryit is interesting
andencouragingo dispensevith the ideaof scattering13]. In this communicationwe
treatthe situationwhena polarizedtwo—frequeng ultrashortoptical pulseinteractswith a
three—l@el medium.Thedegenerag of themediumis takeninto accountwhichis typical
for realmediasuchasgasesandis necesarryor thedescriptionof thereal situation.The
equationsinderconsiderationwereformulatedby Bashare andMaimistov [14].

2. Formulation

The generalizedMaxwell-Blochequationsjncluding arbitrary polarization,are con-
sideredin the caseof equalresonanceabsorptionlengths/A(Ep > E. > E;) andv(E: >
Ea > Ep) at the two frequencieswhereEy, is the three—folddegeneratdevel and non—
degeneratdevelsareE; andE.. We considerthe collinearpropagatiorof two—frequeng
ultrashortpulseswith electricfields;

E; =Ejexp(i(kjz— wjt)) +c.c., j=1,2

underthe conditionof doubleresonance

Eo—Edl Eo—Edl

W~ F y W ~ m

The statesof theatomin the mediumaredescribedy the densitymatricesZ, . q)ﬂd
and¢$, which characterizehe statesof theatomin the correspondingnegy levels. The
equationganthenbewritten as;
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a . £ £
e = 3 (6] pf - e,

0 . * *
5= %(8%‘2‘ - pp), (1)
which describeéboththev— andA—configuratiordefinedby thefollowing relations:

v—configuration

e = Eitodan
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€1 andg; arethetwo componentsf theelectricfield, and
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Heretg = 2Tmol(dab)ZNO/Iﬂ‘l/2 is a constanwith the dimensionof time, Ny andN,, are
the densitiesof atomspopulatingthe lower level in the v(A)-configurationjndicesq and
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g canhave values+ 1, andd,p, representlipole moments.The Lax pair of equationdor
thesystem(1) canbewritten as:

—i 0 —igt -igt
0, . 0 —in —igl il
- —igl 0 iA
-ma1 -m1 prtopyt
P -man -ma pt Pl
p;l* p%* —r -ny

wherey is the Lax eigenfunctiona columnvectorwith four componentsin thefollowing
we will developthe Riemann—Hilberapproacho explore the structureof the nonlinear
fields p1, 01, €1 etc.

3. Riemann—Hilberappmoad
In the Riemann—Hilberapproach6], one startsfrom a seedsolution of the inverse
problem,which is actually a trivial solution of the given nonlinearproblem. One then
assumeshaty is ananalyticfunctionin the complex A—planewith boundaryvaluesy.;

andy_, respectiely, in theinsideandoutsidedomainof a contourin the sameA—plane,
satisfyingtherelation;

Uiy =GQ), ©)

whereG is agivenmatrix function. The problembecomedurther simplifiedif G is taken
to beanunit matrix. With theassumptionhaty undegoesa transformatiorof thetype

LIJ = XqJ()a (4)
wherey is the solutionof the Lax equationcorrespondingo seedsolution,we get
u=XoX '+ XuoX %, (5)

u standingfor the matrix on the right—handside of Eq. (2a) anduy its valuefor the seed
solution.Onenow assumeshaty hasa simplepole

R
X:1+)\_—)\17 (6)
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XX~ 1= 1thenentails
R=-S=MA1—-Wm)P; P?’=P (6a)

Usingthisform of x in Eq.(5), andequatingresidueat the pole,we get

u=uo+[SA], (7)
where
—iA 0 0 O
0 —-iA O O
A=l 0 0 ir o
0 0 0 iA

Equation(7) clearly shows that, startingfrom up, we canreconstructhe generalu and
hencethe nonlinearfield asfunctionof x andt. In the particularcaseunderconsideration,
we choosehe seedsolutionto be:

sfl _ sjﬂ _ 5T1* _ sfl* —0,

and
Mmoj—1=-0, M= _Ba nE=-=Y, ‘2= _67

a, B,y andd) beingconstantsandtherestof the fields beingzero. For this simple setof
valuesit is possibleto solve the Lax pair andobtainthe solution,

| LIJO >=do, (8)

whereqp is thecolumnvector
gO:(e4no%e4woge4no%eqmuoﬂ

Heret standor transposeand

mm:m+§¥3
X2(A) = AT+ ZAB—-T-A’
) == o ©)
yo(A) =AT— 2)\6—-?&
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TheprojectionoperatorP in Eq. (6a) canbe constructedvith |y > as:

< Yol o >

whichin turnyields S, andwhenthis is usedin Eq. (7), we areled to the new nonlinear

field. Sincethe algebraicexpressiondecomevery complicatedin the generalcase,we
have consideredhe specialsituationwhen = a, d =Yy, (U= —A, a = —y). For example,

we obtain
_ 1 2iyoA . 4iyoA
pil= > exp (m) sech(2|)\r+m), (12)

whichis theform of a one—solitorsolution.It is a comple functionsincethe le field is
comple.

4. Two—solitoncase

To obtainmultisolitonsolution,we set

R R
X=lr o Ty
=14 St + % 12
X A= A—2 (12
Theconditionxx~! = 1 leadsto
SR SR,
+ + =0,
S M-l M-
Ry — SRt~ SR _
M- Ao—pr
SRy SR
= Ao—H M- (13
SR SR,

M- -

To obtaina solution,we assuméhateachof the matricesS;, R, etc.canbewritten asthe
productof two four-componentectors

(S)ij = pidj, (S)ij =ritj,
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(Ru)ij = xyj, (Ro)ij =kizj, (14)

wherethe vectorsx, g, k.-_andti areconstructedvith the seedsolutionyp(A) andsome
constanwectorsa;, a;, b, bj asfollows

X = Wo(Ha)ai, ki = Wo(H2)bi,
9 =aP(A1), tj =bjTp(A2). (15)
ThenEq. (13) canbeexplicitly solvedfor yi, z, p; andr;

yj = (}\_M)NM [(A2— p2)tjo— (A1 — ) q; B,

A2= ) (A1 — )

zj= N [(A2 = p)tjo — (A1 — ) qjr],
pi = (e - uzl)v'(M ~th) [((A2 = K2)kiy— (A2 — pa)%iB]
= (Az—uzé)\z—ul) [(A1— p2)kict — (A1 — pr)xia], (16)
where
M = (A1 — H1)(A2 — p2)oy— (A1 — p2) (A2 — k),
M= (A2 — ) (A1 = K)o — (A2 — k) (A1 — ) OV,
N= (A2 = o) (A1 = K)aB — (A1 — ) (A2 — ) OV,
with

a=>% ax, B=) td
V=) %, 0=} Gkk.

Goingbackto Eq. (5) andrepeatinghe computatiorwith thetwo polestructure we get
Uij = Uij + [SLAlij + [S2, Alij- (17)
For example for theelemenbof Eq. (13), we get

Tz = W5+ [S1,Al13+ [, Al1s. (18)

o ) ) - o) (o)
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where
N; = a3b1A; coshe, + bsag coshey 1,

Np = @by By coshey» 4 bsa; coshe,
Bik = (Aj — M) exp(X; + Yk), (19
A=N—-R)exp(+y),
iyo [ofe)

Y _
=NT+ —= y YW=TT— == ,
. ! 2N + A Ye=H 2ig, +A

Z”:( __)T ( ZGG(XJ—E)

S ,
R 2k +A)(2if + A)

giving the two—solitonsolution. Similar expressionsan also be derived for otherfield
variables.

5. Discussion

In thepresensituation thelLax pair of equationss givenby 4 x 4 matricesIn general,
it becomeserycumbersoméo formulatetheinverseproblemfor arny Lax equationwhose
matrix is 2 x 2 or larger Also, dueto the importanceof the finite boundary it is not
advisablgo usethelanguagef the scatteringheory In this study we have shavn thatthe
methodologyf Riemann-Hilberproblemcanbeusedto studya4 x 4 Lax problemwhich
circumwentsboth thesedifficulties. In fact, it is possibleto constructeven the N-soliton
solutionsin a systematiananner One may notethatthe previous treatmentof a similar
problemconsidereanly atwo-level medium while our analysisextendsto thethree-level
situation, and the degenerag of the levels is also taken into account.The two soliton
solutionscanbe usedto studytheinteractionof solitons.Suchphenomenare of utmost
importancan nonlinearopticsin generalaindhave foundmary practicalapplications.
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RIEMANN-HILBERTOV PRISTUPPOLARIZIRANIM SOLITONIMA U SREDSTVU
STRINIVOA

UporabonRiemann—Hilberteetransformacij@routavajusesolitoninastalimedudjelovanjem
polariziranih valova u opticki nelinearnomsredstvu. Odretena su egzaktnasolitonska
rieSenjaza Sirenjei metdudjelovanje dvo—frekwentnih ultrakratkih optickih pulseva ra-
zlicitih polarizacijau rezonantnonsredstvisacesticamanatri nivoa.
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