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Thepaperpresentscalculationof theradiative recombination(RR) cross-sectionsof cold
electronwith protonanddeuteronvia the two-stepradiative recombination(TSRR)pro-
cess.TSRRoccursin a virtual excitedstatewhich, to conserve momentum,decaysto the
groundstatewith the emissionof a photon.The RR processdue to the dipole interac-
tion leadingto the spontaneousphoto-recombination(SRR),which is known for a long
time, cannot fully explain the recentexperimentaldata.The radiative recombinationis
computedfor TSRRchannelsusingfield theoryandCoulombgauge.Sumof therecombi-
nationratesfrom SRRandTSRRchannelsis comparedwith theexperimentalresults.

1. Introduction

The radiative recombination(RR), the binding of a free electron with a proton
(deuteron)accompaniedby emissionof radiation,playsanimportantrole in astrophysical
andfusionplasmas.TheRR is oneof themostfundamentalprocessesin atomicphysics
andis connectedto photo-ionizationby theprincipleof detailedbalance.Recombination
of electronto protonwith emissionof radiationcanalsotake placein the presenceof a
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third particle(electronor photon).Thestudyof RR of electronwith protonin thesponta-
neous radiative recombination (SRR)channel, in absenceof a third particle,datesbackto
1923by Kramers[1] within asemiclassicalapproach.Thequantummechanicalfirst-order
perturbationtheoryfor theprocesswasdevisedby Gordon[2] andimplementedby Stobbe
[3]. The radiative recombinationcoefficientsof hydrogenicatomsarealsocalculatedin
termsof oscillatorstrength[4] usingtherecalculatedGnatfactor. PajekandSchuchhave
studiedRRasa timereversedphotoionizationprocessin anon-relativistic dipoleapproxi-
mation[5]. Analyticalpower-law fits to theratesof radiativerecombinationof H-like ions
areavailable[6] overa widerangeof temperaturesfrom 3 to 109 K.

Experimetally[7,8] interestin RR of supercool electron and proton into hydrogen
atom hasbeenrevivedin thelastseveralyearsdueto theavailability of electronandpro-
ton (deuteron)beamsat sub-meVenergies. The high valueof the experimentaldatain
CRYRING [8] on the recombinationratesof proton(deuteron)andelectronat sub-zero
temperatures,in which possibilityof thethree-bodyrecombinationis reportednegligible,
howevercannotbeexplainedby theexisting theoreticalresultsfrom SRRchannel.

Sincethereis still scopefor theoryandspeculation,we have assumedthepresenceof
thetwo-step radiative recombination (TSRR)channel in RRoverandabovetheusualSRR
channel.TheRRvia TSRRchanneloccursin two stages.Initially, therecombinationtakes
placeinto avirtual excitedstatedueto theCoulombinteraction.Subsequently, to conserve
momentum,thevirtual excitedstatedecaysto thegroundstateby dipoleinteraction,emit-
ting photonsof discreteenergy. TheTSRRis a second-orderprocess.We have usedfield
theory(FT) asin Ref. 9 to computeTSRR.BeforeapplyingtheTSRRchannel,we have
tried it on SRRchannel,for which theoreticalresultsareavailable[3]. Thefield theoretic
resultsonSRRarefoundcomparableto thoseby Stobbe[3] for recombinationinto 1sand
2s+2pstatesof hydrogenatom. Sincethe result is massindependent,it is also true for
deuteron.The sumtotal of the contributionsfrom SRRandTSRRchannelsis found to
partiallyexplain theexperimentalresults[8].

Thephysicalprocessesleadingto theSRRare

H
���

e��� H � nl � � γ � � 1�
D
���

e��� D � nl � � γ �
andthoseleadingto theTSRRprocessesare

H
�	�

e�
� H � n� p��� H � 1s� � γ � � 2�
D
�	�

e�
� D � n� p��� D � 1s� � γ 
ThephotonemittedthroughSRRchannel(1) hasa continuousspectrum,while thespec-
trumemittedthroughTSRRchannelis discrete.
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2. Radiative recombination cross-sections

Theinitial statevector �Ψi � of theinteractingsystem[9] of electronandprotonhaving
annihilationoperatorswith momentaaq andBl, respectively, is�Ψi ��� exp

�
iEit
h̄ ��� gc � �q1 � δ3 � �q1 � �l1 � �Pc � a�q1

B �l1 � 0� d3 �q1d3�l1 � � 3�
Thefinal statevector �Ψ f � of theinteractingsystemof electron,protonandphotonis�Ψ f ��� exp

�
iE f t

h̄ ��� gnl � �q2 � δ3 � �q2 � �l2 � �k� � �Qc � a�q2
B�l2C �k � � 0� d3 �q2d3 �l2d3�k � ��� 4�

Ck � is theannihilationoperatorfor photonof momentum�k� . �Pc and �Qc aretheCM momenta
of theinitial andthefinal systems,respectively. Thevitual-intermediatestatevectorin the
TSRRchannelis�ΨI ��� exp

�
iEIt
h̄ � � gn � l � � �q3 � δ3 � �q3 � �l3 �!�pc � � a�q3

B �l3 � 0� d3 �q3 d3�l3 �"� 5�
gc � �q1 � in (3) is theFouriertransformin momentumspaceof theCoulombdistortedsolution
φi � �x1 # �x2 � of the Schr̈odingerequationof free electronin the field of protonin the initial
state[Eq. (36) in Ref.9]: � H0 � v � φi � �x1 # �x2 ��� Ei φi � �x1 # �x2 �
v is the Coulombinteractionproviding distortion to the planewave, Ei is the positive
eigenvalueof � H0 � v � , H0 is the free particleHamiltonianfor electronandproton,and
gn � l � � �q2 � andgnl � �q3 � in (4) and(5) aretheFourier transformsin momentumspaceof the
boundstatesolutionsφ f � �x1 # �x2 � andφI � �x1 # �x2 � of theSchr̈odingerequationsin thefinal and
intermediatestates,respectively [Eq. (37) in Ref.9]:� H0 � v� � φ f $ I � �x1 # �x2 ��� E f $ I φ f $ I � �x1 # �x2 � �
E f andEI arethe negative eigenvaluesof � H0 � v� � in the final andintermediatestates,
respectively, andv� is theinteractionpotentialin theboundstate.

The interactionHamiltonianbetweenthe electronandthe electromagneticradiation
field is

H1 � e
mc
�p % �A � �x � � e2

2mc2
�A2 � �x ��� H �1 � H � �1 � � 6��p is themomentumoperatorand �A is thevectorpotential:

�A � �x ��� ∑
k & 2πh̄c2

ωk
�u ' Ck exp � � i �k % �x � � C �k exp � i �k % �x � ( � � 7�
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u is thepolarisationvector,

)
k is thephotonmomentumandC is theannihilationoperatorfor

photon.For singlephotonemission,weconsiderthefirst term,H *1, of theinteractionH1 in
(6). TheCoulombattractionH2 betweenelectronandproton(deuteron)for theformation
of thevirtual intermediatestatein theTSRRchannelis

H2 +!, ρ - )x . σ - )x* ./ )
x 0 )x* / d3 )xd3 )x* 1 - 8.

ρ - )x . andσ - )x* . arethechargedensitiesof electronandproton(deuteron),respectively:

ρ - )x . + 0 e φ 2 - )x . φ - )x .
σ - )x . + e θ 2 - )x . θ - )x . 1

φ - )x . andθ - )x . arethefield operatorsfor electronandproton,respectively:

φ - )x . + ∑
f
, κ f a 3s exp- i )s 4 )x . d3 )s

θ - )x . + ∑
f 5 , λ f 5 B 3s 5 exp- i )s * 4 )x. d3 )s 6

whereκ andλ arethePauli spinorsfor electronandproton,respectively.
TheS-matrixfor thetwo-bodyradiativerecombinationis

S + 1 7 H1 7 H2 7 H1H1 7 H1H2 7 H2H2 7 higherorderterms1 - 9.
TheinteractiontermsH1 andH1H2 areresponsiblefor SRRandTSRRchannels.Thefirst
of H1 in (6) givesriseto theSRRchannel(1) andthecorrespondingamplitudeis givenby

Ms +98 Ψ f
/ - e : mc . )p 4 )A - )x . /Ψi ; 1 - 10.

Theamplitudefor theTSRRchannelis givenby

MT + 8 Ψ f
/
H *1 /ΨI ; 8 ΨI

/
H *1 /Ψi ;

Ei 0 EI 7 iη
1 - 11.

2.1. Spontaneous radiative recombination (SRR)

Summingoverthephotonpolarizationdirections,andusingthedipoleapproximation,
theSRRamplitude(10)becomes

Ms + C̄ 8 Ψ f
/
C 3k p

/
Ψi ; sinθ 6
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where

C̄ < e
mc = 2πh̄c2

ω >
andθ is theanglebetween?p and ?k. Takingphotonmomentumin thedirectionof z-axis,

Ms < C̄
im
h̄ @ EA A Ei BDC Ψ f E C Fk z E Ψi G sinθ H @ 12B

EA < E I A εnl , E I is thekinetic energy of theatomformedin thefinal stateandεnl is the
nl-statebindingenergy. Further,

EA A Ei < h̄ω H
h̄ω is theenergy of theemittedphotonin theSRRchannel.Thevacuumexpectationvalue
of thecreationandannihilationoperatorsin (12) givestheproductsof Dirac’s deltafunc-
tionsasfollows:C 0 E CkJ Bl2aq2C

†
k a†

q1
B†

l1 E 0G < δ3 @ ?k I A ?k B δ3 @ ?l2 A ?l1 B δ3 @ ?q2 A ?q1 B H
Integrating(12) over themomentumδ-functionandtransformingto thecoordinatespace,
weget

Ms < π
2

C̄ K A im
h̄ L h̄ω M Φnl @ ?r B rcosθΦc @ r B sinθd3 ?r H @ 13B

Φnl is theboundstateof thehydrogenatomin thenl-state.Thedistortedplanewaveof the
incidentelectronis

Ψc @ ?r B < Fc @ ξ B exp @ i ?p N ?r B > @ 14B
whereFc @ ξ B <!O 2πme2ξ P @ h̄2p B is theSommerfeldfactor, ξ (=1) is thechargeof thetarget,
and ?p is the momentumof the electronrelative to the target. The cross-sectionfor SRR
into thenl-stateis

σs
nl @ Ei B < m

p
2π
h̄
M δ @ Ei A E f BQE Ms E 2 d3?kd3 ?p I 1@ 2π B 6 H @ 15B?k and ?p I arethemomentaof thephotonandtheatom,respectively. Writing

d3 ?p I < 4πm R 2mE I dE I >
d3?k < ω2

c3 dωsinθdθdφ >
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theexpressionfor thecross-sectionin (15) is integratedoverdE S usingtheδ-function.As
thelimit of integrationover ω is from 0 to T Ei U εnl V W h̄, afterphase-spaceintegration,we
obtain

σs
nl T Ei V�XZY 2 ξ

15c3p2 I2
nl [ Ei \ εnl ] ^ h̄_

0

ω3 Y E S dω ` T 16V
Fromenergy conservationrelationE S X Ei U εnl a h̄ω, theoverlapintegral Inl is

Inl X _ Φnl T r V r expT i bp c br V d3 br `
For monochromaticbeamsof ionsandelectrons,therecombinationratevia SRRchannel
into differentnl-states,with relativevelocityvi, is givenby

αs X ∑
nl d σs

nl T Ei V vi e ` T 17V
For therelativecollisionenergy Ei, theenergy spectrumof thephotonsis givenby

dσ T ω V
dω X ξω3

30c3p2 f 2 T Ei U εnl a h̄ω V I2
nl ` T 18V

2.2. Two-step radiative recombination (TSRR) rate

FromEq.(11), theamplitudefor TSRRcanbewrittenas

MT X M1M2

Ei a EI U iη g T 19V
where

M1 X d Ψ f h H S1 h ΨI e and M2 X d ΨI h H2 h Ψi e ` T 20V
M2 is the amplitudefor captureof electronby proton(deuteron)into the virtual excited
nS l S -stateandM1 is theamplitudefor thedecayof thevirtual excitedn S l S -stateinto nl-state
dueto dipole interaction.TheTSRRcross-sectionfor recombinationinto thenl-statevia
nS l S -statebecomes

σT
ni l i T Ei V�X 2π

h̄

_
δ T Ei a E f V m

h̄ h bp h h MT h 2 d3bk d3 bp ST 2π V 6 ` T 21V
Sincethetransitionrateτni l i j nl from nS l S -stateto nl-stateis givenby

T τn i l i j nl V k 1 X 2π
h̄

_
δ T Ei a E f VQh M1 h 2 d3bkT 2π V 3 g T 22V
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theTSRRcross-section(17)canbewrittenas

σT
nl l l m Ei n�o m τn l l l p nl n q 1 m

h̄ r sp r t r M2 r 2 d3 sp um 2π n 3 v m 23n
To computeM2, theinteractionpotentialH2 in (8) is first written in momentumspace[9]:

H2 o m 24nw e2 t δ m ss1
w ss2 x ss1 u w ss2 u n 2r ss1

w ss2 r κ yr κrλ yr l λr l a†
s1

as2B†
sl1Bsl2d3 ss1d3 ss2d3 ss1 u d3 ss2 u v

Substitutingin (20) from (3), (5) and(24),aftersomecalculations,weget

M2 o w e2 δ3 m sPc
w sQc n t gnl l l m sq3 n gc m sq1 nm sq1

w sq3 n 2 d3 sq1d3 sq3 v
UsingtheBetheintegralandtransforminginto coordinatespace,weget

M2 o w e2δ3 m sPc
w sQc n Jnl l l z m 25n

where

Jn l l l o t Φnl l l m r n Ψc m r nr r r d3 sr v m 26n
Integratingover d3 sp u , andusingthe atomicunit, we get from (23) for the TSRRcross-
section

σT
nl l l m Ei n�o m τn l l l p nl n q 1 e4m 2π n 3 mr{sp r J2

nl l l 8πm | 2
3 } m Ei x εnl n 3m Ei

w EI n 2 v m 27n
TherecombinationrateαT dueto theTSRRprocessis obtainedfrom Eq.(17)

αT o ∑
n l l l ~ σT

n l l l m Ei n vi � v m 28n
3. Results and discussions

We calculatetheSRRcross-sectionσs
nl m Ei n for recombinationof thesupercool elec-

tronsandprotons(deuterons)into thefirst andthesecondBohr orbitsof hydrogenatom.
TheTSRRcross-sectionis computedfor recombinationinto thegroundstatevia 2p and
3p virtual intermediatestates.Usually, atomformationis saidto be completeif recom-
binationoccursto thegroundstate.All thecomputationsaredonein atomicunitswhere
e o m o h̄ o 1, andc o 1� 137.

TheSRRcross-section(16) for recombinationinto thegroundstatebecomes

σls
s m Ei n�o Ā m 8| π n 2 m Ei x εls n 9� 2

2Ei � 3 w 2Eim 1 x 2Ei n 3 � 2 z m 29n
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whereĀ � 0 � 0507� 2� � 15 c3 � . The SRRcross-sectioninto the excited level (n � 2) is
calculatedfor both2sand2pstates:

σ2s
s � Ei

� � Ā
8π

2Ei � 0 � 25 � 2Ei
� 8 � � Ei � ε2s

� 9� 2 � 4Ei � 4E2
i � 9� 16� 2� � � 30�

σ2p
s � Ei

� � Ā
2π

4E2
i � 0 � 25 � 2Ei

� 8 � � Ei � ε2p
� 9� 2 � 16E2

i � 10Ei
� 2 � � � 31�

Thepresentresultsfor theSRRcross-sectionsinto the1sstateandsumof theSRRcross-
sectionsinto 2sand2pstatesareshown in Fig. 1, alongwith theresultsby Stobbe[3].

Fig. 1. Spontaneousradiative recombination(SRR) cross-sectionof electronto pro-
ton(deuteron)versusrelative collision energy for captureinto 1s stateand2s + 2p states
from presentwork andfrom theoreticalresultsby Stobbe[3].

The TSRRcross-sectionsσT
n� l � � Ei

� for the formationof atomin the groundstateare
computedwith 2p and3p asthe virtual intermediatestates.It shouldbe notedthat only
the magneticquantumnumberm � 0 contributes.From (24), the TSRRcross-sectionis
obtained.Sincetheoverlapintegral

J2p � 2πi � �p �� 1� 4 � 2Ei
� 2
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andEI � Ei � εnl , TSRRvia the2pstateis givenby

σT
2p � Ei ��� τ � 1

2p � 1s
8π � 2

3
� Ei � ε1s � 3� 2

2πε2
2p � 0 � 25 � 2Ei � 4 � � 32�

Theoverlapintegral takestheform

J3p � 8πiN1 p � p2 � 1� 9� � 2π � p � N3 � p2 � � 3 �
where

N1 � 2 � 2� π � 27 and N3 � 1� 3 �
Thecross-sectionfor TSRRvia 3pstateis givenby

σT
3p � Ei ��� τ � 1

3p � 1s
8π � 2

3
� Ei � ε1s � 3� 2

ε2
3p

16N2
1
� 2Ei

� 1� 9� 2� 2Ei � 1� 9� 6 � � 33�
TheTSRRcross-sectionis plottedwih respectto collisionenergiesEi in Fig. 2.

Fig. 2. Two-stepradiative recombination(TSRR) cross-sectionof electronto proton
(deuteron)for recombinationinto thegroundstatevia intermediatestates2pand3pversus
relativecollisionenergy from thepresentwork.

To justify theuseof field theoretic(FT) techniquein calculatingTSRRcross-section,
we have appliedit first to calculateSRRcross-sectionsin dipoleapproximation.Present
resultsfor SRRinto 1s and2s statesvary inverselyasthe relative collision energyEi, as
long asEi is lessthanthe binding energiesin the respective states.For captureinto the
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1s state,presentresult is similar to that of Stobbe(seeFig. 1). The sumof the capture
cross-sectionsinto 2s and2p statesalsocompareswell with that by Stobbe.The TSRR
cross-sectionsinto thegroundstatevia 2p and3p statesareshown in Fig. 2. Theemitted
photonshavefrequencies  ε1s ¡ ε2p ¢ £ h̄ and   ε1s ¡ ε3p ¢ £ h̄, respectively, in thecaseof TSRR
via 2p and3p asthevirtual intermediatestates.Theemittedphotonsin theSRRchannel
have continuousspectrumhaving frequenciesω ¤¥  Ei ¡ εnl ¢ £ h̄. In the collision energy
range10¦ 5 to 10¦ 1 eV, theTSRRcross-sectionis foundto beindependentof energy. The
cross-sectionsfor SRRinto thefirst andsecondBohrorbitsaregreaterthanthoseby TSRR
channelinto thegroundstate,aslong asEi § 10¦ 3 eV. As energy increasesabove 10¦ 3

eV, theTSRRcross-sectiondominatestheRRprocess.

Fig.3.Radiativerecombinationratesversusrelativecollisionenergyfromthepresentwork
andfrom experimentalresults[8].

The only availableexperimentalresults[8] for the recombinationrates(till the sub-
missionof thepaper)for radiative formationof hydrogenisotopearefrom Schuch,Pajek
andthegroupin Sweden.Theexperimentalresults[8] areshown in Fig. 3 alongwith the
presenttheoreticalcalculations.In theexperimentalstudyof theratecoefficients,recom-
binationmayoccurbothvia theSRRandTSRRchannels.Eventually, it is naturalthatthe
experimentalresultswill becloserto thesumof thecoefficients   αs ¨ αT ¢ from theSRR
andTSRRchannels,thanfrom theSRRchannelalone.
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4. Conclusion

Presentpaperis an attemptto show the importanceof the TSRRchannelon the ra-
diative recombinationprocess.Contributionsfrom the SRRchannelarewell known on
theRR process.Unlike theradiative recombinationbetweenion (non-bare)andelectron,
wheredielectronicrecombination(DER) contributesto therecombinationrate[6], in the
presentcaseof proton(deuteron)-electron radiative recombination,DER doesnot arise.
Futher, presenceof a spectatorelectron,which might contribute to RR, is alsoruled out
in theexperiment[8]. Hence,SRRandTSRRaretheonly possiblechannelsopento RR
in the experimentconsidered.The field-theoreticresultsfor SRRto 1s and2s statesare
comparableto theresultsby Stobbe.SRRto thep statefails to agree.Thereasonmaybe
that in thepresentcalculation,magneticquantumnumbersotherthanm © 0 do not con-
tribute. Choiceof exactCoulombdistortedwave Ψc ª r « in (14) might have improvedthe
result,but at thecostof complicatedcalculations.For betteragreementbetweentheoryand
experiment,contributionsto RR from TSRRvia higherorbital andfrom SRRto excited
statesshouldbeconsidered.Thespectraemittedfrom theSRRandTSRRchannelshave
completelydifferentcharacteristics(continuousspectrumanddiscretespectrum).There
is no correlationbetweenthesetwo events.Eventually, from the physicalpoint of view,
onemaydoubtthepossibilityof interferencebetweenthetwo channels.As such,wehave
comparedthesumodtheratecoefficientsfrom theSRRandtheTSRRprocesseswith the
experimentaldata.However, it will beagoodmathematicalexerciseto calculatetheinter-
ferenceterm.In conclusion,weliketo saythattheTSRRchanneladdressesitself, to some
extent,to thehighexperimentalvaluesof theRRratein thecaseof protonandelectronfor
collisionsat thesubmeVenergies.
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RADIJATIVNO VEZANJEHLADNOG ELEKTRONA SPROTONOM I S
DEUTERONOM

Izlaže se teorija dvostepeneradijativne rekombinacijehladnogelektronas protonomi s
deuteronom.Dvostepenaradijativnarekombinacijaodvijaseputemvirtualnoguzbud–enog
stanja,azbogočuvanjaimpulsa,sustav prelaziu osnovnostanjeemisijomfotona.Primjen-
juje seteorijapolja i Coulombovasumjerljivost.Dugopoznatjednostepeniprocesradija-
tivnerekombinacijeputemdipolnogmed–udjelovanja,koji opisujespontanufotorekombi-
naciju,neuspijeva potpunoobjasnitirezultatenedavnih mjerenja.Zbroj udarnihpresjeka
za spontanufotorekombinacijui dvostepenuradijativnu rekombinacijuuspored–uje se s
eksperimentalnimpodacima.
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