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The paperpresentalculationof the radiatve recombinatior(RR) cross-sectionsf cold
electronwith protonanddeuteronvia the two-stepradiative recombination(TSRR) pro-
cess.TSRRoccursin avirtual excited statewhich, to consere momentumgdecaygo the
groundstatewith the emissionof a photon. The RR processdueto the dipole interac-
tion leadingto the spontaneouphoto-recombinatiofSRR), which is known for a long
time, cannot fully explain the recentexperimentaldata. The radiatve recombinations
computedor TSRRchannelsusingfield theoryandCoulombgauge Sumof therecombi-
nationratesfrom SRRandTSRRchannelsds comparedvith theexperimentaresults.

1. Introduction

The radiatve recombination(RR), the binding of a free electronwith a proton
(deuteronlrccompaniethy emissionof radiation,playsanimportantrole in astrophysical
andfusion plasmasThe RR is oneof the mostfundamentaprocesse atomicphysics
andis connectedo photo-ionizatiorby the principle of detailedbalance Recombination
of electronto protonwith emissionof radiationcanalsotake placein the presencef a
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third particle(electronor photon).The studyof RR of electronwith protonin the sponta-

neous radiative recombination (SRR)channel, in absencef athird particle,datesbackto

1923by Kramerg[1] within asemiclassicahpproachThequantunmechanicafirst-order
perturbatiortheoryfor theprocessvasdevisedby Gordon[2] andimplementedy Stobbe
[3]. Theradiatve recombinatiorcoeficientsof hydrogenicatomsare also calculatedn

termsof oscillatorstrength4] usingtherecalculatedsnatfactor PajekandSchuchhave
studiedRR asatime reversedphotoionizatiorprocessn anon-relatvistic dipole approxi-
mation[5]. Analytical powerlaw fits to theratesof radiative recombinatiorof H-likeions
areavailable[6] over awide rangeof temperaturefom 3 to 10° K.

Experimetally[7,8] interestin RR of supercool electron and proton into hydrogen
atom hasbeenrevivedin thelastseveral yearsdueto the availability of electronandpro-
ton (deuteron)beamsat sub-meVenegies. The high value of the experimentaldatain
CRYRING [8] on the recombinatiorratesof proton (deuteron)and electronat sub-zero
temperaturedn which possibility of the three-bodyrecombinatioris reportednegligible,
however cannot be explainedby the existing theoreticaresultsfrom SRRchannel.

Sincethereis still scopefor theoryandspeculationye have assumedhe presencef
thetwo-step radiative recombination (TSRR)channel in RR overandabovetheusualSRR
channelTheRRvia TSRRchannebccursin two stagesinitially, therecombinationtakes
placeinto avirtual excitedstatedueto the Coulombinteraction.Subsequent|jto consere
momentumthevirtual excited statedecaygo thegroundstateby dipoleinteraction emit-
ting photonsof discreteenegy. The TSRRis a second-ordeprocessWe have usedfield
theory(FT) asin Ref. 9 to computeTSRR.Beforeapplyingthe TSRRchannelwe have
tried it on SRRchannelfor which theoreticakesultsareavailable[3]. Thefield theoretic
resultson SRRarefound comparabléo thoseby Stobbd3] for recombinationnto 1sand
2s+2pstatesof hydrogenatom. Sincethe resultis massindependentit is alsotrue for
deuteron.The sumtotal of the contritutionsfrom SRR and TSRR channelss found to
partially explainthe experimentakesultg[8].

Thephysicalprocessekadingto the SRRare

HT +€e = H(nl) +v, (1)

Dt +e — D(nl)+vy,
andthoseleadingto the TSRRprocesseare

H* + e — H(n'p) = H(19 +Y, (2)

Dt +e — D(n'p) — D(19) +V.

The photonemittedthroughSRRchannel(1) hasa continuousspectrumwhile the spec-
trum emittedthroughTSRRchannels discrete.
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2. Radiative recombination cross-sections

Theinitial statevector|W;) of theinteractingsysten(9] of electronandprotonhaving
annihilationoperatorsvith momentaag andB, respectiely, is

|Et - - —
W) =exp (?) [ (@) (@ +T- Py &, Bl 0) T, 3
Thefinal statevector|Wr) of theinteractingsystemof electron protonandphotonis
|E t S - - — —
Wi =ep( ") [ ou(@) B+l +R -G L BlCLI0) PR, (9

Cy istheannihilationoperatoifor photonof momentunk'. B; and@. aretheCM momenta
of theinitial andthefinal systemsrespectrely. Thevitual-intermediatestatevectorin the
TSRRchanneis

W) = exp ('%‘t) / O (0s) 8%(ds+ 15— Pe’) &l B] |0)dds T, (5)

gc(dr) in (3) istheFouriertransformin momenturnrspaceof theCoulombdistortedsolution
@ (X1, %) of the Schibdingerequationof free electronin thefield of protonin theinitial
state[Eq. (36) in Ref.9]:

(Ho+V) ¢ (R1,%2) = Ei @ (R1,%2)

v is the Coulombinteractionproviding distortionto the planewave, E; is the positive
eigervalueof (Ho + V), Hp is the free particle Hamiltonianfor electronand proton,and
Oy (T2) andgn (ds) in (4) and(5) arethe Fouriertransformsn momentumspaceof the
boundstatesolutionsgs (X1, %) and@ (X1,%X2) of the Schiddingerequationsn thefinal and
intermediatestatesyrespectiely [Eq. (37) in Ref. 9]:

(Ho+ V) ¢r,1 (R1,%2) = E,1 91,1 (X1, %2).

E: andE, arethe negative eigervaluesof (Hp + V) in the final andintermediatestates,
respectiely, andV is theinteractionpotentialin the boundstate.

The interactionHamiltonianbetweenthe electronandthe electromagneticadiation
fieldis

e . - &€ =5

pisthe momenturmperatorand,& is thevectorpotential:

A0=73 20 B{Ceexp(—iK-R) + Clexp(ik-R). ™)
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disthepolarisationsector kis thephotonmomenturmandC is theannihilationoperatoffor
photon.For singlephotonemissionwe consideithefirst term,H/, of theinteractionH; in
(6). The CoulombattractionH, betweerelectronandproton(deuteron¥or theformation
of thevirtual intermediatestatein the TSRRchannels

Hy = / % PR 8)

p(X) ando(X) arethe chagedensitieof electronandproton(deuteron)respectiely:
P(X) = —e @ (NN
o(X) = e 0" (X)0(X).

@(X) andB(X) arethefield operatordor electronandproton,respectiely:

oR) = Z/Kf al exp(ig- R s

0% =y / Ay Bl exp(id R og,
f
wherek andA arethe Pauli spinorsfor electronandproton,respectely.
The S-matrixfor thetwo-bodyradiative recombinatioris
S=1+Hj + Hz+ HiH; + HiH2 + HoH2 + higherorderterms (9)

TheinteractiontermsH; andH1H, areresponsibldor SRRandTSRRchannelsThefirst
of Hj in (6) givesriseto the SRRchannel1) andthe correspondingmplitudeis givenby

Ms = (V1] (e/me) B- A(R)| W) (10
Theamplitudefor the TSRRchannels givenby

(We[HI W) {(WiH W)
Mt = - . 11
T Ei—E +in (11)

2.1. Spontaneous radiative recombination (SRR)

Summingoverthe photonpolarizationdirections,andusingthedipole approximation,
the SRRamplitude(10) becomes

Ms = C(W;|C]p|W;) sine,
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where

2rhc?

- e
C=—
mc W

ando is theanglebetweerp andk. Takingphotonmomentunin thedirectionof z-axis,

Mszc_ln

=(Ea—E) (W | Clz| W) sine. (12)

Ea = E' — ¢y, E' is thekinetic enepgy of the atomformedin thefinal stateande, is the
nl-statebindingenengy. Further

Ea— E =ha.
hw is the enegy of the emittedphotonin the SRRchannel The vacuumexpectationvalue

of the creationandannihilationoperatorsn (12) givesthe productsof Dirac’s deltafunc-
tionsasfollows:

(0] CeBi,aqClag, B, | 0) = &K' —R)&*(T2 ~ T1)8%(d2 — .-

Integrating(12) over the momentumd-functionandtransformingto the coordinatespace,
we get

T —/—im :
Mg = > C (T) h_(o/ Dy (P)r cosBD(r) sinBd°F. (13

@, is theboundstateof thehydrogeratomin thenl-state. Thedistortedplanewave of the
incidentelectronis

We(F) = Fe(§) exp(i B-T), (14)

whereF(§) = 1/ 2rme?¢ / (i2p) is the Sommerfeldactor & (=1)is thechageof thetarget,

and p is the momentumof the electronrelative to the target. The cross-sectiotior SRR
into thenl-stateis

1
(2m®’

2
o5 (E) = ”‘”/a —Er) | Ms|? kPP’ (15)

kand p’ arethe momentaof the photonandthe atom,respectiely. Writing

d*p’ = 4rmv2mE'dE’,

d*k = gdwsineded(p,
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the expressiorfor the cross-sectioin (15) is integratedover dE’ usingthe 8-function. As
thelimit of integrationover w is from O to (E; + &) /h, afterphase-spacitegration,we
obtain

(Eitem) M
o3 (E) = ;EZI / WWVE do, (16)
0

Fromenegy conserationrelationE’ = E; + €, —hw, theoverlapintegrall, is

= [ ®a(r) 1 exp(i p-Nr.

For monochromatibeamsof ionsandelectronstherecombinatiorratevia SRRchannel
into differentnl -stateswith relative velocity v;, is givenby

Os= Z(G?u (Eiwi)- (17)
n
For therelative collision enepgy E;, theenegy spectrunof thephotonss givenby
do(w) _ &’ V2B e =) 12
“de 30c3 > (Ei+ & —hw) | (18)

2.2. Two-step radiative recombination (TSRR) rate
FromEqg. (11),theamplitudefor TSRRcanbewrittenas

M1M2
M= ————, 19
T E—E +in ( )

where
Mi=(Wr|Hi | W) and Ma=(¥ |Hz2|W). (20)

M is the amplitudefor captureof electronby proton(deuteron)into the virtual excited
n'I’-stateandM; is theamplitudefor the decayof thevirtual excitedn’l’-stateinto nl -state
dueto dipoleinteraction.The TSRRcross-sectioffor recombinatiorinto the nl-statevia
n'I'-statebecomes

o’k dip’
ol (E) / 5(E 2ARAD 21
n’I ' ﬁ[rsl | | (2T[) ( )
Sincethetransitionratet,y;_ from n'l’-stateto nl-stateis givenby
ok
(Twr—n)™ /5 —Er) [M? e (22)
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the TSRRcross-sectiofl7) canbewritten as

d3|3'
(23

O (Ei) = (Tn'|'—m|)_lan£5|/| Mg |2 (23)

To computeMy, theinteractionpotentialH, in (8) is first writtenin momentunspacg?9]:
Hy = (24)

_e2/6(§1 -$+3'-%) ﬁx;‘xr ;‘,)\,za;rlasQBLlB%d3§1d3§2d3§1’d3§2’.

Substitutingn (20) from (3), (5) and(24), aftersomecalculationsyve get

My = —28%(B, — o) %&wa&

Usingthe Betheintegral andtransformingnto coordinatespacewe get
Mz = —9263(|3c - (_jc) v, (25)

where

= [ L’(lrr)TJC(r) o, (26)

Integratingover d®p’, and usingthe atomic unit, we getfrom (23) for the TSRR cross-

section
s € m o, 82 V(B en)’ 27)
3 p|™ 3 (E-E)?°

o (Ei) = (Twin)

Therecombinatiomatea’ dueto the TSRRprocesss obtainedrom Eq. (17)

ar = ;(Grwa(Ei)Vi)- (28)

3. Results and discussions

We calculatethe SRRcross-sectiow?, (E;) for recombinatiorof the supercool elec-
tronsandprotons(deuterons)nto the first andthe secondBohr orbits of hydrogenatom.
The TSRRcross-sectiotis computedor recombinatiorinto the groundstatevia 2p and
3p virtual intermediatestates.Usually, atomformationis saidto be completeif recom-
binationoccursto the groundstate.All the computationsaredonein atomicunitswhere
e=m=h=1,andc=1/137.

The SRRcross-sectiolfl6) for recombinatiorinto thegroundstatebecomes

_ : 9/2 _ : 2
s A (SR
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whereA = 0.050%/2/(15 c3). The SRR cross-sectionnto the excited level (n = 2) is
calculatedor both2sand?2p states:

03*(E) = Km[(ﬁ +825) ”/%(4E; + 47 + 9/16)7), (30)
o2P(E) = Rﬁ[(a + £2p)%/2(16E2 — 10E)?. (31)

Thepresentesultsfor the SRRcross-sectionmto the 1sstateandsumof the SRRcross-
sectiondnto 2sand?2p statesareshavn in Fig. 1, alongwith theresultsby Stobbe3].
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Fig. 1. Spontaneousadiative recombination(SRR) cross-sectiorof electronto pro-
ton(deuteronyersusrelative collision enegy for captureinto 1s stateand?2s + 2p states
from presentvork andfrom theoreticafesultsby Stobbg 3].

The TSRR cross—sectionsrl,v (Ei) for the formationof atomin the groundstateare
computedwith 2p and 3p asthe virtual intermediatestates.Ilt shouldbe notedthat only
the magneticquantumnumberm = 0 contributes.From (24), the TSRR cross-sectiolis
obtainedSincetheoverlapintegral

5 2m|p|
2P~ (1/4+ 2E)2
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andE, = E; + &y, TSRRvia the 2p stateis givenby

8v2  (Ei+€15)%?

o3p(Ei) = TEg_us 3 2m, (0254 2E) (32
Theoverlapintegral takestheform
Jsp = 81N p(p? — 1/9)/21/ p (N3 + p?) 2,
where
Ni=2y/2/m/27 and Ns3=1/3.
Thecross-sectiofor TSRRvia 3p stateis givenby
oRAE) = g e G @

The TSRRcross-sectiois plottedwih respecto collisionenepiesE; in Fig. 2.
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Fig. 2. Two-stepradiative recombination(TSRR) cross-sectiorof electronto proton
(deuteronfor recombinatiorinto the groundstatevia intermediatestate2p and3p versus
relative collision enegy from the presentvork.

To justify the useof field theoretic(FT) techniquan calculatingTSRRcross-section,
we have appliedit first to calculateSRR cross-sections dipole approximationPresent
resultsfor SRRinto 1sand?2s statesvary inverselyasthe relative collision enegyE;, as
long asE; is lessthanthe binding enepgiesin the respectie states.For captureinto the
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1s state,presentresultis similar to that of Stobbe(seeFig. 1). The sum of the capture
cross-sectionsto 2s and 2p statesalsocomparesvell with that by Stobbe.The TSRR
cross-sectiongito the groundstatevia 2p and3p statesareshavn in Fig. 2. The emitted
photonshave frequenciegess — €2p) /N and(e1s — €3p) /h, respectiely, in thecaseof TSRR
via 2p and 3p asthevirtual intermediatestates.The emittedphotonsin the SRRchannel
have continuousspectrumhaving frequenciesw < (Ei — €4)/h. In the collision enegy

rangel0~° to 10~1 eV, the TSRRcross-sectiofis foundto beindependentf enegy. The
cross-section®r SRRinto thefirstandsecondBohrorbitsaregreateithanthoseby TSRR
channeinto the groundstate,aslongask; < 1073 eV. As enegy increasesbove 10-3

eV, theTSRRcross-sectiodominategshe RR process.
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Fig. 3. Radiative recombinatiomatesversugelative collisionenegy from thepresentvork
andfrom experimentakesults[8].

The only available experimentalresults[8] for the recombinatiorrates(till the sub-
missionof the paper)for radiative formationof hydrogenisotopearefrom Schuch Pajek
andthegroupin SwedenTheexperimentakesults[8] areshavn in Fig. 3 alongwith the
presentheoreticalcalculationsin the experimentaktudyof the rate coeficients,recom-
binationmayoccurbothvia the SRRandTSRRchannelsEventually it is naturalthatthe
experimentaresultswill be closerto the sumof the coeficients(as+ at) from the SRR
andTSRRchannelsthanfrom the SRRchanneklone.
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4. Conclusion

Presenpaperis an attemptto shav the importanceof the TSRR channelon the ra-
diative recombinatiorprocess.Contrikutionsfrom the SRR channelare well known on
the RR processUnlike theradiatve recombinatiorbetweenion (non-barelandelectron,
wheredielectronicrecombinatioDER) contritutesto the recombinatiorrate[6], in the
presentcaseof proton(deuteron)-electroradiative recombination DER doesnot arise.
Futher presenceof a spectatorlectron,which might contritute to RR, is alsoruled out
in the experiment[8]. Hence,SRRand TSRRarethe only possiblechannelpento RR
in the experimentconsideredThe field-theoreticresultsfor SRRto 1sand2s statesare
comparableo theresultsby Stobbe SRRto the p statefails to agree. Thereasormaybe
thatin the presentcalculation,magneticquantumnumbersotherthanm = 0 do not con-
tribute. Choiceof exact Coulombdistortedwave W¢(r) in (14) might have improvedthe
result,but atthe costof complicateccalculationsFor betteragreemenbetweertheoryand
experiment,contributionsto RR from TSRRvia higherorbital andfrom SRRto excited
statesshouldbe consideredThe spectraemittedfrom the SRRandTSRRchannelhave
completelydifferentcharacteristic§continuousspectrumand discretespectrum).There
is no correlationbetweenthesetwo events. Eventually from the physicalpoint of view,
onemaydoubtthe possibilityof interferencebetweerthetwo channelsAs such,we have
comparedhe sumodtheratecoeficientsfrom the SRRandthe TSRRprocessewith the
experimentabdata.However, it will bea goodmathematicaéxerciseto calculatetheinter
ferenceterm.In conclusionwe lik e to saythatthe TSRRchannebddresseiself, to some
extent,to the high experimentalaluesof the RR ratein the caseof protonandelectronfor
collisionsatthesubmeV enepgies.
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RADIJATIVNO VEZANJEHLADNOG ELEKTRONA SPROTONOMI S
DEUTERONOM

IzlaZe seteorija dvostepenegadijativne rekombinacijehladnogelektronas protonomi s

deuteronomDvostepenaadijatvnarekombinacijaodvija seputemvirtualnoguzhudenog

stanjaazbogocuvanjaimpulsasusta prelaziu osnosno stanjeemisijomfotona.Primjen-

juje seteorijapoljai Coulombasumijerljivost. Dugo poznatiednostepenprocesradija-

tivne rekombinacijeputemdipolnogmetdudjelovanja,koji opisujespontaniufotorekombi-

naciju, ne uspijeva potpunoobjasnitirezultatenedanih mjerenja.Zbroj udarnihpresjeka
za spontanufotorekombinacijui dvostepenuadijatvnu rekombinacijuusporetije se s

eksperimentalninpodacima.
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