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Abstract: This paper presents a method for the estimation of key parameters of limit cycle oscillations (amplitude and frequency) during a relay experiment used for automatic 
tuning of proportional-integral (PI) and proportional-integral-derivative (PID) feedback controllers. The limit cycle parameter estimator is based on the first-order extended 
Kalman filter (EKF) for resonance frequency estimation, to which a second-order generalized integrator (SOGI) is cascaded for the purpose of limit cycle amplitude estimation. 
Based on thus-obtained parameters of the limit cycle oscillations, the ultimate gain and the ultimate period of the limit cycle oscillations are estimated. These are subsequently 
used for the tuning of PI and PID controller according to Takahashi modifications of Ziegler-Nichols tuning rules. The proposed PI and PID controller auto-tuning method is 
verified by means of simulations and experimentally on the heat and air-flow experimental setup for the case of air temperature feedback control. The results have shown 
that the proposed auto-tuning system based on relay control experiment for the heat and air-flow process PI/PID temperature control can capture the ultimate gain and 
period parameters fairly quickly in simulations and in experiments. Subsequent controller tuning according to Takahashi modifications of Ziegler-Nichols rules using thus-
obtained ultimate point parameters can provide favourable closed-loop load disturbance rejection, particularly in the case of PID controller. 
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1 INTRODUCTION (Introductory remarks)  
 

Control objects such as those associated with heat and 
fluid flow are typically characterized by lag (aperiodic) 
dynamics and pure delay (dead-time), for which a first-
order proportional model with dead-time (FOPDT) process 
model is frequently used in control system design [1, 2], 
wherein proportional-integral (PI) and proportional-
integral-derivative (PID) controllers are frequently used 
for that purpose [3-5]. For these types of processes, the 
Ziegler-Nichols tuning rules for PID controllers are still 
used in practical applications due to their simplicity [5, 6]. 
Since the application of Ziegler-Nichols tuning rules 
typically entails experimental identification of key 
characteristics of the controlled plant, this controller tuning 
process is usually automated (automatic tuning or auto-
tuning approach), with two characteristic identification 
experiments typically considered in practical applications: 
1. Process step response-based identification of a 

FOPDT model combined with an appropriate tuning 
approach [7, 8], or a more comprehensive higher-order 
model [9, 10] which is able to capture the process 
model transient behaviour more accurately. The latter 
approach may allow for straightforward tuning of 
closed-loop damping by using PID controller design 
based on magnitude optimum [11] or damping 
optimum [10], even when using more advanced PID-
type controller structures [12]. 

2. Relay controller-based experiment to find the process 
ultimate point, characterized by relay controller 
equivalent gain (ultimate gain) for which the closed-
loop system establishes limit cycle oscillations with 
steady magnitude and frequency (so-called ultimate 
frequency) [13, 14], which is typically followed by the 
use of empirical rules for PID-type controller design 
[15].  
In terms of implementation complexity, the former 

(step response-based) methods typically require additional 
signal processing, and may also require high-magnitude 
experiments, which may need to be repeated to average out 

the effects of external disturbances [9]. This also indicates 
that process state (output) needs to be monitored in order 
to avoid exceeding safe operating limits [15]. On the other 
hand, the relay control experiment inherently maintains the 
process operating point in the vicinity of the pre-defined 
target value [16]. Auto-tuning approaches combining both 
the time-domain and frequency-domain modelling and 
identification, try to take advantage of both 
aforementioned approaches for control system design, 
wherein a combination of relay experiment and step 
response identification can be used for control system 
design [17]. Obviously, auto-tuning PID control is still a 
propulsive research and development field [6], with a wide 
range of PID controller auto-tuning solutions having been 
fielded [18].  

Research in relay experiment-based auto-tuning 
typically focuses on several practical aspects of PID-type 
controller design. One way to obtain improved closed-loop 
performance compared to traditional Ziegler-Nichols 
tuning rules is by controller re-design in order to satisfy the 
predefined requirements on the closed-loop phase margin. 
In that sense, reference [19] proposes an improved version 
of phase margin tuning approach using relay experiment 
for closed-loop process model identification. A two-relay 
experiment has been used in [20] to obtain a straight-line 
approximation the process frequency characteristic in the 
vicinity of the cross-over frequency thus improving the 
accuracy of phase margin-based PID controller tuning. A 
refinement of phase margin-based tuning, proposed in [21], 
relies on iterative PID controller retuning based on 
variation of the additional time delay (dead-time) 
parameter. An alternative approach to identification of 
characteristic points on the process model frequency 
characteristic (Nyquist or Bode plots) in the vicinity of the 
cross-over frequency is by using time-delay filtering of 
process input and output in real-time during a modified 
relay experiment [22, 23], or process input and output 
integration [24]. Some other refinements of the relay-
feedback auto-tuning experiment may include: (i) 
identification of parameters of the second-order 
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proportional model with dead time (SOPDT) [25], (ii) 
using an asymmetric relay function in order to estimate in 
real time the process model gain and normalized dead-time 
[26], and (iii) using evolutionary algorithms [27, 28] or 
particle swarm optimization type search [29] to find the 
optimal PID controller parameters based on suitable cost 
function. Unfortunately, most of these auto-tuning 
algorithms require considerable amount of time and 
computing power to obtain the final result, which may not 
be suitable for practical applications.  

Having this in mind, this paper presents an auto-tuning 
algorithm for PID-type controller that implements 
straightforward and low computational load techniques for 
the estimation of the basic set of parameters for PID 
controller design. A combined approach to the estimation 
of limit-cycle resonance frequency and amplitude is 
proposed, which uses an extended Kalman filter (EKF) [30, 
31] as the estimator of free oscillator model resonance 
frequency, cascaded to a second-order generalized 
integrator (SOGI) filter [32] used as the estimator of the 
limit-cycle oscillations amplitude, with both estimators 
having a relatively low complexity and computational 
load. Based on the estimated limit-cycle oscillation 
parameters, Takahashi modifications of Ziegler-Nichols 
rules [33] are used for subsequent tuning of discrete-time 
PI and PID controllers. To illustrate the effectiveness of the 
proposed auto-tuning procedure, it has been verified both 
by means of computer simulations and experimentally on 
the temperature and air-flow control test bench for the case 
of temperature control.  

The paper is organized as follows. Section 2 presents 
the nonlinear dynamic model of the controlled plant 
(process) in the form of heat and air-flow test bench, which 
is used for simulation analysis. Section 3 outlines the 
temperature control system design based on discrete-time 
(digital) PI and PID feedback controllers and the relay 
experiment-based auto-tuning procedure suitable for 
implementation of Takahashi-modified Ziegler-Nichols 
tuning rules, along with the limit-cycle parameter estimator 
using EKF and SOGI for combined estimation of 
oscillations frequency and amplitude. Simulation and 
experimental verification of the proposed auto-tuning 
algorithm is presented in Section 4, while concluding 
remarks and possibilities for future research are given in 
Section 5. 
 
2 DESCRIPTION OF THE CONTROLLED PLANT 
 

This section outlines the heat and air-flow test bench 
as the controlled plant (process) in this study and presents 
the second-order nonlinear process model used in 
subsequent simulation analysis. 
 
2.1 Heat and Air-Flow Test Bench 
 

Fig. 1 shows the experimental setup of the computer-
controlled heater-blower developed in [34], wherein the 
control is facilitated through a Pentium-based computer 
equipped with appropriate acquisition and control card 
[35]. The setup comprises a speed-controlled low-power 
brushless DC motor with its dedicated power amplifier 
which drives the ventilation tube air intake fan. The air is 
then heated by an electric heater, whose power output is 

controlled by means of a single-phase thyristor power 
converter. The output air flow (air speed) and air 
temperature are measured by means of a rotating vane-type 
flow sensor and a thermocouple, respectively. Output 
signals from sensors are conditioned by means of 
appropriate signal amplifiers, which are equipped with 
analog low-pass filters in order to suppress the process 
noise/electromagnetic interference (e.g. due to 220 V/50 
Hz AC power supply and related thyristor switching 
action), thus also serving as anti-aliasing filters for sampled 
process signals. 
  

 
Figure 1 Heat and air-flow experimental setup 

 
2.1 Process Model 
 

Block diagram representation of the nonlinear 
dynamic model of the controlled plant (process model is 
shown in Fig. 2a). The process model comprises a 
nonlinear static characteristic (Fig. 2b) of the thyristor-
based heater power control system which delivers its heat 
flux to the air-flow being driven through the tube by the 
speed-controlled fan (Fig. 1).  
 

 
Figure 2 Block diagram representation of controlled plant (a), and temperature 

vs. control voltage static characteristic (b) 
 

The linear part of the system, i.e. the heat transfer 
dynamics model and temperature sensor dynamics, are 
both described by first-order lag terms, whose parameters 
have been obtained in [34] by means of experimental 
identification for the case of constant air-flow and ambient 
air temperature of 20 °C. The parameters of the linear part 
of the process model that are used in subsequent simulation 
analysis are as follows: Tp = 16.3 s, and Ts = 18.7 s. The 
external disturbance within the process model in Fig. 2 
represents the action of the auxiliary heater at the 
experimental setup (see item 6 in Fig. 1), which can be 
manually turned on/off, thus acting as a disturbance source 
to the main thyristor-controlled heater system. 
 
3 CONTROL SYSTEM DESIGN 
 

This section presents the discrete-time PID and PI 
feedback controllers for temperature control and outlines 
the relay auto-tuning experiment which is the basis for 
PI/PID controller tuning according to Takahashi-modified 
Ziegler-Nichols tuning rules. The limit cycle oscillations 
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parameter estimator, comprising an extended Kalman filter 
(EKF) as resonance frequency estimator and second-order 
generalized integrator (SOGI) as estimator of limit-cycle 
oscillations amplitude, are also presented. 
 
3.1 Discrete-Time PI and PID Controllers 
 

In this work modified PI and PID feedback controller 
structures are used [33] that are shown in Fig. 3 (i.e. the so-
called I + P and I + PD controller). In contrast to the 
traditional PI and PID controllers, whose proportional (P), 
integral (I), and derivative (D) actions are all placed into 
the path of the control error e, in the case of modified 
controllers, the proportional and derivative actions are 
conveniently re-arranged to act upon the feedback variable 
ϑm only (Fig. 3).  
 

 
Figure 3 Block diagram of discrete-time PID controller (a) and PI controller (b) 

with zero-order-hold element (D/A converter) at controller output 
 

In this way, modified controller structures do not 
introduce additional controller zeros into the closed-loop 
transfer function, thus avoiding potentially excessive 
control efforts related to sudden changes of the target value 
ϑR changes or the amplification of noise in the reference 
value (which would be especially problematic in the case 
of derivative action of the conventional PID controller). 
However, should the traditional PID controller structure be 
preferred, a low-pass filter (prefilter) should be added into 
the path of the temperature reference (target value) ϑR in 
order to avoid aforementioned excessive control actions. 
Note also that in order to avoid possible occurrence of large 
step response overshoots for large reference changes (the 
so-called integrator windup problem), the controller 
integral term should be limited when controller output 
saturation is performed, e.g., by using the so-called reset-
integrator method [36]. 
  
3.2 Outline of the Relay Auto-Tuning Experiment 
 

The controller auto-tuning corresponds to the case 
when the controller parameters are calculated by an 
appropriate tuning algorithm at the demand from the 
operator, i.e. periodic/sporadic tuning is performed based 
on the operator's discretion. Typically, the operator 
monitors the behaviour (performance) of the control 
system and gives the auto-tuning command when the 
control system performance worsens, e.g., when the 
control system response becomes too slow or too 
oscillatory, which is typically caused by the variations of 
process parameters [15].  

In the closed-loop relay experiment [16], the closed-
loop system with constant reference (targe) value R is 
forced to enter the limit-cycle oscillations under a relay-
type controller (Fig. 4a) characterized by the peak-to-peak 
magnitude of relay output change 2Umax (Fig. 4b) with 
respect to the change of sign of the control error signal e. 

As a result, the controlled plant and controller output are 
ideally characterized by limit-cycle oscillations with fixed-
valued peak-to-peak magnitude 2A of the process output 
(feedback) variable m (and control error e), while the bi-
level control action the relay controller produces square 
wave pulsations of the control variable uc (Fig. 4c) These 
limit-cycle oscillations of both the process output m and 
controller output uc are characterized by a fixed frequency 
 (the so-called ultimate frequency), from which the so-
called ultimate period Tu is calculated as follows (Fig. 4c): 
 

2π /uT              (1) 

 

 
Figure 4 Block diagram of relay feedback control system (a), relay controller 

static characteristic (b), and typical control system traces during the relay 
experiment (c) 

 
The equivalent ultimate gain Ku of the relay term, 

corresponding to the so-called critical gain of the 
equivalent proportional controller which facilitates closed-
loop system limit-cycle oscillations is determined by the 
so-called harmonic equilibrium method [37]. It is based on 
the harmonic series approximation of the dominant closed-
loop limit-cycle dynamics, for the case when the nonlinear 
(relay) term is fed harmonic excitation (control error e):  
 

  1 sin( )e t E t           (2) 

 
where E1 is the amplitude and  is the frequency of 
harmonic limit cycle oscillations in the process output ϑm 
(control error e). 

For such an excitation at the relay term input, its 
discontinuous output uc may be approximated by the 
following harmonic (Fourier) series: 
 

  0
1

cos( sin( )]c n n
n

u t U A n t B n t




        (3) 

 
where U0 is the DC component (DC offset) and An and Bn 
are coefficients of the harmonic series (Fourier) expansion, 
n is the number of the higher-order harmonic component 
with respect to the principal component at the frequency  
(n = 1). 

Due to process dynamics having a low-pass filtering 
characteristic, the higher-order harmonic components             
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(n 1) are effectively suppressed (attenuated), and only the 
principal component and DC offset are present [15]: 
 

  0 1 1

0 max 1

cos( ) sin( )

 sin( )
cu t U A t B t

U U t 

     

   
    (4) 

 
For the simple relay term in Fig. 2b, the ratio between 

the process output oscillations magnitude and the 
magnitude of controller output oscillations (representing 
the ultimate gain value Ku) is obtained as follows [15]: 
 

max

1

4

πu
U

K
E

           (4) 

 
3.3 Takahashi Tuning Rules and Sampling Time Choice 

 
Takahashi tuning rules represent a modification of the 

well-known Ziegler-Nichols tuning rules for the case of 
discrete-time (digital) PID-type controller, wherein the 

controller sampling time T is also accounted for during the 
controller design [33]. Thus-modified Ziegler-Nichols 
expressions for the PI and PID controller and the case of 
limit-cycle experiment being used to identify the key 
parameters of the process model are listed in Tab. 1. 

The sampling time is chosen based on the a-priori 
known frequency characteristic of the temperature sensor 
(Fig. 2a), whose low-pass filtering characteristic also 
provides anti-aliasing filtering of the measurement signal. 
Based on this approach, the sampling time is chosen with 
respect to the sensor bandwidth s = 1/Ts of the 
measurement filter (sensor) as follows: 

 

sT T             (6) 

 
which should also comply with the following 

requirement on the sampling time related to the ultimate 
period Tu [33]: 

 
2 uT T            (7) 

 
Table 1 Tuning rules for PI and PID controller parameters based on Takahashi modification of Ziegler-Nichols tuning rules and limit-cycle auto-tuning experiment [33] 

Controller Proportional gain KR Integral time constant TI Derivative time constant TD 

PI 
9 3

1
20 5R u

u

T
K K

T

 
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 
 

5 3
1

6 5I u
u

T
T T

T

 
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 
 - 

PID 
3

1
5R u

u

T
K K

T

 
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 
 1

2
u

I
u

T T
T

T

 
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 
 

1

1
8
u

D
u

T T
T

T


 

   
 

 

 
3.4 Estimator of Limit Cycle Oscillations Frequency and 

Amplitude 
 

For the purpose of on-line estimation, the limit-cycle 
oscillations are modeled by a simplified model of free 
oscillator: 

 
2

2
2

0
d e

e
dt

            (8) 

 
where e represents the control error under relay controller 
(Fig. 4), and  is the oscillator natural frequency to be 
estimated. Since actual limit-cycle oscillations of the 
control error may also comprise a small DC bias [16], the 
control error is passed through a high-pass filter with low 
cutoff frequency bw, chosen such so as to suppress the DC 
component while having a large bandwidth (see Fig. 5a). 

The discrete-time (digital) implementation of the free 
oscillator model in equation (8) rewritten in terms of high-
pass filtered control error eF reads as follows: 

 

       2 1 cos( ) 2F F Fe k h k e k T e k        (9) 

 
where h(k) is the nonlinear function comprising past states 
of the measurement signal eF and the natural frequency  
of the free oscillator, T is the discrete-time error signal 
sampling time and k is the sampling step. 

The above dynamic model is implemented within an 
extended Kalman filter (EKF) which serves as a recursive 
algorithm of parameter estimation optimal in the least-
squares sense [30, 31]. The recursive equations for the 
first-order EKF estimator read as follows: 

         1 1 1 1 1P k K k H k P k Q k               (10) 

 

 
     

 
    ]

ˆ

ˆ

1 , 1 , 2
 

1

2 1 sin[ 1ˆ

F F

F

h k e k e k
H k

k

Te k k T

       
 

    

   (11) 

 

           2/K k P k H k P k H k R k          (12) 

 

          
       

1 , 1 , 2

2 1 cos( 1 ) 2

ˆ

ˆ

F F F

F F F

k e k h k e k e k

e k e k k T e k

       

      
    (13) 

 

       ˆ ˆ 1k k K k k               (14) 

 
where Q is the desired variance of perturbations in the 
estimated parameter , R is the noise variance in the 
measurement signal (control error), P is the Kalman filter 
error variance, K is the estimator update gain, H is the gain 
of the output equation h(k) linearized in the vicinity of the 

estimated frequency of limit cycle oscillations ̂ .  
In order to simplify the parameter estimator design, the 

measurement noise variance R can be set to unit value (R = 
1), and the EKF-based tuning is performed by varying the 
desired variance Q of the estimated frequency parameter  
perturbations [38].  

Fig. 5a shows the overall block diagram representation 
of the above scalar (first-order) EKF estimator of the limit 
cycle resonance frequency , whereas Fig. 5b shows the 
principal representation of the limit cycle amplitude 
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estimator. In the latter case the high-pass filtered error 
signal eF is forwarded to so-called second-order 
generalized estimator (SOGI) [32], which is capable of 
reconstructing both the direct (in-phase) error component 
ed and its orthogonal counterpart eq (delayed in phase by 

/2) in the vicinity of its band-pass frequency ̂  (provided 
by the EKF estimator). Using the aforementioned direct 

and quadrature signals, the estimated amplitude 1Ê  of the 

error signal can be obtained as follows: 
 

2 2
1

ˆ
d qE e e                (15) 

 
which is valid for ed and eq being orthogonal harmonic 

signals with the same amplitude. 
Fig. 6a shows the realization of the adaptive discrete-

time SOGI estimator, with the central frequency updated 
by means of the previously described EKF estimator. Its 
linear time-invariant (LTI) form is shown in Fig. 6b, which 

can be used to derive the following SOGI band-pass filter 
transfer function model [39]: 

 

   
  2 2

2 2

ˆ

ˆ ˆ

ˆ

ˆ ˆ
2

2

d I
BP

F I

e s K s
G s

e s s K s

s

s s





  

  




  

        (16) 

 
where KI is the SOGI filter feedback gain parameter and  
is the filter damping ratio which is typically set to  > 0.5, 
thus guaranteeing a well-damped band-pass filter transient 
response. Since the SOGI band-pass filter is adapted with 
respect to the estimated resonance frequency , its gain is 
unit valued at that particular frequency, thus resulting in 
accurate estimation of limit-cycle oscillations amplitude 
and good selectivity of the principal component of limit 
cycle oscillations. 

 

 
Figure 5 Block diagram representation of EKF-based limit-cycle oscillation frequency estimator (a), and principle of SOGI-based limit cycle amplitude estimator (b) 

 

 
Figure 6 Adaptive discrete-time SOGI estimator of direct and quadrature control error signal components (a) and its linear time-invariant counterpart (b) 

 
4 PI/PID CONTROLLER SIMULATION AND 

EXPERIMENTAL VERIFICATION 
 
The effectiveness of the proposed PI/PID controller 

auto-tuning is validated first by means of simulations, 
followed by experimental verification on the dedicated 
heat and air-flow experimental setup. 
 
4.1 Comparative Simulation Results 
 

The simulation verification of the proposed auto-
tuning control system for the PI and PID controller has 

been carried out using the dynamic model of the controlled 
plant (process) described in Section 2. The limit-cycle 
oscillations parameter estimator (EKF plus SOGI 
algorithm) has been tuned with the following values of 
tuning parameters: R = 1, Q = 1, KI = 2 ( = 1), with the 
sampling time T for the auto-tuning algorithm and PI/PID 
controllers being T = 1 s. The simulation scenario begins 
with the auto-tuning algorithm being executed in the first 
stage (t = 0-200 s) wherein the relay controller temperature 
reference ϑR is set to 40 °C. After the auto-tuner has 
identified the parameters of the limit-cycle oscillations 
(indicated by settling of their values), the auto-tuned PI or 
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PID controller is turned on, thus testing the effectiveness 
of closed-loop control. In order to test the disturbance 
suppression ability of the feedback loop, the external 
disturbance w = 3 °C is turned on at t = 350 s. Figs. 7 and 
8 show the results of the PI and PID controller auto-tuning 
test, respectively. 

During the first stage of the auto-tuner test (t = 0-200 
s), relay controller feedback is established and the output 
variable (air temperature measurement m) is quickly 
brought in the vicinity of the target value R and limit-cycle 
oscillations are successfully established after a short (40 
seconds long) transient. During this initial response 
transient, the parameter estimator has been disabled to 
avoid unnecessary and excessive perturbations in the 
estimated limit-cycle oscillation parameters, which might 
otherwise occur due to abrupt and large magnitude 
variations of the process output. The traces of estimated 
limit-cycle oscillations parameters, shown in Figs. 7b and 
8b) are characterized by rather fast responses, with steady-

state parameter values being reached within approximately 
90 s, and their steady-state responses being characterized 
by negligible perturbations, which points out to favorable 
parameter estimator tuning. The closed-loop responses of 
feedback control systems with PI and PID controller are 
shown in Figs. 7a and 8a, respectively. The PID controller-
based closed-loop responses (Fig. 7a) are characterized by 
more favorable closed-loop damping and response settling 
time when compared to the case when PI feedback 
controller is used (Fig. 8a), both after the auto-tuning test 
and for the case when stepwise external disturbance w = 3 
°C is applied. This can be attributed to: (i) stabilizing action 
of the derivative term of the PID controller, thus having an 
additional degree of freedom in closed-loop dynamics 
tuning when compared to the PI feedback controller, and 
(ii) inherent characteristic of the Ziegler-Nichols tuning 
rules which typically allow for weaker closed-loop 
damping in order to achieve faster disturbance response 
and, consequently, improved disturbance suppression 
ability [33]. 

 

 
Figure 7 Simulation results of auto-tuning relay experiment followed by temperature PID feedback control (a) and results of limit-cycle oscillations frequency and amplitude 

estimation (b) 
 

 
Figure 8 Simulation results of auto-tuning relay experiment followed by temperature PI feedback control (a) and results of limit-cycle oscillations frequency and amplitude 

estimation (b) 
 
4.2 Comparative Experimental Results 
 

Figs. 9 and 10 show the comparative experimental 
responses of the auto-tuning PI and PID controller for the 
case of temperature reference set to R = 40 °C, where the 
experimental test scenario closely matches the simulation 
verification scenario of the auto-tuning PI/PID controller 
in Figs. 7 and 8. The experimental results in Figs. 9 and 10 
confirm that the proposed damping optimum-based PI/PID 
controller auto-tuning method results in a consistent 

estimation of limit-cycle oscillations parameters during the 
auto-tuning test (Figs. 9b and 10b), and relatively well-
damped response of the closed-loop system in the case of 
PID controller (Fig. 10a), whereas the damping of the 
feedback control system comprising the PI controller is 
characterized by less favorable damping due to the 
previously mentioned absence of the derivative term 
stabilizing action. It should be noted that the resonance 
frequency and amplitude of limit cycle oscillations differ 
somewhat from the simulation, which is due to: (i) setting 
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of the air-flow propeller reference speed being manually 
adjusted to achieve steady air flow, and (ii) higher 
magnitude of the control voltage stepwise change within 
the relay term (Umax = 1 V), which was chosen as a 

compromise between the sensitivity to temperature 
measurement noise and achieving ample magnitude of 
temperature measurement variations during the relay 
control auto-tuning test. 

 

 
Figure 9 Experimental results of auto-tuning relay experiment followed by temperature PID feedback control (a) and results of limit-cycle oscillations frequency and 

amplitude estimation (b) 
 

 
Figure 10 Experimental results of auto-tuning relay experiment followed by temperature PI feedback control (a) and results of limit-cycle oscillations frequency and 

amplitude estimation (b) 
 
5 CONCLUSION 

 
The paper has presented a novel estimator of limit-

cycle oscillations amplitude and frequency during a relay 
experiment, which has been used for automatic tuning of 
PI and PID feedback controllers. The proposed limit cycle 
parameter estimator has included the EKF-based limit-
cycle resonance frequency estimator and the associated 
second-order generalized integrator (SOGI) for the 
estimation of limit-cycle oscillations amplitude, with both 
estimators having a relatively low complexity and 
computational load. Thus obtained limit-cycle parameters 
have been used to determine the parameters of the closed-
loop ultimate point, i.e. the ultimate gain of the relay 
controller and the ultimate period of limit-cycle 
oscillations, which have been subsequently used for the 
tuning of PI and PID controllers according to Takahashi 
modifications of Ziegler-Nichols tuning rules. The 
proposed PI and PID controller auto-tuning method has 
been verified by means of simulations and experimentally 
for the case of air temperature feedback control on the heat 
and air-flow experimental setup. 

The simulation and experimental results have shown 
that the estimator of limit-cycle oscillations parameters is 
characterized by rather fast response, with steady-state 

parameter values having been reached within 
approximately 90 s, in both simulations and experiments. 
The steady-state values of estimated natural frequency and 
amplitude parameters in both simulations and experiments 
are characterized by negligible perturbations, which points 
out to favorable suppression of high-frequency "noise" 
within the EKF and SOGI-based estimator. This is 
especially important in the case of experimental tests, 
characterized by larger magnitudes of relay control action 
during the ultimate point parameter estimation phase. 

The closed-loop responses of PI and PID feedback 
controller-based systems tuned according to Takahashi 
rules following the relay feedback auto-tuning experiment 
have indicated that experimental tests auto-tuned PI and 
PID feedback controller generally comply rather well with 
simulation results. In particular, the PID controller-based 
closed-loop system has been characterized by substantially 
improved closed-loop damping and response settling time 
compared to the case when the PI feedback controller has 
been used. For the particular heat and air-flow process and 
stepwise temperature disturbance in the process steady-
state, typical settling times obtained when PID controller is 
used are about 50 s, whereas the PI controller-based system 
is characterized by more oscillatory response with settling 
times of about 150 s (three times slower settling). The main 
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advantage of PID controller use is its additional ability to 
condition the closed-loop system dynamics via its 
derivative action (which is not present in the PI controller), 
thus facilitating faster settling and improving the closed-
loop stability margin.  

The aforementioned is especially important when 
controller auto-tuning is based on semi-empirical Ziegler-
Nichols type rules, because they typically allow for weaker 
closed-loop damping in order to obtain faster disturbance 
response. In that sense, the PID controller should be 
preferred due to the additional stabilizing action of the 
derivative term that should improve the damping 
characteristic of the closed-loop system and should result 
in closed-loop system disturbance rejection performance 
that is both faster and better damped compared to the case 
when PI controller is used. 
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Nomenclature 
 
Abbreviations: 
EKF Extended Kalman filter 

FOPDT 
First-order Proportional model with Dead 
Time 

max Maximum value 
PI Proportional-integral (controller) 
PID Proportional-integral-derivative (controller) 
PLC Programmable logic controller (control unit) 

SOGI 
Second-order generalized integrator (band-
pass filter) 

SOPDT 
Second-order Proportional model with Dead 
Time 

 
Variables: 

e, eF 
Control error signal and its high-pass filtered 
value 

ed, eq 
Direct and orthogonal component of high-
pass filtered control error value 

1Ê  
Control error signal principal component 
amplitude estimated value 

h(k) EKF output nonlinear function 

H(k), H(k − 1) 
EKF gain parameter of the linearized output 
equation h(k) 

K(k), K(k − 1) EKF time-varying gain parameter 
P(k), P(k − 1) EKF time-varying error variance parameter 
R(k) EKF measurement noise variance parameter 
Q(k − 1) EKF state perturbation variance parameter 

q−1 
Discrete-time operator of unit time delay 
(one step delay) 

s Laplace variable 
 EKF estimator tracking error 
m SOGI estimator tracking error 

̂  
Estimated frequency of limit-cycle 
oscillations 

 
Parameters: 

A1, B1 
Coefficients of principal component 
approximation of relay controller output 

An, Bn 
Coefficients of harmonic (Fourier) series 
approximation of relay controller output 

U0, Umax 
DC offset (bias) and amplitude of the 
principal component of the relay controller 
output 

KI SOGI estimator gain parameter 

KR, TI, TD 
Proportional gain, integral time constant and 
derivative time constant 

Ku, Tu 
Ultimate gain (of the relay term) and ultimate 
period of limit-cycle oscillations 

T Sampling time 

1,n 
Principal component phase shift and n-th 
harmonic component phase shift 

 Limit-cycle resonance frequency 
 Damping ratio 
 
Symbols: 

 

  Estimated value 
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