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The effect of electron-phononcouplingon the formationof bipolaronsis consideredin
bothadiabaticandantiadiabaticregimes.Within thetwo-siteHolstein-Hubbardmodel,it
is shown that fastphononscaninfluencethe formationfor both repulsive andattractive
effectiveon-siteinteractions.
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It is widely acceptedthat the descriptionof the electronicstructureand proper-
tiesof high-temperaturesuperconductorsrequirestight-bindingmodels.Thepresenceof
electron-phononinteractionis alsorecognized,particularlyin thelow hole-dopingregime
[1]. An obviousquestionis how muchthepresenceof electron-phononcouplinginfluences
the propertiesof thesemodelsandaccountsfor the physicsof the materialsthe models
describe.importantis the In the scenarioof preformedpairs [2], couplingof the pair’s
electronsto latticevibrationalmodesmight resultin an increaseof thebindingenergy of
thepairor in areductionof thebindingenergy. In addition,thevalueof thesuperexchange
interaction

�
mightalsodependon theelectron-phononinteraction.

Theelectron-phononinteraction,evenif it appearsnot to bea mechanismresponsible
for superconductivity, might be a clue for the understandingof the stability of pairsand
haveasignificantconsequencesin themodelsused.
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We approachthis problemby examiningtheHolstein-Hubbardmodel,in which cor-
relatedelectronsareassumedto be locally coupledto a dispersionlessphononmodein
a wide rangeof parameter’s space.This haspreviously beenconsideredin the adiabatic
limit ����� [3–4],whenit wasfoundthatsuperexchangedoesnotdependontheelectron-
phononcoupling, as the time is too short for the lattice to follow the virtual electron-
hoppingprocesses.The non-adiabaticlimit hasbeenaddressedin Ref. 5, wherea non-
trivial dependenceof � on electron-phononcouplinghasbeenshown within a variational
approach.

In this letter, we will usethe exact diagonalizationfor small clusters,truncatingthe
Hilbert space[6] by allowing only a finite maximumnumberof phononspermode.The
Holstein-Hubbardmodelis definedby theHamiltonian

�	� ��
� � � �� � ������ ����� 
���� � � � ��� � � � � � �� � � � ��"! 
$# � % & ' % �(� ) �� � ) & �*� ) �& � ) � � � ��+ 
�� � � , � � - . (1)

where ) �� � and ) � � arethecreationandannihilationoperatorsfor electronsof spin / and� �� and � � arecreationandannihilationoperatorsfor local phonons.In the sum,the in-
dices 021 3 4�5 run over thenearest-neighboursites.Themodeldescribestightly-binding
electronsinteractinglocally with theeffective interaction + that is assumedto beattrac-
tive or repulsive. Their couplingto theEinsteinoscillatorof frequency � is takenvia the
fluctuationsof theelectrondensity� � � �� � � aroundthemeanelectrondensity � � � . This
eliminatesthe trivial couplingof the zero-momentumphononmodeto the total electron
density. We useunitssuchthat 678�$9

.

Thesimplestway to examinethemodelis to considertwo electronsata two-siteclus-
ter. Inspiteof its simplicity, thesystemdoeshavebasicfeaturesthatgiveaninsightinto the
importantphysicalquantities,suchasthesuperexchangeandtheaveragedistancebetween
electrons(whichcouldberelatedto thestabilityof electronpairs).For a sufficiently weak
electron-phononcouplinganda largepositive + , theelectronicconfigurationwith only a
singleelectronpersitewill predominate.For a largercouplingconstant� , oneobservesa
transitionto a local bipolaron.Theenergy differencethenhasthemeaningof thebipola-
ronic bindingenergy. Onecaneasilyfollow thedevelopmentof thesystemasa function
of thecouplingconstant� , from anelectron’s singletstatewith eachelectronat different
sitesto a local bipolaronicstate,wherebothelectronsarelocalizedat thesamesite.

For the two-electronproblem,we choosethe basissetthat is a productof electronic
andphononicstates.Thewave functionis of theform:

:<;2� 
�=> ?(@A� B C; % >(D E 5 D �F5"G H � B �; % >(D � 5 D ��5IG H � BKJ; % >(D � 5 D ��5IG H� B�L M N; % > D O J � 5 D �F5"G H � B L P; % > D O @ 5 D �F5"G H � B L N; % > D O � 5 D ��5IG H �
(2)

whereQ � � 3 9 3 R 3 S 3 . . and0 describesthegroundstate.D �F5"G H is an �(T H excitedoscillator
state.Electronstatesareanintersitesinglet

D E 5 � 9U R � ) � � % , ) �� % - � ) � � % - ) �� % , � D �V5W3 (3)
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polarstates X Y ZW[]\^ _K` a b c d e a b c d f
Y
a bg d e a bg d f h

X i Z
(4)

andtriplet states X j
k Z<[ cl g ` a b c d e a bg d fImFa b c d f a bg d e h

X i ZX j
c Z<[ a b c d e a bg d e

X i ZX j
n c Z<[ a b c d f a bg d f

X i Z (5)

It hasturnedout that lessthan50 phononsareneededto ensurethe stability in the
diagonalizationfor smallclusters.

Theenergy of thegroundstateis calculatedasa functionof theelectron-phononcou-
pling o�p q . In Fig. 1a, ground-stateenergy is shown for a positive and large valueof r
for a rangeof phononfrequenciesfrom adiabaticto antiadiabaticregion. In the weak-
couplingregime( o p qts \ ), theground-stateenergy shows little dependenceon thecou-
pling strength.In the electronicconfigurationof the system,a single electronper site
dominates,giving asingletgroundstate.It is evidentthatthedifferencein energy u c v u k
betweenthelowesttriplet stateu c andtheground-statesinglet u k canbeinterpretedasthe
effective exchangeinteraction w [7]. Note thata triplet statedoesnot coupleto phonons
with ourchoiceof theHamiltonian.
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Fig. 1: Groundstateenergy from diagonalizationof theHolstein-Hubbardmodelfor two
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In Fig.2 aneffective exchangeinteractionw is plottedfor severalvaluesof y p q . One
shouldnotethattheresultagreeswell with thepredictionof Ref.4 that w doesnotdepend
on electron-phononcouplingin the adiabaticlimit. The adiabaticresult w [z~ q g p r ap-
pearsto holdfor

y�� q . Whatonelearnsfrom Fig. 2 is thatanincreaseof electron-phonon
couplingenhancessuperexchangevery little until thecouplingbecomesstrongenoughto
causea transitionto anon-sitebipolaron.Thentheenergy differenceu c<v u k becomes
large,andthis is accompaniedwith thecompletedominationof thepolarstatein theelec-
tronic part of theground-statewave function � k . Also, the interpretationof u c<v u k as
superexchangelosesits meaning.It rathermeansthebipolaronbindingenergy [8].
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FromFig. 1, onecanseea dramaticcollapseof thesystemto a stronglyboundstate
at particularvaluesof ��� � . It shows that for a larger phononfrequency � , the transition
happensat largervaluesof � , extendingtherangeof theadiabaticbehaviour well into the
strongcouplingregime.
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Fig. 2: Energy differencebetweentriplet �<� andground-statesinglet �"� versuselectron-
phononcoupling. �<�t� �<� �2�t� � . (w ���I�t� �I� , � is phononfrequency.)
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Fig. 3: Averagedistancebetweenelectrons,normalizedto thesizeof thesystem,versus
electron-phononcouplingg (w �z�"� � �W� , � is phononfrequency.) a) �I�����8� ���*� � . b)�<�t� �<� �$�<� � � .

‘OCIn Fig. 3, thechangeof theaveragedistancebetweenelectrons,measuredin units
of thesizeof thesystem,is plottedasa functionof theelectron-phononcouplingconstant� . In Fig. 3a,onecanseethat for a largeandpositive valueof � anda sufficiently weak
couplingconstant� , the systemprefersa singletgroundstate,asexpected.The average
distancebetweenelectronsis aslargeasthesizeof thesystem.A largeenoughvalueof� is neededto overcomethe repulsive potential � and to localizeelectronsaroundone
centerof thesystem.It is evidentthatthecrossover from theweak-coupling( � � �"��� ) to
thestrong-coupling( � � �K��� ) regimedependsontheadiabaticityof thesystem.For faster
phonons,thetransitionto a localizedstateof electronsis postponedto a largervalueof � .
Thisseemsto agreewell with thepredictionof theLang-Firsov approach[9] which gives
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theeffectiveon-siteinteractionas ��� � �t�2����� �   ¡ ¢ , a resultthatis valid in theextreme
antiadiabaticlimit (¢I¡ £�¤�¥ ). Thetransitionshowsupin variouscorrelationfunctions,the
analysisof whichwill bepresentedelsewhere.

For largeandnegativevaluesof � , electronswouldbelocalizedatonecenter, evenin
a weak-couplingregime.

An interestingfeatureemergesfor a small andnegative valueof � . In Fig. 1b, the
ground-stateenergy is plottedfor a setof phononfrequenciesandfor anattractive on-site
electron-electroninteraction�¦�¦�I§ ¨ © (measuredin unitsof ª £tª ). It shows a transition
to a strongly boundstate. It is also evident that for a weak-couplingvalue of � , even
though � is negative, the systemis not entirelyboundat onesite. In thefirst place,that
is a consequenceof thehoppingtermin theHamiltonian,but it alsoshows a dependence
on thephononfrequency. Theeffect is betterseenthroughtheaveragedistancebetween
electronsasshown in Fig. 3b. Theattractionandconsequentlythelocalizationof electrons
atonecenteris in a sensereducedby a fastphonon.

In summary, it hasbeenshown that the presenceof the electron-phononinteraction
leadsto an increaseof theeffective exchangeinteractionin a two-sitemodel.Theeffect
can be observed experimentallyas an isotopicdependenceof the measuredvalueof «
[10]. It is alsoshown that thevalueof thecouplingconstantat which a transitionoccurs
to an on-sitebipolarondependson thephononfrequency. A tendency is shown that fast
phononsopposethetransition.They seemtoactsoastopreservethesingle-siteoccupancy.
Theeffectcanbeseenevenfor anegativeon-siteelectron-electroninteraction� . Onemay
expectthatfor asmallon-siteeffectiveinteractionfastphononsmayleadto ananharmonic
lattice fluctuation,suggestingpossiblepolaroniceffectswell into the regime of existing
localbipolarons.

A similarconclusionabouttheinterplayof theelectron-phononcouplingandphonons
hasbeenpresentedin Ref.11.There,aformationof asinglepolaronwasconsideredwithin
thevariationalapproach,andit is shown thatfastphononsdoopposethatformation.

In conclusion,it appearsthat a two-sitemodelconsideredhereagreeswell with the
adiabaticresultsandresemblesthebehaviour of theHolstein-Hubbardmodelin theantia-
diabaticregion. It givesa consistentmeaningto theresultsin thewholeregionof phonon
frequenciesfrom theweak-to thestrong-couplingregime,a resultthatis ratherdifficult to
achieveusingstandardanalyticaltechniques.
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FORMIRANJEPOLARONA: STUDIJMALIH NAKUPINA

Učinak elektron-phononvezanjana formiranje bipolaronarazmatrase kako u adija-
batskom tako i u antiadijabatskomrežimu.U okviru Holstein-Hubbardovogmodelas dva
centrapokazanoje dabrzi fotoni moguutjecatinaovo formiranjekako zaodbojnatako i
zaprivlačnamed–udjelovanjamed–u česticamajednogcentra.
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