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Modulation of ion-acoustic waves in a slowly responding collisional plasma is anal-
ysed for some critical values of plasma parameters, angle of propagation, collisional
frequency, ion-temperature and percentage of fast particles in the plasma. Elec-
trons, which form the background, are assumed to be nonthermal. It is observed
that at these critical values, the nonlinear ion-acoustic wave is described by the
new form of nonlinear Schrodinger (NLS) equation containing higher-order and
derivative-type nonlinearity. The condition for modulational stability is derived for
some critical values of the plasma parameters, and lastly the solitary solution of
the NLS equation is obtained and is found to vary somewhat for different critical
values.

PACS numbers: 52.35.Dm, 52.35.Mw, 52.35.Sb UDC 531.52

Keywords: collisional plasma, ion-acoustic waves, nonlinear wave, nonlinear Schréodinger
equation, modulational stability, solitons

1. Introduction

The study of modulational stability of ion-acoustic waves in a dispersive and
weakly nonlinear plasma has been a topic of important research over the last few
decades (e.g., see Refs. [1] and [2]). By incorporating the effects of harmonic gener-
ation and ponderomotive nonlinearities, many authors have derived the nonlinear
Schrodinger (NLS) equation which governs the dynamics of nonlinear ion-acoustic
wave packet [3,4]. Nonlinear parallel modulation of ion-acoustic waves in an unmag-
netized plasma due to nonlinear interaction with slow-response quasi-static plasma
was studied by Sukla [5]. The magnetized case was analysed by Bharathram and
Sukla [6], Bharathram [7], and Alam and Roy Chowdhury [8]. The case of oblique
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modulation was studied by Chhabra [9]. Almost three decades ago, Hasegawa [10]
pointed out that the ion-acoustic wave at a frequency smaller than the ion gyro
frequency (Q; = eBy/(mic)) can decay due to the coupling with other tranverse
effects. It was observed that the stability also depends on the angle of propagation.
In this context, it can be mentioned that Vladimirov and Yu [11,12] studied the
effect of collision on the evolution of ion-acoustic wave and Langmuir excitations in
a different way. In our case we have introduced the collisions in a simple fashion.

In this paper, we study the effect of higher-order nonlinearity on the propagation
of ion-acoustic wave in a slowly responding quasi-static plasma in the presence of
nonthermal electrons and collisions in a constant magnetic field. The electrons
are assumed to be nonthermal to take into account the effect of fast particles in
the plasma [13,8]. The necessity for such considerations comes from Freja, Viking
and other satellite observations [14,15] which were launched for measurements of
various plasma parameters in space. These experiments were performed through
the collaboration of NASA and ESA. We further assume the propagation to be at an
angle to the magnetic field. The whole system is seen to behave in a very different
way near a critical situation specified by special values of the angle of propagation
(0), the collision frequency (v), the ion-temperature (7;) and the percentage of
fast particles 8. The nonlinear equation so derived is a new kind of NLS equation
involving higher nolinear term | 4 | ¢ and also nonlinearities containing derivative
of 1. We then analyse the modulational stability by taking recourse to linearization
and also obtain the exact form of the solitary wave. However, one should keep
in mind the difference between our derivation of the new NLS equation and of
the usual modified KdV case. Here our critical parameter values are fixed from
completely different considerations. On the other hand, from the analysis of the
linear dispersion relation, we have seen the growth and decay of the wave which
explicitly shows the dependence of the cut-off on the values of 3, the percentage of
fast particles inside the plasma.

2. Formulation

We assume that the plasma consists of positive ions and electrons and that a
hydrodynamic description is possible. The electrons form the background and are
assumed to be nonthermal. Such a distribution of electrons was used by Mamun and
Cairns [13] and by Alam and Roy Chowdhury [8] to take into account the effect of
fast particles in the plasma. We also assume that there is a constant magnetic field
EO oriented along the z-axis. The equations governing the plasma can be written
as

%’f +V - (i) =0, (1)
881; + (T - V)T = -V + Z (% x Z) — gT V(n*?) + w”pi i, (2)
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2
Vo =ne —ny, (3)

ne = (1= B¢ + 86°) exp(9) , (4)

where (); and wp; are, respectively, the ion-gyro and ion-plasma frequency, T' =
Ti/Ter, Teor is the constant temperature of free electrons and v the collision fre-
quency. n; and n, denote the ion and electron density, respectively, and v; the corre-
sponding velocity of ions. Furthermore, the ions are considered hot and the electron
distribution is assumed to be a nonthermal one, as used previously in works of Ma-
mun and Cairns [13] and by Alam and Roy Chowdhury [8]. All physical quantities
appearing in the above equations have been normalized by the following quantities:

The densities n; and n. by the unperturbed electron plasma density ng, the
velocity v; by ¢s = /Tem/mi, the potential ¢ by T.x/e and length and time,
respectively, by the effective Debye length Ap o = /Tesr/(4d7nge?) and the ion-
plasma time period w;il = /m;/(4mnge?). Normalised field variables n;, v;, ¢ are
all separated into their low- and high-frequency parts

nj=1l+4n+nf G=0j+7] o=¢+¢", j=ei, (5)

where the superscripts 1 and h stand, respectively, for low- and high-frequency
components. We next assume that the higher-order derivatives of the low-frequency
terms are negligible along with the fact that the average of high-frequency terms
contributes only to the low-frequency terms. This type of approximation was used
by Thornhill and Ter Haar [16] and others previously. Substituting (5) into Egs.
(1) to (4) and separating high- and low-frequency parts (keeping terms up to the
4% order), we get

w=-pet oo+ (C20) wpe s (F ) wre. (o)

w=-pd 4y () @ ()0 @

' =mng — V", (7)

At this stage, it should be noted that we will be frequently using the condition of
quasi-neutrality and quasi-static nature of plasma expressed by

nlzn , vilzv,la%O. (8)

These assumptions, along with (6), when used in the momentum equation, yield in
the linear approximation

vy, dg" h h
ot =~V on TWeliy T iz, (9)
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— fy—y — Weliy, + [y 5 (10)

where v = =1+ 2T(1 — ), we = Qi /wpi and p = v/wy;. The equation of continuity
then yields

D=~ 2+ V- =0. (1)

From Egs. (9) to (11), one obtains simply the dispersion relation
(1= B4 k2 —2ipu(1 = B K2)? + [Py — (w2 + ) (1= -+ KD w—ik2py = 0, (12)

which indicates that the solution for either k or w is complex, implying growth or
decay of waves, depending on the sign of the imaginary part. Solving for k, we get

2 W= B)(=2 +i2up)
w(Q? +7) —ip(2w? +7)

For a wave with w > w,, the dispersion relation can be simplified,

w?(B = D[(W? + p*)* + 1?9]

2y 2.2 12
%(k )_kl k2 w2(w2—,u2 +’7)2+M2(2W2+’Y)2’

(13)

w(l = B)(w® + p*)py (14)

X(k2) = 2 —
S(k7) = 2k w?(w? — p? + )2 + p2(2w? +7)2’

where k = ky + iks. Note that when v, T} and 3 are assumed equal to zero, we
obtain the analytical expressions for k1 and ks of Alam and Roy Chowdhury [8].

From Eqgs. (13) and (14), one can analytically solve for k1 and ks. Fr example,

we have
k3 = @[YJF VY2427, (15)

where
X = w?(@? — i 4+ 7)? + 4220 +7)?,

Y =0l + 1?2 +pP), 2=+ R) (16)
The group velocities in the = and y directions can be calculated from Refs. [9]

and [17] as

Ve = 2 (RW)), gy = a%(%w».

Explicit expressions for vy, and vg, are complicated and we do not reproduce
them here. Now, to ascertain the growth and decay of the wave, we have plotted
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k3 versus w in Figs. 1 and 2 for different values of 8 and p and other plasma
parameters. It is interesting to observe from Fig. 1 that the value of ko attains a
maximum at a particular frequency w, and this maximum value increases in the

-]
fn

W

Fig. 1. Square of the imaginary part of k versus w, showing the maximum growth
and decay of the wave for the following values of the parameters: § = 0.5, u = 0.2,
T —

), 3=05p1=02T=00(—),8=00,p=02T=20 ().
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Fig. 2. The same as in Fig. 1 for ion-temperature T equal to zero: 8 = 0.8, u = 0.0,
T=00¢(.... ), =08, 1=0.2,T=0.0 (—).
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case when one of the above parameters is equal to zero. Ultimately, the value of
ko gets saturated for large w. Figure 2 shows that in the absence of collisions,
the growth of the wave is fast and reaches the same maximum value in the range
1.2 < w < 1.5 and for w > 1.4. The values of ks in both cases fall off and attain
a saturation for w > 1.6. Due to this phenomenon, the waves get damped after
travelling a finite distance inside the plasma and ultimately may be cut-off, i.e.,
the propagation stops. Figures 1 and 2 explicitly display the nature of decay for
various parameter values. On the other hand, keeping the nonlinear terms, we get
from the high-frequency component of the momentum equation as

vk b .

o = VO T X D) E V(09" +72VI(0)70" 3V I(6) 6" + i, (17)
whereas the low-frequency part leads to

1 2
where
2 9 1 1 9
'yl:§a(2a+2ﬂ—/6’), 72:604(1+7ﬁ), 73:2—704(1720/6’+6ﬂ),
5T

n=-1+26-5-), a= 21

We further assume that the modulational amplitudes v and vihy vary slowly
with respect to y, so that from (9) and (10) we have

Ui}; = —751¢h, Uﬁ, = —’Y52¢h7
with
5. _ il + W)k, —weky) il io)ky —weki] 7P
T (w2t (ptiw?2+w? T2t

Finally, elimination of all variables in favour of ¢ leads to

2

+a1v2:| |¢h |2 ¢h+ |:a2_+a3v2:| |¢h |4 (bh

2

0 2 2| 4b 9 9
[wu_g—v )+7V ] o + [53@ o

0? 0
e I o S P S P P
0

oy [dig" +dy | ¢" [* ¢" +ds | " |* 6" +du | 6" |® ¢"] = 0. (19)

This is the required nonlinear Schrédinger equation of ¢". The notations used
in Eq. (19) are given in the Appendix A.
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We now assume that the nonlinear interaction of the ion-acoustic wave with the
slow response of plasma gives rise to an envelope of waves whose amplitude varies
with time and space scales much more slowly than those of ion-acoustic oscillations.
So we set

" = e%qﬁh(ﬁ,T) exp(ik,x + ikyy — iwt) + c.c. , E=e(x —vgt), T=¢t.

From the coefficient of e%, we get

h

9 b2 b
A8—§+B|¢ |“¢" =0, (20)

where A and B are given in the Appendix A.

We now consider the case for some values of the plasma parameters 3, u, 6
and T for which the coefficients of Eq. (20), the steady-state equation, vanish. The
values thus calculated from A = 0 and B = 0 are said to be critical values of the
plasma parameters on the assumption that d3 # 0, because otherwise A = 0 gives
1— B+ k% =0, and again we do not have a steady-state equation.

For waves with w > w,, the critical values can be calculated from the following
equations for a particular frequency or wave number

(k1 (122w Wkaw] (77 cos 0) +wweks (77 sin 0) = 2(wu? ) wv, (1-BFHei—k3 H8puw?v, k1 ko,

(21)
3uwkitHes (12—w2)] (7 cos 0) k1 wwe (7 sin ) = —4pw?v, (1-GHki—k3 dwv k1 ke (1 —w?),
(22)
w? —wh
ki = ————, k= ———, 7 =-7. (23)
wey/ (1 = B)y wer/ (1= B)y

Equations (21) to (23), together with the dispersion equations (13) and (14),
actually define the region of the critical values for a particular frequency or wave
number in the plasma. In particular, for a frequency near u, the critical values can
be calculated from the following equations

Tt (et -ar o) (24)
o] e
uzé[wg (?wi(l—ﬁ)z—l)]m (26),
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Collecting the terms occurring as coefficients of €/2, we get
agbh 0% b g OB" h 28¢h hod b
— 4+ P Q 4+ R - 9

The expressions for P, @, R and S are given in the Appendix B.

Equation (27) is the new NLS equation with a higher-order nonlinearity. This
new type of NLS equation is a combination of derivative NLS and the ordinary
NLS equation with a higher-order nonlinearity.

3. Modulational stability

To proceed with the analysis of modulational instability, we set

3
h _ 1/2 . id 9
" =p/ exp 1/2P£ , (28)

where p is the amplitude and the o/(2P) phase .
Substituting (28) into (27), we get

ap 0 Q—-R
E+6_§(pa)+ P (pP0) =0, (29)
O 00 _ st Pp, 20 (apd  pd

For the analysis of stability, we linearise the above equations by setting
p = po +dpexp(iké —iwT) = po + 0p, o = 0o+ 60 exp(iké — iwr) = 0g + 67

Whence from the condition for the existence of non-zero values of dp and do, we
get

i(koo —w) + (Q )pOUO ikpo + Q 2

_ =0. (31)
PE(4iS — (Q + R)k — ik Ppy')  —i(ogk — w)

As the value of § increases from 0 to 1, we find at the critical values given by Egs.
(24) to (26) that |P| > |Q|, |R| and |P| > |S|. In that case, Eq. (31) reduces to

T~ ook — i\ P(PE — 4p0S), (32)
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from which we have (W = @) + iws)

k
wzziﬁ [N1+1/N12+N22] . (33)

Here
—2
N, = (P? — Pk — 4po(PS; — P,Ss) ,

2
Ny =2 {P1P2k' —2po(P1S1 + P252)} ;
with P = P, +1P, S = 51 4+ 155, etc.

From Eq. (33), we find that the modulational wave is always stable. From Fig. 3,
it is clear that as [ increases, the stability of the wave increases.

I il [ /

¢ /
h

I
b

a}

10—

N

k

Fig. 3. The imaginary part of @ versus k, showing the stability of the modulational
wave at the critical values: 3 = 0.75, u = 0.5 x 103, T = 0.0, § = 7/2 (....... ),
B=05u=05x10%T=0.00=m/2 (—).

4. Solitary wave solution

Solitary wave solutions of Eq. (27 ) can be obtained by substituting
o"(§,7) = (& 7) exp(iKE —iQr)
in Eq. (27) and then equating the real and imaginary parts. We get
Vr+ Pothee +2P1 Ktpe + (Q2+ Ro)1hetp® +(Q1 — Ra) Kp® + Sotp® — Py K?4p = 0, (34)
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Pripee —2Py K+ (Q— PLE? ) +(Q1 4 Ry )eth® + (R — Qo) K¢p* +519° = 0. (35)
Combining Egs. (34) and (35), we obtain

by + O19¢ + Oathge — B3¢ — O49° — O59° =0, (36)

where where expressions for 01, ..., ©5 are given in Appendix B.

We now set z = £ — ©17 so that we have from (36)
Oathrs — O19) — B4 — O59° =0, (37)

which upon integration leads to

1/2
¢:i< 2a ) . (38)
/(0% — dac) cosh(2y/a(§ — & — 2PKT)) —b
Finally, we get

¢"(€,7) = (€ ) exp(iKE — Q). (39)

The expressions for a, b and ¢ are

_ PRKXQ1+R1) + (Q-P1K?)(Q2+ Ry) b— (R} + R3) — (QF + Q3)

P1(Q2 + R2) — P2(Q1 + Ry) 7 2[P1(Q2+R2) — P2 (Q1+R1)]’

o 51(Q2 + R2) — S2(Q1 + Ri) (40)
3[P(Q2+ R2) — Po(Q1 + Ry)]

Incidentally, it may be mentioned that nowadays it is possible to obtain N-
soliton solutions of such a NLS equation by the Hirota’s method. One substitutes
¢ = G/F, where G is a complex function and F' is real, and they are given by

G = poexp(ikr — iwt)(1 4+ eg1 + 2ga + ..., F=1l4efi+efo+....

Usually a truncation is possible and one gets a specified number of solutions de-
pending on the number of terms retained. We do not go into further details here,
because such type of equations have already been studied from the N-soliton point
of view by Lakshmanan et al. [18] and Radhakrishnan et al. [19]. Also, it is a
fact that the N-soliton structures are not of interest in plasma physics due to the
difficulties in their experimental observations.
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5. Conclusions

In above presented analysis, we have found that in the presence of collisions,
the wave number k turns out to be complex in the linear dispersion relation. The
wave amplitude increases when any one of the parameters 3, p and T is neglected,
and it gets saturated for large values of w. Due to this phenomenon, the waves get
damped after travelling a finite distance inside the plasma and ultimately may be
cut-off, i.e., the propagation stops.

2
N

&= &o

Fig. 4. Variation of the amplitude (1)?) of the solitary solution with space varialbe
(€ — &) at the critical values (= 0.75, p = 0.5 x 103, T = 0.0, § = 7/2.

'ﬁ"'\-\.f\-. '\-
L)

Fig. 5. The three-dimensional view of the amplitudes for the same critical values
as in Fig. 4.
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The nonlinear ion-acoustic wave is described by the new NLS equation with
higher-order and derivative-type nonlinearities. It originates is due to the critical
values of the plasma parameters 3, 6, p and T. It also exhibits a different form
of solitons at different critical values — one of the usual type and other one the
‘hole’ type. The soliton forms are shown in Figs. 4 to 7. It is observed that the
modulational wave is stable even at some critical values of the plasma parameters,
and the stability increases as the percentage of fast particles increases.

9
i
20
l i0+ |
} / 1 | § {
| Y ; | /
S B \_ Py N\ .
_— ~— L _ —

N 2 7 =T TN z f"/
v / i f i
| f ! | {
‘ ! -10 ! i =’

-20
o o
§ — LU

Fig. 6. The same variation as in Fig. 4 showing the different forms of soliton at
different critical values (3 = 0.5, = 0.5 x 103,7 = 0.0,0 = /2.

— q‘_‘l'l: -
Fig. 7. The three-dimensional view for the same critical values as in Fig. 6.
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Appendix A

Here we give expressions for a;, b;, ¢;, d;, A and B

1+3 1
ar = [(1=0)y+mlds, as= 5 ﬁég ;a3 =157 + (1= B)y6s + 7253} 03,
1+8 1 1+3
bg = 6 55%, b3 = 5’}/153 + (]. — 5)’}/2(53 +’)’35§ + 6 5’}/:| (53,
1 1+3
c1 = (weba+pd1)y, c2 = (1=0B)yd203we, c3= 575253%7 = 675253%7

1 1+3
di = (Web1—pd2)y, do = (1-B)7y6103we, d3 = 575153(«%, dy = 5 5’751530%,

A= (1 - B+ k?)2iwv, + 2ivk cos § — y(weda + pé1),
B = 03]—w? + (61 8in 0 — 65 cos 0) kywe (1 — 3)] .
Appendix B
Here we give expressions for P, @), S and ©);

(1-08.+ k2)v§ + dwkgvg + e
2w(l — B+ k?) ’

P=-

Q _ [3iwvg + ((1 - 60)70 + 71)4”{1 - 2(1 - ﬁc)7c62we]53
2w(1 — B, + k?) ’

Ro_ lwvg + (1 — Be)ve +71)2ikg — (1 — Be)Yedowe]d3
2%(1 — B. + k2) :

5 [w%;;(%) + 3k2(%’yc + (1 = Be)v103 + d3y2) — i%%we(km% + ky1)]03
B 2w(1 — B, + k?) ’

2K [P2(Q2 + R2) + P (Q1+ Ry)], ©2= P (@1 + Ry) — P1(Q2 + Ry)

0= ——— ,
! Q1+ Ry Q1+ Ry
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_ PK?*(Q1 4 Ry) + (2 — PLK?)(Q2 + Ry) (R? + R3) — (Q1 4+ Q3)

) 0= K,
’ Q1 + R ! Q. + Ry
O — S51(Q2 + Ra) — S2(Q1 + R1)
° Q1+ Ry )
References

[1] K. Schimizee and Y. H. Ichikawa, J. Phys. Soc. Jpn 33 (1972) 789.

[2] K. Kakutani and N. Sugimoto, Phys. Fluids 17 (1974) 1617.

[3] M. Kaka and A. Hasegawa, Phys. Fluids 19 (1967) 1976.

[4] T. Yashvir, N. Bhatnagar and S. R. Sharma, Phys. Fluids 29 (1986) 128.

[5] P. K. Sukla, Phys. Rev. A 34 (1986) 644.

[6] R. Bharathram and P. K. Sukla, Phys. Rev. A 35 (1987) 1433.

[7] R. Bharathram, Phys. Rev. A 37 (1998) 543.

[8] K. Alam, Md. and A. Roy Chowdhury, Aust. J. Phys. 53 (2000) 1 and 53 (2000) 289.

[9] R. S. Chhabra, M. K. Mishra and S. R. Sharma, Phys. Rev. A 42 (1990) 2292.

A. Hasegawa, Phys. Lett. A 57 (1976) 143.

S. V. Vladimirov and M. Y. Yu, Phys. Rev. E 48 (1993) 3.

S. V. Vladimirov and M. Y. Yu, Phys. Rev. E 49 (1994) 2.

A. A. Mamun and R. A. Cairns, J. Plasma Phys. 56 (1996) 175.

R. A, Cairns, A. A. Mamun, R. Bing ham, R. O. Pendy, R. Bostrom, P. K. Sukla and

C. Narin, Geophys. Res. Lett. 22 (1995) 2709.

[15] P. O. Dovner, A. I. Erikson, R. Bostrom and B. Holback, Geohys. Res.Lett. 21 (1994)
1827.

[16] S. G. Thornhill and D. Haar, Phys. Reports C 43 (1978) 45.

[17] M. K. Mishra, R. S. Chhabra and S. R. Sharma, Phys. Rev. 41 (1990) 2176.

[18] M. Lakshmanann, T. Kanna and R.Radhakrishnan, Rep. Math. Phys 46 (2000) 143.

[19] R. Radhakrishnan, M. Lakshmanann and J. Hietarinita, Phys. Rev. E 56 (1997). 2213.

MODULIRAN IONSKO—ZVUCNI VAL BLIZU KRITICNOSTI - NOVA
NELINEARNA SCHRODINGEROVA JEDNADZBA U SUDARNOJ PLAZMI

Proucavamo modulaciju ionsko-zvuénih valova u tromoj sudarnoj plazmi za neke
kriticne vrijednosti parametara plazme, kuta Sirenja, sudarne ucestalosti, temper-
ature iona i postotka brzih ¢estica u plazmi. Pretpostavlja se da elektroni koji ¢ine
pozadinu nisu termalizirani. Nasli smo da se pri tim kriticnim vrijednostima ne-
linearni ionsko-zvucni val dobro opisuje novim oblikom nelinearne Schrédingerove
(NLS) jednadzbe koja sadrzi vise-redne i derivativne nelinearnosti. Izveli smo uvjet
za stabilnost modulacija za neke kriti¢ne vrijednosti parametara plazme. Dobili smo
solitonsko rjesenje NLS jednadzbe koje se ponesto mijenja za razliCite za kriti¢ne
vrijednosti.
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