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Existence of a scalar constant of motion of the electromagnetic field is considered
and its consequences are analysed.

1. Introduction

The electromagnetic field is a real field. Due to this fact, there is no a scalar
constant of motion of this field in the conventional theory as well as in the dual
symmetrical theory [1]. The Lagrangian density in the dual symmetric theory is
given by

L=K (;FQBFW +F? — G2> = K [(-10,27%) (i057°®)] (1)

where

FIZIKA B 4 (1995) 3, 179-195 179



LJOLJE: SCALAR CONSTANT OF MOTION OF ...

1
Fop = 0aAp — 0gA0 — 5%&(8%4 — 0°b°),

G = 0, A%, F =0, 2)
“A, A,
N Y
=10 w, | (3)
bz —1(p

~* are Dirac matrices, K is a constant (1/8w for the EM field) and A%, b* are
Lagrange’s variables. The quantities A* make a fourvector, b a pseudo fourvector
in the case of EM field while in the case of massless Dirac field they compose a
bispinor.

The canonical equations are given by

Oa(F*’ +g*°G) =0,
Oa(F*P + g’ F) = 0, (4)
fob — %gﬁch&c’ g0 =gl = g2 = 38 =1 ¢ =0, atf.
For the bispinor (Dirac) field, they can be written in the form
10,7V =0,
U =1i9,7*® and h.c.e. (5)
The Lagrangian (1) is invariant to the transformation

® =¢*® where \ is a constant. (6)

That leads to the scalar constant of motion for the Dirac field
Q= qK /(\11+<I> + &t d3, (7)

(q is a scalar constant). In the case of the EM field, the transformation (6) makes
a linear combination of vector and pseudovector and as a consequence the corre-
sponding constant of motion is not a scalar one. So, there arises the question of the
existence of a scalar constant of motion of the EM field. In this article, we show
that such a constant does exist, but it is connected with an internal structure of
the field and not the field as a whole. We also analyse some consequences of its
existence.
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2. Scalar constant of motion

General solution of Egs. (4) for b = 0, G = 0 (a standard field; G is a scalar)
can be written in the form

«@ o —1 1x6 _ _
A :Z(AEG koo e, kgkP =0 (L®=1). (8)

k

Due to the transversality of the EM field, we assume in the following A% = 0
(EEE =0).

We now decompose A, into two parts in a such way that in the energy—
momentum and spin vectors there are no mixed terms:

;= A+ AL (9)
where
q% = %_H(Aklr — Ap1i)€py + 1 1_ i(Ak2r + Ar2i) €y
A’% = L.(Aklr + Api)eg + L.(Ak%- — Ak2i)€3ys (10)
1-1 141
and

HE = (Akrlr —+ iAkli)gﬁl + (AkQT + iAk%)gEZ’

7€ = 0ij (€3; — polarization vectors). (11)

334
(3

The indices “r” and denote real and imaginary parts, respectively.

The energy—momentum fourvector and the spin vector are given by

K [ = =
pPl=— /(E2 + B?)d3x = P + Pt 4 pebo,
C
— 2K — — — - —
P:—/Edesx:P“+Pb+P“b, (12)
Cc

-~ 2K [ - - S L L
S:T/ExAd3:c:S“+Sb+Sab,

where

4K oo
P+ P = == 3 kG (AR AL+ Ay AY),

k
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_ _ 4K [ S
a b _ ax Aa bx A'b
P+ PP = = Z:k:ko(AE A%+ A AY),
k

L L 4K S S
a b __ : a ax b b
§r+8h=— 1ZkO(AE><AE + AL A,
k

— k E
k
. 4K — - .
ab ax b * ra
P TZkko(AEAEJrAE @),
k

Substitution of Eq. (10) into Eq. (14) gives
P =0, and
S =0

in agreement with expressed requirement.
Thus
pPe — paa + Pba

S =35+

(13)

(14)

(15)

(16)

The fields determined by ffz and ffz satisfy also Egs. (4). Using these equations,

one finds

where!
2K

ja _ = [(Fbom _’_g(w]Gb)Ag _ (Faom _,'_gomGa)AZ] .

c

From Eq. (17) follows the scalar constant of motion

2K — = [ —
Q=q— [(E°A* — E°A")d3z =
c

IThe vector j¢ is derived in Ref. 2.

(17)

(18)
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4K Y
= qTi Z ko(AL A%* — ATAY), (¢ — a scalar constant). (19)
E

Thus one obtains a scalar constant of motion of the electromagnetic field. This
scalar constant of motion does not come from the filed as a whole but from its
internal structure given by Eqs. (9) and (10). Consequently, there exists a scalar
constant of motion of the electromagnetic field associated with the internal structure
of the field.

Let us consider first to the field A*®*. Decomposition of this field according to
Eq. (10) reproduces the field itself:

(A9)* = 17_'_1( ki — Af1i) G + 1 -(Afar + Ay =
1 B 1 R
= m(Aklr Ap1i)€y + T i(AkQT + Apai)ef, = A7, (20)
Aa\b a \z 1 a a \>
(A7) = (Afry + Af1i)er, + 1 +i( k2r k2i)€fg =0

P = At A 1)
B i B
Te = 5 Ak — Arni)eg, + 5 (Arar + Ar2i) g,
. i L1 >
28 = 5 Ak = Ak1i)y + 5 (Akar + Aai) . (22)
Notice:
o = —1AT: (23)

Due to Eq. (23), the mixed terms in P® and S are equal to zero (there is no
“interaction” between these fields). Thus, one gets

aq ax ac ac 8K a Aax pa
P = PI® 4+ P{® = 2P = — > kCko Atz AL,
K
aa Ja oa oa 8K Tax ra
Se =G4 §9 =28¢ = TleQAU;AU;. (24)
E

FIZIKA B 4 (1995) 3, 179-195 183



LJOLJE: SCALAR CONSTANT OF MOTION OF ...

Using Egs. (4), one obtains Eq. (17) with

. 2K ao ao
jo = S (R 4 g™GE) AL, — (F{™" + g°1G) A3, ] (25)
and the scalar constant of motion
a 2K [a fa [a fa 8K Tax pa
Q" = (IT (B3 AT — EY Az)d?’x = Q7 ZkoAuZAlE' (26)
E
This scalar constant of motion has to be added in Eq. (24).
Introducing new quantities az,, az, according to
A Lz ! (Cp1€r1 + Ciafits)
= Cp = Cii €71 + Cro€iy) =
N 2V2K kg | F1EL T CR2k2
1 . "
= 22Kk [(ag, + ago) &gy +ilag, — apy)ep) (27)
or
1
Aklr - Akll m(akl + ak2)7
1
Apar + Agai 2\/?%0(%1 —apy), (28)
Egs. (26) and (24) change to
q * *
@ = ¢ Z(alﬁaﬁl +ag,5,),
E
ac 1 o * *
P = E Z k (aEIGE1 + GE2GE2), (29)
E
al 1 E * *
Sa — E Z E(aﬁlaﬁl — agzalgz),
E
and
Ja k 1 * *
FE = o0 T TR0t

According to Egs. (28) the new parameters ay, are real.
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The sum in the first of Eqgs. (29) is also a scalar constant. It is determined by
the field through Eq. (27). Denoting

Z(“Zﬁ% +ag,a5,) =15 (30)

k

one may introduce the new parameters ay,,
ag; = ,/776&];[, l= 1,2, (31)

Y (@3, + ar,ag) = 1. (32)
k

so that

Therefore, ag; may be interpreted as a probability amplitude. On the other side,
ay, are nondimensional quantities. Using az,, Egs. (29) can be written in the form

a q a
Q - ch7
ac 1 a 1,0 (=% =~ ~%k o~
P = - Zan (@, agy + az,az,), (33)
E
_'a]; 1 ~x ~ ~x o~
EE = EﬂQ(aE1GE1 — aEzaEQ) (34)
with
> (ar ag, +akyap,) = 1. (35)
E

From the second of Egs. (32) follows that 7¢, has the physical dimension of the
Planck constant. Expressions (33) show a possible physical interpretation in terms
of a quantum particle. aj, is the probability amplitude of momentum £* and spin
up and ag, is the probability amplitude of momentum k¢ and spin down. This is
entirely a result of classical physics. No additional principle is applied. Therefore,
some elements of quantum physics are already in the classical physics. There are
two differences from the standard quantum theory. One concerns the constant 7,
and the other the number of particles (photons). n¢ depends on A® while in the
standard quantum theory it has a unique value equal to the Planck constant. That
is not outside of the classical physics. It would be desirable to know the reason for
this particular value, i.e. for the selection of that particular field. The conventional

FIZIKA B 4 (1995) 3, 179-195 185



LJOLJE: SCALAR CONSTANT OF MOTION OF ...

quantum theory doesnot restrict the number of photons to one. It may be achieved
by writing

> (af, +a,)=Npb (36)

and
aEl = 1 /5%&E1’ (37)

where N is total number of photons. Then

Z(a,;l +ag,) = N. (38)

k

It is also possible (within the classical physics) that az,, ag, are integers, i.e.

a%l = Ngl, Nkl :0,]—727"'7 l= 1’2 (39)
Then
Q= Ingp,
c
ac 1 a 1,0
pre=3%" —BOK (g + 1), (40)
E
Ny
Pn EﬁQ(nEl — M),

Z(n,;l +mng,) = N.

E

Egs. (40) are in accordance with the conventional quantum theory (where conser-
vation of photons is mere a matter of arbitrary selection). The selection (39) is
essentially a quantization. Naturally, one may ask for its origin. However, there is
another approach to this problem.

We may decompose the fields fl“llE and X;E similarly to the field /YE Writing

(41)

where
= —iA% . (42)
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and
= 1 1_1 1 = %(A’“” — k1) + ijl I(AW ~ Ar2i)p, (43)
e = S A = o [ — A + (i + A1)
ax fo . — %k“ko [(Apir — Ak1o)® + (Agar + Ar2:)?], (44)

8K -
P = TkakoAnk 1%

2ko(Arir — Ak1i) (Ak2r + Ak2i).

k
4]430 C

Here the E—components are also solutions of Egs. (4). Introducing new parameters

according to

g1
Ao 1 4 e 4 2 45
1k~ 4\/77/{30( +1) [(agyy + ag10)€ +ilag, — ag)er,] (45)
or
1

Apir — Agri = 5Ky (ag1; + ag10),

—
=~
(=)

=

1
Apor + Agoi = ke (ag1; = @g12)s

Egs. (44) change to

1K
a _lka(GQ +a2 ) (47)
1k~ ¢ k11 k127
W k1
a _ 2 2
kg E(aﬁu )
Analogously, for A';E we have
Ao _ Aa a Ta __  :7a
of = “o1p T Aoap A22/¥ - _1A11E’ (48)
where
187
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o 1—-1 . 141 . ) . -
21F ~ 4 (Aklr_Akli)eE1+T(Akzr-i-Akzz‘)e,gg, (notice: A,z = Ale) (49)
and
a q, 9
2K g(%m + 7y),
PO = k(o +a2y) (50)
2k ¢ k21 T g2/
Ja E 1 2 2
2K E(akm ~Ggy);
where
Agy F Qe = V2K ko(Ap1r — Ag1i),
(51)
Ujrgy — Ajigg = V 2K ko (Apar 4+ Apai).
Inspection of Egs. (51) and (46) shows
Ogo1 = AE11>
(52)
Ofo2 = Qf12
Then
% = Qe
Py =P, (53)
= k oz i
2k CikE
Consequently,
Qf = Qi + Qo = 2073,
(54)

PE" = P+ Pip = 2P,
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=Nl

_'a_‘
1

El =

Ja
+ ok

Ga
k

In these relations appear integers (here 2). The factor 3 one obtains by decom-

position of Az, A oz, Ay

—

8K o
Qi = 3Q1 ; +q-— ko Au A

11k ¢ 21k 21k
ac aa 8K ag. fax  fa
P = SPp T 7k koA Tz A (55)

cak  oze (SK. &
k 21k 21k

=35% . 4 kg A% A?
C
where

a9, .
1E = c(aklll + a7119),

1
E = gka(“E111 +g112)s (56)
- ko1
SnEE = E(aEHl — Af119)s

Ay T A0 = V Eko(Akir — Ak1i),

(57)
Ap1y — 10 = V Eko(Agar + Ak2i).
Following this procedure, after n% steps one obtains
Q= Qe + Qs
PE = ntPl, + Pi,, (58)

where
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1
P = “k*(aha; + atay), (59)
k C k k
ko1
SEE = E(GTZL%1 - aigg%

nt—1
1 k
Aney + Anag = () 2v/ Kko(Agir — Ar1i),

nj—1
) 2/ Kko(Arar + Axai)- (60)

Sum over the k-fields gives

Q"= nQus + Qfeuy;
i

1
pee = Z n%k’a(agﬂl +aleo) + Py, (61)
c k k
E
- .k
gE = n%(aigl - 03132) + Sgrestﬁ

Let us now pay attention to the field “b”. Everything what has been done for
the field “a” can also be done for the filed “b”. The previous calculation should
only be repeated after Agi,. — Ag1; is replaced by Ay, + Ag1; and Ago, + Ago; by
Agor — Agoi, and by taking the complex conjugate values. Thus

and finally

190

EZE =i e (62)
8K N
Q=== kAT A, (63)
k
Q" = Z n%Qn% + Q?est,
k
1
bo b .o (12 2 ba
P = E Z: ’I’nglf (bngl + bn%Z) + Prest’ (64)

k
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k
k?

krest

b (12 2 gb
= nE(bn%1 - bn%2> + S—‘

Quv = — (b2, +12,,),
k & k k

b

nkfl
) o/ Kho (Agty + Apns), (65)

Sl

2 2
bntil + bn’iQ = (
k k

b

n,—1
) 2V Kko(Agar — Agai).

2 2 _
bntil - bn’iQ - (
k k

For the total field we have

Sl

Q=Q"+Q" =) (ngQue + nQu) + Qe

k

e ac e 1 a
P = poe 4 pbe = - Z [ng(aigl + a’i%2) + n%(biZJ + bi%z)} + Prest,  (66)

b
+ 5t

gk aa
k. = "k

Enl =Nt
Enl ]

ok . ~
T [”g(ai 1~ aigz) + ”%(bigl - bi%z)] +S;

EE)

In these relations, the numbers n%, n% are arbitrary. Introducing the quantity

X, we determine them by the requirements

cx = ai%l + ai%g + cx%mst,

ex = bi%l + bi%2 + cx%mst, (67)
or according to Egs. (56) and (62)

X = Kk02_n% [(Akh“ - Akli)z + (AkQT' + Ak21)2} + CX%rest’
(68)
_ —nt 2 2 b
ex = VEk2 " [(Aktr + Api)® + (Aar — Agai)?] +exl 0

where x% and Y% denote complements to the solution with the highest inte-
krest krest

gers n% and n%mst. Specific value of x is not determined here. With such n% and

n%, the expressions (66) change to
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Q = qZ(n% - n%) + Q;‘esﬂ
k

P7 = 3 (k) (4 nl) + PLS (09
kE

k1 a2 2 b

i = o M@ — @) + 0~ 8]

These expressions manifest explicitely granular (particle), quantum-like struc-
ture of the field. There are two kinds of granules, “a” and “b”. These results are
completely within the classical physics. We conclude that the granular properties
of the field are already present in the classical physics. Thus, old dilemma about
corpuscular or wave nature of the electromagnetic field is not eliminatory one since
both properties are present. In modern language, that is called the corpuscular—
wave dualism. These granules are essentially photons. The scalar y corresponds to
the Planck constant. The “rest” of the field corresponds to the ground state of the
electromagnetic field in quantum electrodynamics (QE). There are no two kinds of
photons in QE.

3. Some examples

We give some examples for the illustration of the structure of the electromag-
netic granules (particles).

b _ _ _
1) nz =0, n%,félgly, ag, = /X, ap, = 0.

From Egs. (28), (65), (8), (9) and (10) follows

X
Apri = —Arir, Akzi = Akary Az = — Akt Aiir = (52—,
k1 k1l k2 k2 k2 k1l k1 QK]CO

oo 1 c . an = o ay =
A=Ap = 3 QKXkO [(coskaﬂco‘—smk‘ax )€y + (coskqz® +sin ko )6122]’
A
ko el AE_Oa

- 1 /¢ i . -
= 21 / Kzo (cos kqx®Eyy +sinkaxer,),
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- 1 /¢ . . -
or = 3 K—:O(—sm kox®ep, + cos koax“€}y),

Yo ta Yo |1 7a - . 7
ATLAD. =0, [Al:| =A%, Az x ASz ~ k.

Therefore, this “photon” is composed from two right-hand orthogonal and right—
hand circularly polarized waves of equal amplitude (Q = qx, P* = xk*, Sp(k/k) =

X)-

2) n% =0, ng = Opis ag, =0, ap, = /CX.

[ X
Ap1i = —A T Apgi = A T A 7’:A T A r = o1
k1i k1 k21 k2 k2 k1l k1l 2Kk()

|
A=Ap = 21 / 2[§k0 [(cos kaa® + sinkaz®)€7, + (cos kaz®™ — sinkaz®)e,]

o 1. 0 _
E = i AE = 07
- 1 cx
o a- . o=
- = —, | ——(coskox¥€r, —sink,x€>s

1k 2 Kko( @ k1 [ k2)7
- 1 cx

a : « = « =

- = —, | ——(—sink,x“€>, — cosk,x"€>
2k 2 Kko( « k1 o k2)’
Yo Ta Yo | 7a - to 7
14 =0, |A1E| - |A2E" Alp x Ay k.

This “photon” is composed from two left—hand orthogonal and left—hand circu-
larly polarized waves of equal amplitude (Q = qx, P* = xk®, Si(k/k) = —x).

3) nd = 0, nll, = (SEE" bEl = \/CX, b]:;z =0.

[ X
Apii = A i) Apoi = —A ) Apor = A Ty Apir = 51
k1 k1l k2 k2 k2 k1l k1l QKkO

L1
A=A = 3 QIC(XkO [(cos kox® + sin kox®)ep, + (cos kor® — sin k‘axo‘)é}a] ,

193
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7 L [ ex = . "
iy 2\ Ko (cos kqx®Epy — sinkqx€r,),
= 1 cx o, . o o
oF 21 / Kk (sin kqx®eEy; + cos kaxEr,),

o o o - o
AAsr =0, ‘All_{ = |A2E o Algx Ay~ ke

This “photon” is composed from two right-hand orthogonal and left-hand cir-
cularly polarized waves of equal amplitude (Q = —qx, P* = xk*, Sp(k/k) = x).

1) ne =0, nl =0og, by =0, bg =X

Apii = Arrr,  Aioi = —Akar, Akar = —Apir, Apir =

— — 1 C . o\ = « : a5
A=Ap = 51/2K)§€0 [(cos kqz® + sinkox®)€; — (cos kox®™ — sinkqx®)er,] ,

—

A

—

=A

B
et
I
=

)

7 L[ ex " . >

By 2\ Tk (cos kqx®Eyy +sinkqxer,),
T X ~ -

oF 51 / Tk (sinkqz“€}; — coskaw®ey),

i b b
AlEAQE_O’ |A11€

| —

_ 1 ab 1Ta 1Ta 7
| - |A2E 5 AIE X AQE ~ _k

This “photon” is composed from two left—-hand orthogonal and right—hand cir-
cularly polarized waves (Q = —qx, P* = xk®, Si(k/k) = —x).
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4. Summary

Any solution of the Maxwell free field equations can be decomposed into parts
which possess corpuscular properties as they are known in the modern quantum
theory. It is a consequence of the scalar constant of motion that is the result of
two Maxwellian solutions. The particles have an internal field structure. This shows
that wave—corpuscular dualism of the electromagnetic field is a phenomenon already
present in the classical physics.
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SKALARNA KONSTANTA GIBANJA I NJEZINE POSLJEDICE

Razmatrano je postojanje skalarne konstante gibanja i analizirani su dobiveni za-
kljucci.
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