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We study the triangle Wilson loop in 2 + ¢ dimensions to order g2 in the lightcone
gauge with Mandelstam-Leibbrandt prescription. The complete result agrees with
the calculation performed in the Feynman gauge. However, at intermediate stages
the new ‘ambiguous’ terms of the form wz'e~! appear which are not controlled
by any sort of Ward identity.

1. Introduction

The favourite among non-covariant gauges is the lightcone gauge with Mandel-
stam’s prescription [1]. This gauge has been extensively used in QCD, supersym-
metric Yang-Mills, string theories and gravity. It decreases the number of diagrams
in a particular problem, however the individual diagrams are more complicated to
evaluate than in the Feynman gauge. Mandelstam’s lightcone gauge is defined by
two lightlike vectors satisfying

n*=n?=0, n-n*=2, (1)
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and the propagator
6ab
k2 +in

kuny + kyny,
n-k+iwn* -k

{9 — }- (2)

However, this prescription shows unusual features. To higher orders in perturbation
theory it leads to non-local counterterms [2] and does not satisfy the optical theorem
[3]. The Wilson loop [4] is a gauge invariant operator and therefore a convenient
laboratory for testing various prescriptions. Here we take the triangle Wilson loop
with two sides in the direction of the two lightlike vectors and the base in spacelike
direction, defined by

1 %
T, = nuL —mn, Lt

aci =v,2L(1 — s)

xi =n, Lt (3)

where

ny, = (1,0,0,1)
n, = (1,0,0,—1)

v, = (0,0,0,1)

2. Self energy diagram

While in the Feynman gauge there are four diagrams contributing to the com-
plete result for the triangle Wilson loop to order g2, in the lightcone gauge there
are only two. These are the self-energy diagram on the spacelike Wilson line and
the vertex graph where the gluon propagates between the base in the direction v,
and the side in the direction nj,. The self-energy diagram in the momentum space
contributes

e 1 ko1
W, = ig?C —(cos2Lkz — 1 5
2= R / @) W i ey ik g sk = 1) (5)
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s

Fig. 1. The self energy diagram with the gluon exchanged on the spacelike Wilson
line.

where
k_zn*'k:ko—k3,

ky =n-k=ko+ ks. (6)
Closeing the contour in the upper kg half plane, we meet two poles
ko =—-k+1in
ko = —ks + 2iwks0(ks), (7)

which give

1 k+ ks 1
— — 2Lks — 1
BT Lok T ) 12 082k = 1)

Wy = ngCR(zw)—"/dk3d€K

1

1
o 2 —-n er - o
4mg>Cr(2m) /dkg/d Kt R (cos2Lkz —1). (8)
0

Naively, one would let w — 0 before ¢ = 2 — n, in the integrand. Then, the latter
integral in Eq.(8) is a tadpole in the perpendicular momentum K, and vanishes
according to the postulates of dimensional regularization. However, after the intro-
duction of polar coordinates

ks = kcost = kz,

Ak = kfdk(1 — zz)é_l X /d(,b (9)
where
oS
do = 10
JEG = (10)
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is the integral over the remaining angles in 1+ e dim. space, the first integral leads
to an integral which is not defined for any e ( we change the variable of integration
22 =y ). Therefore we have to keep w to the end of the calculation.

9 e
Wy = 2mil(€ — 2) cos — (2L) ¢ oo g2Cp(27) "
2 (%)
1 1 1
X{/dy(l —y)E Ty T {1 - y(1 - 4iw)} T+ 5/dy(1 —y)ETlyTEmE)
0 0
. £ € £_172-—¢ —inc €T o —n
—4rir2(1 — 5)1“(6 —2)w2 L %™ 4 cos -9 Cr(27) (11)

Had we neglected w in Eq.(11), the first integral in the curly brackett would be
defined in the region

2<e<3 (12)

and the second in the region

0<e<l. (13)

We choose to evaluate the integrals in the strip Eq.(13) in which the Feynman
gauge integrals are defined. Then the only unknown integral in Eq.(11) is

1

I= / dy(1—y)5 'y = {1 — y(1 — 4iw)} ! = B(
0

3_€E 3—6'3

—, ) F (1, —; =; 1 — 4iw).
2 72) (’ 2 727 lw)

(14)
Expanding the hypergeometric function in powers of w and neglecting the terms of
order w? and higher which vanish in the limit w — 0 before ¢ — 0, it becomes

3—c ¢\ PRI~
2 2T ((y)

I=B( }- (15)

N|—=

Then two terms in Eq.(11) each contain the factor w2 ~te~! which has no limit as

w — 0. However these poles cancel in the sum leaving a finite contribution to the
self energy.

Wy = 27iL? - g?Cpr(271) 2. (16)
The same diagram in the Feynman gauge contains single divergences.
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3. The vertex graph

We devide the integrand for the vertex graph into three parts,

Wy = Wi + W + Wy (17)
where
"k 1 1 1 .
We = —2ig%C = kil _q 18
' 9 R/ (2m)" k2 +in ks ky + iwk_ (e ) (18)
"k 1 1 1 .
Wb = 2ig%C / = ik L _q 19
LTSI R [ 0mn k2 + i ks kg + iwk— ) (19)
d"k 1 1 1, .
We = 2ig2C Z(e2iksL _ 1) 20
L R/ (2m) k2 +in ky +iwk_ ks c ) (20)

Fig. 2. The vertex graph Wj. The gluon propagates between the Mandelstam
lightlike vector n* and the spacelike Wilson line.

Again we close the contour in the upper kg half plane. Using

/ dk’k‘s_S Sin2 Lkx = —F(e — 2) cos %5(2[/1})2—6 (21)
0
we obtain
a __ : 2—¢ ij(g,E) 2’/T% 2 _n
Wit = —2xil'(e — 2)L° “e2 F(E)g Cr(2m)™™ x E. (22)
2

The remaining integral we devide into two parts

; c 11
E={ da(l— 2?5 12[(1—2)' ¢ — (1 +2)
/ :
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= [0t 2 - )

+[aaenitaonitoa-0 - ar) L @)
0

The factor multiplying FE in Eq. (22) is finite for ¢ — 0 and therefore we can take
€ -expansion of the f irst part in Eq. (23).

1 € € 2 € €
EF=-2In2 F(1,1—=:2——;—-1)— -F(1,=;1+ =; —1). 24
n +1_% (’ 27 2’ ) € (727 +2’ ) ( )

Here to order € we have
F(1,1,2,-1)=1n2 (25)
€ . 1

-F(l,=;14+=;-1)=-x2"2F(=,=;1+=;=)=——1n2 26
€ (7 9 +27 ) EX ( ) + 72) € n ( )

The exact result for W contains single poles %

s 2, 4 .
{5y ()9 CROm) (21)

€

W = —27il(e — 2) L2 e 5 (279)

The integrands W} and W{ show the same features as the self energy diagram. At
intermediate stages there are ambiguous terms, which however cancel.

wb=wg (28)

Wy = —2xil' (e — 2) cos %(QL)Q_€

The complete vertex graph contributes
W, = 27iL?(in — 1)g?Cr(27) 2. (30)

The total result for the triangle Wilson loop in 2 dim. space is
Lo o
W:W1+W2:—§L g CR. (31)
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4. The Feynman gauge

Here we only list the final results for the individual graphs using Feynman gauge.

pan

Fig. 3. The self energy graph on the spacelike Wilson line in the Feynman gauge.

Self energy
_ . 2 e € -1 -1 —ny2—€
Wy = —4mrig CR7r2l—‘(§)(2 —¢) (1—¢) " (2m)™ "L (32)

It contains single poles.
Vertex I

Y 1 i 2—¢ € 1
— _4mi 2 ss L2—e f(2—€)B [ T,
W, nig?Crm? (2) 72—6{62 ( 5 , 3 2) 9 _ ¢ (33)

Fig. 4. Vertex I. The gluon propagates between the spacelike Wilson line and the
lightlike vector n*.

Vertex 11
Wy = W1 (34)
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Fig. 5. Vertex II. The gluon is exchanged between the spacelike Wilson line and
the line in the direction of the lightlike vector n.

Vertex 111
Wy = —smg?cm%r(g)ﬁ—em —O)72(2m) (35)

Fig. 6. Vertex III. The gluon is exchanged between the two lightlike Wilson lines.

The complete exact result in the Feynman gauge is

W=W,+Wy+ W3+ W, (36)
. 4 in 22— %) 1
— —Ari 2 T E LQ—E 7(2—6) 2
W=—arig Crm: L)L =52 "Ta=0 Te-op_o @7

Each diagram in the Feynman gauge contains single divergences, but single poles
cancel in the sum leaving a finite contribution which coincides with Eq. (31).

5. Discussion

We have evaluated the triangle Wilson loop using the M-L lightcone gauge and
the Feynman gauge in 2 dim. space. The results do agree. However at intermediate
stages the M-L prescription leads to ill defined integrals giving ambiguous poles

€

w3 le~1. These poles cancel to order g2 in perturbation theory, but we do not
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know their behaviour to higher orders. Individual diagrams have different degrees
of divergence depending on the gauge.
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Proucavana je trokutasta Wilsonova petlja u 2 + ¢ dimenziji do reda g% u uvjetu
svjetlosnog konusa i Mandelstam-Leibbrandtovoj preskripciji. Konaé¢ni rezultat
slaze se s ra¢unom provedenim u Feynmanovom bazdarnom uvjetu. Medutim u
medukoracima pojavljuju se novi “proizvoljni” ¢lanovi oblika wz 'e~! koji ne
podlijezu kontroli Wardovih identiteta.
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