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Applying thegeneralformalismof quantummechanicsin phasespacedevelopedin Part I,
wesolvetheproblemof thestationaryharmonicoscillatorandshow thattheHilbert space
andphasespacesolutionsarefully consistent.

1. Introduction

In thepreviouspaper[1] (referredto asPart I), wedevelopedthegeneralformalismof
quantummechanicsin phasespace,startingfrom analgebraicstructurethatencapsulates
bothclassicalandquantummechanics.Thatapproachallowsacomparativestudyof foun-
dationsof quantummechanics,asthesamephysicalproblemcanbetreatedin independent
ways.Comparisonof thesolutionsof classicalandquantummechanicsin phasespacemay
offer new insightsinto thephysicalproblemsthatareaccessibleto bothapproaches.

Thesimplest,yetoneof themostimportantphysicalsystemsis theharmonicoscillator.
Due to the fact that its Hamiltonianis of the secondorder, the problemcanbe exactly
solvedin phasespacewith only moderateeffort. This is theobjectiveof thepresentwork.

We take two approaches.One,in termsof Laguerrepolynomials,is applicableonly to
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thestationarycase.Theother, in termsof Hermitepolynomials,allows generalizationto
a harmonicallyoscillatingwave packet (to bepresentedelsewhere).Finally, we show the
completeequivalenceof theHilbert spaceandphasespacesolutionswherethetwo canbe
compared– which is only in thepositionspace.

Theadditionalinformationcontainedin thephasespacesolutionmaynothavephysical
significance,but helpsunderstandBohr’s correspondenceprinciplefrom theviewpoint of
mathematicalstructure.

2. TheCartesianapproach (Hermitepolynomials)

For theHamiltonianχ givenby Eq.(14)of Ref.1 (hereafterreferredasI), thebilinear
operatorsdefinedby Eqs.(50)and(51) in I generatethefollowing linearoperatorsin

�
:

χα � 1
c

χsin� c∇ � (1)

� 1
2
� ξ2 � η2 � � ∇ � 1

3!
c2∇3 ��� � � �� η∂ξ � ξ∂η �

χσ � χcos� c∇ � (2)� 1
2
� ξ2 � η2 � � 1 � 1

2!
c2∇2 � 1

4!
c4∇4 � � � �

� 1
2

	
ξ2 � c2∂2

ξ 
 � 1
2 � η2 � c2∂2

η ��
Weseethattheoperator(1) of infinitesimalmotionsis identicalto its classicalcounterpart
definedby Eq. (38) in I. This is becauseχ is a polynomialof only secondorder, so that
derivativesof orderhigherthantwo vanish.As for theoperator(2), whoseexpansionstops
at thesecondderivative, it formally happensto be thesumof two Schr̈odingeroperators
of theform (42) in I – onefor eachphasespacecoordinate.

To simplify calculations,we definenew temporaryvariables,γ � ζ, which absorbthe
coefficientc:

ξ ��� cζ � (3)

η ��� cγ  (4)

Thetwo linearoperatorsarethen

χα � γ∂ζ � ζ∂γ � (5)

χσ � c � 1
2

	
ζ2 � ∂2

ζ 
 � 1
2 � γ2 � ∂2

γ � �� (6)
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Thecharacteristicequation(15) in I now reads�
1
2 � ζ2 � ∂2

ζ ��� 1
2 � γ2 � ∂2

γ � � uλ � 1
c

λuλ � (7)

This differentialequationis easilysolved by separationof variables.Sinceeachof the
variablesζ � γ, leadsto eigenfunctionsof theform (43) in I, thesolutionuλ is a productof
suchfunctions.Thelabelλ representsa pair of indices,i.e., uλ � ukl . Hence,leaving out
thenormalizationcoefficientsAk, Al , wehave

ukl  ζ � γ ! � Hk  ζ ! e" ζ2 # 2Hl  γ ! e" γ2 # 2 � (8)

Theeigenvaluesare
λ �  m � 1! c � (9)

wherem � k � l �
Thegroundstatequantumnumbersarek � l � 0, andthegroundlevel energy is λ � c.

Returningto phasespacevariablesby reversingthesubstitutions(3) and(4), oneobtains
thefollowing expressionfor thegroundlevel eigenfunction

u0 � Ke" χ # c � (10)

For this function to be a purestate,it mustsatisfy the idempotencecondition(12) in I,
which then fixes the value of the coefficient K. To apply this condition, we make the
substitutionr � s � � 1 in thegeneralformula(A8). Theresultingequation,

e" χ # cσe" χ # c � 1
2

e" χ # c � (11)

togetherwith u0σu0 � u0, impliesK � 2, but still leavesc arbitrary:

u0 � 2e" χ # c � (12)

We cannow computethe measure–definingconstantN. Equations(14) and(35) in I
togetherwith Eq.(10)yield theequation:

2N $
Φ

e"&% ξ2 ' η2 ( # 2cdξdη � 1 � (13)

which impliesthefollowing connectionbetweenN andc:

Nc � 1
4π � (14)

We now have a choicebetweentwo distinguishedpossibilities.Onecaseis N � 1, which
yieldsthesimplephasespacemeasuredξdη, but impliesc � 1) 4π. Thisvalueof c would
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unnecessarilycomplicatethestatefunctions.Theotherdistinguishedpossibilityisc * 1+ 2,
which impliesN * 1+ 2π. Theadvantageof having c * 1+ 2 is that the stateu0 , relation
(12), thenreads

u0 , ξ - η .�* 2e/ η2
e/ ξ2 - (15)

which is thesamefunctionof ξ astheSchr̈odingersolution(46) in I for n * 0, namely

ρ0 , ξ .�* 10
π

e/ ξ2 - (16)

while for thechoicec * 1+ 4π, thecomparisonrequiresintermediatecoordinatetransfor-
mations.In addition,if onetakesc * 1+ 2, theenergy eigenvalues(9) assumetheirstandard
form λ * n 1 1+ 2, wheren * m+ 2 (providedc is not a functionof n — which is true,but
remainsto beproved). It thusseemsthat thenormalizationN * 1+ 2π is computationally
preferable,but we shallpostponethedecisionuntil we computethestatesfor thehigher
energy levels.It is indeedessentialto verify thatrelation(14),derivedfor n * 0, is actually
valid for all n 2 N.

2.1. Thehigherenergy levels

In theexcitedstates,thequantumnumbermightbeconsidered“degenerate”,therebe-
ing m 1 1 linearly independenteigenfunctionsukl whichsatisfythecharacteristicequation
(7). Sincetheenergy levelsarenotdegeneratein Hilbert spacequantummechanics,this is
an indicationof a potentiallyinstructive differencebetweenthetwo formulations,but we
shallnotpursueit here.For agivenvalueof m, themostgeneralphasespaceeigenfunction
is a linearcombination

u * ∑
k3 l 4 m

Ckl ukl (17)

with arbitraryrealcoefficientsCkl . For thiseigenfunctionto beastationarystate,it mustbe
idempotent,uσu * u, andnormalized,5 u6&* 1.Theseconditionsdeterminethecoefficients.
The computationis difficult to performdirectly, but simple if we take advantageof the
sigma-orthogonalitytheorem,which statesthat u is idempotentif it is a constantof the
motion,i.e., if χαu * 0. Applying theoperatorχα, definedby relation(5), to thefunction
u - definedby relations(17)and(8), yields

χαu * 1
2 ∑

k3 l 4 m

Ckl 7 γH 8k , ζ . Hl , γ . 9 ζHk , ζ . H 8l , γ . : e/ , ζ2 3 γ2 . ; 2 < (18)

With thehelpof standardidentities,wefirst eliminatefrom thisexpressionthederivatives
of theHermitepolynomials.Theresultingequationis

χαu * 1
2 ∑

k3 l 4 m

Ckl = kHk / 1 , ζ .&> γHl , γ .&9 ζHk , ζ .&> lHl / 1 , γ . ? e/ , ζ2 3 γ2 . ; 2 < (19)
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We next eliminatethevariablesγ andζ which appearascoefficientsto theHermitepoly-
nomials:

χαu @ 1
4 ∑

kA l B m

Ckl C kHk D 1 E ζ F Hl A 1 E γ F&G lHkA 1 E ζ F Hl D 1 E γ F H eD E ζ2 A γ2 F I 2 J (20)

This resultcanberewritten in thecompactform

χαu @ ∑
kA l B m

Dkl ukl
J (21)

ThisexpressionbringsoutthefactthateachE m K 1F -dimensionalsub-spaceof thoseeigen-
functionswhich belongto thesameenergy eigenvalueis invariantunderthegroupof mo-
tions generatedby the Hamiltonian.The coefficientsDkl are linear combinationsof the
coefficientsCkl :

Dkl @ 2 C E k K 1F CkA 1 L l D 1 G E l K 1F Ck D 1L l A 1H J (22)

Thefixedpoint of themotion (i.e., the time-independentsolution)is thendefinedby the
conditionDkl @ 0, whichimpliesthefollowing systemof m K 1 homogeneouslinearequa-
tionsfor thecoefficientsCkl :E k K 1F CkA 1L l D 1 @ E l K 1F Ck D 1 L l A 1 M (23)

wherek K l @ m. To solvethissystem,wefirst observethatthereis nonon–trivial solution
if k K l is odd.Thiscanbeseenasfollows: msinglestepsin theindex k (i.e.,k N k K 1) are
neededto traversethesetof coefficients O C0Lm M C1 LmD 1 M P P P M CmL 0 Q , but therecursionrelation
(23) proceedsin doublesteps(i.e.,k N k K 2). This impliesthatm is even.Hencewe can
write

m @ 2n (24)

for somen. Similarly, thereareno non-trivial solutionsif both k and l areodd. To see
this, let usconsiderthefirst oddcoefficient,C1LmD 1. By relation(23), it is proportionalto
CD 1LmA 1, a coefficientwhichdoesnotexist, i.e.,equalszero.Recursionby two propagates
this valueto all oddcoefficients.Hence,all non-zerocoefficientsbeingof evenindex, we
write k @ 2r, l @ 2s, for somer ands, which impliesn @ r K s. Thesolutionof equation
(23) thenfollowsas

C2r L 2s @ CnE 2r F !! E 2sF !! J (25)

Dueto thehomogeneityof thesystemof equations(15), thecoefficientsCn arestill arbi-
trary. Hence,up to thefactorsCn, theexcitedstatesaregivenby thefunctions

un @ Cn ∑
r A sB n

1E 2r F !! E 2sF !! H2r E ζ F eD ζ2 I 2H2s E γ F eD γ2 I 2 J (26)

The coefficients Cn could be determineddirectly from the idempotencecondition
unσun @ un, but at greatcomputationalcost.Fortunately, they will be foundeffortlessly
laterusinggeneratingfunctions.Theresultis Cn @ 21D n.
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3. The“polar” approach (Laguerre)

Thephasespaceexpression(26) for theexcitedstatesof theharmonicoscillatorlooks
like an intuitively acceptableextensionof the standardsolution,Eq. (47) in I, but it is
unduly complicated.This is due to the fact that it describesthe rotationallysymmetric
harmonicoscillator in positionandmomentumcoordinates— a phasespacecoordinate
systemwhich doesnot reflectthe rotationalsymmetryof the Hamiltonian.A greatsim-
plification is achieved if the coordinatesζ, γ, in expression(26), are transformedto the
invariantcombinationζ2 R γ2. This is donein severalsteps.First,weusethewell–known
connectionbetweenHermiteandLaguerrepolynomialsto replacetheHermitepolynomi-
alsby Laguerre’sassociatedpolynomialsof index S 1T 2.Thisyields

un U Cn2n V S 1W n ∑
r X sY n

L Z [ 1\ 2]
r

V ζ2 W L Z [ 1\ 2]
s

V γ2 W ^ (27)

Next, we collect the sumof productsof thesepolynomialswith the help of the addition
theoremfor Hermitepolynomials.Theresultis

un U Cn
V S 1W n 2nLn _ ζ2 R γ2 ` e[ V ζ2 X γ2 W \ 2 ^ (28)

Finally, usingrelations(3) and(4), we transformthis functionto theoriginal variables,ξ,
η. This leadsto thecompactexpression

un U Cn
V S 1W n2nLn

V 2χ T cW e[ χ \ c ^ (29)

Weshallnow obtainthissolutiondirectly, withouttheintermediatestepinvolvingHer-
mitepolynomials.To thisend,wemakea transformationof phasespacecoordinatesfrom
ξ, η, to χ, τ, and then drop τ a sincethe systemis time independent.When appliedto
functionsof χ only, thedifferentialoperatorsweneedare:

∂ξ U ξ
d
dχ
a

∂η U η
d
dχ
a

∂2
ξ U d

dχ
R ξ2 d2

dχ2 a
∂2

η U d
dχ
R η2 d2

dχ2 ^
Thesetransformationsleadto

χ∇2 U ∂2
ξ
R ∂2

η U 2 b d
dχ
R χ

d2

dχ2 c ^ (30)
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Let usnow write thefunctionu in theform

u d χ e�f F d rχ e eg sχ h (31)

whereF is the new unknown functionands an unknown parameter. The inessentialpa-
rameterr is introducedto helpbring theresultingdifferentialequationinto a recognizable
standardform. Substitutionof this functionandof theoperator(30) into thecharacteristic
equation

χσu f χ i 1 j 1
2

c2∇2k u f λu h (32)

yieldsthefollowing differentialequationfor F:

c2r2χF l l m c2r d 1 j 2sχ e F l m�n c2s2χ j c2s m λ j χ o F f 0 p (33)

By selectingtheparametersas

s f 1q c h
r f 2s f 2q c h

λ f 2c d n m 1q 2e h
andswitchingto anew variable

z f rχ h (34)

which is simply theargumentof the functionF , thedifferentialequationfor F becomes
theLaguerreequation,thatis

zFl l d ze m�d 1 j ze F l d ze m nF d zerf 0 p (35)

Hence,thestatesun areproportionalto productsof Laguerrepolynomialsandexponential
functions.To computetheunknown coefficientsit is convenientto separatethemfrom the
functionalpart.Let usdenotethefunctionalpartby vn, i.e.:

un f Knvn
h (36)

vn f Ln d 2χ q ce eg χ s c p (37)

Thevaluesof thecoefficientsKn follow from the idempotencerequirementfor thestates
un — acomputationwhichwaspostponedwhenCn in equation(26)hadto bedetermined.
They are now easily computedusing generatingfunctions. To this end, we definethe
generatingfunctionV d we for thesequenceof functionsvn, relation(37),as:

V d we�f ∞

∑
nt 0

vnwn p (38)
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Fromrelations(37)andthegeneratingfunctionfor Laguerrepolynomialsfollows

V u wvrw 1
1 x w

exp yzx 1 { w
1 x w

χ | c}�~ (39)

Substitutionof relation(36) into theidempotencerequirementfor un � yields

vnσvn w vn | Kn ~ (40)

While it is difficult to computethesigmasquareof vn directly, wecanbypassthisstepby
computinginsteadthe sigma-squareof V — which is now straightforwardsinceV is an
“invariantexponential”whoseσ -algebrais developedin theappendix.Indeed

VσV w 1u 1 x wv 2 exp y x 1 { w
1 x w

χ | c} σexp y x 1 { w
1 x w

χ | c} ~ (41)

By takingr w s w�x�u 1 { wv | u 1 x wv in equation(A11), weget

V u wv σV u wvrw 1
2

1
1 { w2exp y x 1 x w2

1 { w2χ | c} ~ (42)

Exceptfor thefactor1| 2, this functionis thesameasthedefinitionof V in relation(39),
providedwereplacew by x w2. Hence

V u wv σV u wv�w 1
2

V � x w2 � w 1
2

∞

∑
n� 0

vn � x w2 � n ~ (43)

Independentlyof this,wealsogetthefollowing equationfrom thedefinitionof V, relation
(38),andfrom theorthogonalityof states,Eq.(19) in I:

V u wv σV u wvrw ∞

∑
n� 0

1
Kn

vn u w2 v n ~ (44)

Comparisonof relations(43)and(44)yields

Kn w 2 u x 1v n ~ (45)

Hence,thestatesare

un w 2 u x 1v n Ln u 2χ | cv e� χ � c ~ (46)

Thisresultis functionallyidenticalto thesolution(29)obtainedby separationof variables,
but wehavenow determinedthenormalizationcoefficientsaswell:

Cn w 21 � n ~ (47)
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3.1. Completeness

We have shown by abstractargumentsthat the statesun are sigma–orthogonaland
idempotentuptoafactor, Eq.(19)in I. They arenormalized(to idempotence)by theproper
choiceof thecoefficientsKn orCn, equations(45)and(47).To seeif they form acomplete
set,we have to computetheir sum— which mustbeequalto unity for completeness� To
thisend,weconstructageneratingfunctionU � w� for thestatesaccordingto thedefinition

U � w��� ∞

∑
n� 0

unwn � (48)

Its usefulnessfor the problemat handstemsfrom the fact that if we take w � 1 we get
U � 1��� ∑∞

n� 0un, which is the sumwe have to compute.Comparisonof expression(48)
with the generatingfunction for the intermediatefunctionsvn, relations(38) and (45),
yields

U � w��� 2V � � w� � (49)

or, explicitly

U � w�r� 2
1 � w

exp ��� 1 � w
1 � w

χ � c��� (50)

By takingw � 1 weindeedgetU � 1�z� 1, whichprovesthatthesetof eigenfunctionsun is
complete.

3.2. Tracenormalization

Wenotethatall resultsobtainedsofararevalid for any valueof thecoefficientc which
appearsin thedefinitionσ � cos� c∇ � of theJordanproduct,but westill haveto satisfythe
unit tracecondition � un � � 1,definedby Eq.(35)in I. Theintegrationis mostconveniently
donein polarcoordinates,whereR2 � 2χ. Thedimensionlessphasespacemeasureis then

Ndξdη � NRdRdφ � Ndχdφ �
For any function f of χ alone,this implies

� f � � N �
Φ

dξdη f � χ ��� 2πN

∞�
0

f � χ � dχ � (51)

To computethevalueof c, wenotethatof thetwo expressionsfor thegeneratingfunction
U , (48)and(50),only onecontainsc explicitly. Hence,by computingthetrace� U � of both
andequatingtheresultswegetanequationfor c. Thus,relation(48),with � un � � 1, yields

� U � � ∞

∑
n� 0

wn � 1
1 � w

� (52)
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while relation(50) togetherwith (51) leadsto

�
U ��� 4π

1 � w
N

∞�
0

e� 1� w
1� wχ � cdχ � 4πc

1
1 � w

N (53)

for thetracein polarcoordinates.Comparisonof thetwo resultsyields4πcN � 1, whichis
thesameequationas(14).Thisprovesthattherelationshipbetweenthemeasure-defining
coefficientN andthecoefficientc of theoperator∇ is thesamefor all energy levelsn. As
indicatedearlier, weselect

c � 1
2   (54)

N � 1
2π ¡ (55)

Thesigma–orthogonalityrelation,Eq.(19) in I, now reads

umσun � unδmn¡ (56)

3.3. Thecollectedanalyticresults

Relations(26), (54), (3), (4) and(47) yield the following expressionfor thestatesin
termsof Hermitepolynomials:

un � 2
22n ∑

r ¢ s£ n

1
r!s!

H2r ¤ ¥ 2ξ ¦ e� ξ2
H2s ¤ ¥ 2η ¦ e� η2 ¡ (57)

Relations(46) and(54) yield thefollowing expressionfor thesamestatesin termsof
Laguerrepolynomials:

un � 2 § � 1̈ nLn § 4χ ¨ e� 2χ ¡ (58)

Relations(9), (54),and(24)yield theenergy levels:

λ � n � 1© 2 ¡ (59)

Relation(58)yieldsthegeneratingfunctionG § w  z̈ for thestates:

G § w  χ ¨rª ∞

∑
n£ 0

un § χ ¨ wn � 2
1 � w

e� 2 « 1� w¬ χ � « 1¢ w¬ ¡ (60)

10 FIZIKA B 6 (1997)1, 1–22
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3.4. Separationof variables

Theexpression(57) for un is a sumof productsof functionsof a singlevariable.To
bring out this fact,wedefinethefollowing sequenceof functionsof a singlerealvariable,
z:

Qk  z®r¯±° 2
22kk!

H2k  ° 2z® e² z2 ³
(61)

Theidempotentsun, givenby relation(57),now read:

un  ξ ´ η ®�¯ ∑
r µ s¶ n

Qr  ξ ® Qs  η ® ³ (62)

Sinceoneof theobjectivesof thepresentwork is to comparethetwo formulationsof
quantummechanics(in Hilbert spaceandin phasespace),thestate(57),which is of phase
spaceorigin, is to becomparedwith thestate(seeEq. (47) in I), which is of Hilbert space
origin. Thefunctionaldifferencein thevariableξ betweenthesetwo expressionsis in the
argumentsof theHermitepolynomials.To equatethesearguments,we have to eliminate
thecoefficient ° 2 from theargumentin expression(61). This is doneusingrelation(58)
in I. Thenew expressionfor Qk  z® ,

Qk  z®r¯±° 2
22kk!

k

∑
l ¶ 0

 2k® !2l 2l ® !  k · l ® ! H2l  z® e² z2 ´ (63)

is now of theright form for thecomparisonin question.Sincethestandardquantumme-
chanicalprobabilitydensitygivenby Eq. (47) in I is a functionof ξ alone,thevariableη
remainsto be eliminatedfrom the stateun  ξ ´ η ® . This will be doneby integrationin the
next section.

3.5. Orthogonality

Thestatesun haveanotherimportantproperty:they areorthogonalwith respectto the
scalarproductof functionswhichis definedby integrationoverphasespace.To provethis,
wesubstituteun ¸ um for f in relation(51).SinceN ¯ 1¹ 2π, thisyields

T  un ¸ um®r¯ ∞º
0

un ¸ umdχ
³

(64)

Substitutionof theLaguerreexpression(58) for thestatesyieldsanintegral which canbe
computedusingtheorthogonalityrelationsfor Laguerrepolynomials.Theresultis

T  un ¸ um®�¯ δnm
³

(65)

On theotherhand,relation(56) implies

T  unσum®�¯ T  un ® δnm ¯ δnḿ (66)

FIZIKA B 6 (1997)1, 1–22 11
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and,hence
T » unσum¼�½ T » un ¾ um¼r½ δnm¿ (67)

It is remarkablethat the standardscalarproduct,T » un ¾ um¼ , which is not manifestly
structural(theordinarymultiplicationof functionsis notaquantummechanicalstructure),
is neverthelessa structure.Hence,onecould saythat the structure-offendingpart of the
integrandun ¾ um is cancelledby integration.

4. Relationshipto Hilbert space

In Hilbert spacequantummechanics,statesarerepresentedby wave functions,ψ » ξ ¼ .
Thesearecomplex numberswith no direct experimentalinterpretation.The connection
with measurementsis establishedby thepostulatethat theprobabilityof observingin the
interval ξ À dξ a particlewhosestatevector is ψ » ξ ¼ is given by ψψ̄dξ. Hence,ρ » ξ ¼�½
ψ » ξ ¼ ψ̄ » ξ ¼ is a probability density in position space,provided ψ » ξ ¼ is normalized,i.e.,

∞ÁÂ ∞
ρ » ξ ¼ dξ ½ 1.

In phasespacequantummechanics,statesarerepresentedby realC∞ functions,u » ξ Ã η ¼ Ã
which areσ-idempotent,uσu ½ u, andnormalized, 1

2π
Á
Φ

u » ξ Ã η ¼ dξdη ½ 1. Underthe inte-

gral sign, the functionsu behave like probability densities:the expectationvalueof an
observable f in the stateu is Ä f Å u ½ 1

2π
Á
Φ

f » ξ Ã η ¼�¾ u » ξ Ã η ¼ dξdη, just as in classicalme-

chanics.Thedifferencewith classicalmechanicsis thatthequantummechanicalfunctions
u » ξ Ã η ¼ arenoteverywherenon-negativein phasespace.Hence,they arenotstandardprob-
ability densities.This is almostto beexpected,sinceapositivedefiniteprobabilitydensity
in phasespacewould contradictHeisenberg’s uncertaintyprinciple by allowing position
andmomentumto bespecifiedwith arbitraryaccuracy.

To find theconnectionbetweenρ » ξ ¼ andu » ξ Ã η ¼ Ã let usconsidera testobservable, f ,
which is a functionof ξ alone,i.e., f ½ f » ξ ¼ . Its expectationvaluein a stateρ in position
spaceis then Ä f Å ρ ½ ∞ÆÂ ∞

f » ξ ¼ ρ » ξ ¼ dξ ¿ (68)

In a stateu in phasespace,theexpectationvalueis

Ä f Å u ½ 1
2π

Æ
Φ

f » ξ ¼ u » ξ Ã η ¼ dξdη ¿ (69)

Thesenumberswill coincidefor all f if thefollowing conditionholds:

ρ » ξ ¼�½ 1
2π

∞ÆÂ ∞

u » ξ Ã η ¼ dη ¿ (70)

12 FIZIKA B 6 (1997)1, 1–22
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We cannow formulatetheconjecturethatrelatesthetwo realizationsof states:
Conjecture. TheEquivalenceConjecture.If ψ Ç ξ È is theHilbert spacestatefunctionof a
boundand time independentsystem,and if u Ç ξ É η È is the phasespacerealizationof the
samestate, then

ψ Ç ξ È ψ̄ Ç ξ È�Ê 1
2π

∞ËÌ ∞

u Ç ξ É η È dη Í (71)

Clearly, for this relation to be applicable,it must be possibleto solve in principle,
or at leastto write down, the two characteristicequations,̂χψ Ê Eψ andχσu Ê Eu, but
thephasespaceandHilbert spaceapproachesarenotnecessarilyequivalentfor unphysical
problems.Thereasonis thatwhile thecharacteristicequationχσu Ê λu is uniquelydefined
for any phasespacefunctionχ, regardlessof whetheror not it canbesolved,theoperator
χ̂ is not uniquelydefinedby the Schr̈odingerquantizationprocedurebecauseξ and i∂ξ
do not commute.Consequently, orderingof variablesis relevant andthereis no unique
Schr̈odingerequationfor anarbitraryobservableχ.

We shallnow verify theconjecturefor theharmonicoscillator— upgradingit to the
statusof theoremin this particularcase.To this end, we computeρ Ç ξ È from the wave
functionψ Ç ξ È , givenby relationEq. (43) in I, andfrom the idempotentu Ç ξ É η È , givenby
Eq. (57). Sincethefirst partof thecomputationhasalreadybeendone,Eq. (47) in I, we
turn to theintegrationof u.

Theexpressionfor u bestsuitedfor thiscalculationis givenby relations(62)and(61),
which,with relation(70),yield

ρ Ç ξ È�Ê ∑
r Î sÏ n

qsQr Ç ξ È Í (72)

Thecoefficientsqs aredefinedby integrationoverη:

qs Ê 1
2π

∞ËÌ ∞

Qs Ç η È dη Í (73)

To computethem,wefirst substitutea new variable,z, for Ð 2η:

qs Ê 1
2π
Ð 2

22ss!

∞ËÌ ∞

H2s Ç Ð 2η È eÌ η2
dη

Ê 1
2π

1
22ss!

∞ËÌ ∞

H2s Ç zÈ eÌ z2 Ñ 2dzÍ
This lastexpressioncanbeevaluatedusingtheexplicit definitionof theHermitepolyno-
mials,which, for n Ê 2s reads:

H2s Ç zÈrÊ�Ç 2sÈ !22s
s

∑
mÏ 0

Ç Ò 1È m
22mm! Ç 2s Ò 2mÈ ! z2sÌ 2m Í (74)
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Writing m Ó s Ô k, andthensubstitutingthisexpressioninto thepreviousone,yields

qs Ó 1
2π Õ 2sÖ ! Õ Ô 1Ö s

22ss!

s

∑
k× 0 Õ Ô 1Ö k22k

Õ s Ô kÖ ! Õ 2kÖ ! ∞ØÙ ∞

z2ke
Ù z2 Ú 2dzÛ (75)

Theintegral,whichrepresentsGaussianmomentsM2k, is computedby recursion:

M2k Ó ∞ØÙ ∞

z2ke
Ù z2 Ú 2dz Ó Õ 2kÖ !

2kk! Ü 2π Û (76)

Collectingtheseexpressions,oneobtains

qs Ó 1
2π Ý 2sÞ ! Ý Ù 1Þ s

22ss! ∑s
k× 0 Ý Ù 1Þ k22kÝ sÙ kÞ ! Ý 2kÞ ! M2k (77)Ó 1ß

2π Ý 2sÞ ! Ý Ù 1Þ s
22ss! ∑s

k× 0
2k Ý Ù 1Þ kÝ sÙ kÞ !k!Ó 1ß

2π Ý 2sÞ ! Ý Ù 1Þ s
22ss!s! ∑s

k× 0 à sk á Õ Ô 2Ö kÓ 1ß
2π Ý 2sÞ !

22ss!s!
Û

Sincethestatesareof unit trace,relation(72) implies

n

∑
r × 0

qr

∞ØÙ ∞

QnÙ r Õ ξ Ö dξ Ó 1 â (78)

whichyields:
1

22n ∑
r ã s× n Õ 2r Ö ! Õ 2sÖ !

r!r!s!s!
Ó 1 Û (79)

This relationis a consequenceof the equivalenceconjecturefor the harmonicoscillator,
but, beinganalgebraicpropositionin its own right, it is eithertrueor false— andhence
a test for the conjecture.As we shall seelater, it is a specialcaseof the moregeneral
relation(87), but it caneasilybe provedby itself. To this end,we notethat it suggests
themultiplicationrule for thecoefficientsof powerseries.To exploit this observation,we
definethefollowing powerseries

f Õ zÖrÓ ∞

∑
r × 0 Õ 2r Ö !

r!r!4r zr â (80)

in someappropriatedisc of convergence.If relation(79) is true, all coefficientsof this
seriessquaredareunity:

Õ f Õ zÖ Ö 2 Ó ∞

∑
n× 0

zn Û (81)

14 FIZIKA B 6 (1997)1, 1–22
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In theunit disc ä zä å 1, thisyieldstheclosedform

f æ zçrè 1é
1 ê z ë (82)

whoseTaylorexpansion

f æ zçrè ∞

∑
r ì 0

1
r!
æ 2r ê 1ç !!

22 zr (83)

is identicalto theexpression(80), thusverifying equation(79).
Thenext stepis to comparetheprobabilitydistributionρ æ ξ ç , obtainedfrom theHilbert

spacesolution(seeEq. (47) in I) with thephasespacesolution(72). Combiningrelations
(63), (72)and(77),weobtainthefollowing expressionfor ρ:

ρ æ ξ ç�è 1é
2π

n

∑
r ì 0

é
2 æ 2n ê 2r ç ! æ 2r ç !

22nr! æ n ê r ç ! æ n ê r ç ! r

∑
sì 0

2sæ 2sç ! æ r ê sç ! H2s æ ξ ç eí ξ2 î
(84)

For comparisonwith relation(47) in I we shallneedanexpressionwhoseoutersumover
the index s of theHermitepolynomialsrunsfrom 0 to n. Oneobtainsit by interchanging
theorderof summation:

ρ æ ξ ç�è 1é
π

n

∑
sì 0

2s

22n æ 2sç ! n

∑
r ì s

æ 2n ê 2r ç ! æ 2r ç !
r! æ n ê r ç ! æ n ê r ç ! æ r ê sç !H2s æ ξ ç eí ξ2 î

(85)

By theequivalenceconjecture,this functionshouldbe thesameasthe functiongivenby
expression(47) in I. Since,in bothexpressions,thefunctionalparts(Hermitepolynomials
timesexponential)andtheoutersummationhave alreadybeenbroughtto thesameform,
only thefollowing conditionon thecoefficientsremainsto besatisfied:

n!
s!s! æ n ê sç !2s è 2s

22n æ 2sç ! n

∑
r ì s

æ 2n ê 2r ç ! æ 2r ç !
r! æ n ê r ç ! æ n ê r ç ! æ r ê sç ! î (86)

This is a propositionin two variables,n ands. We cannot“require” that it be true. Like
relation(79), it eitheris or is not.

To bringthiscombinatorialrelationtoamoremanageableform,wemakethefollowing
substitutions:

q è n ê r ë
m è n ê së

which imply

r è n ï q ë
r ê s è m ê q ë

n

∑
r ì s
è m

∑
qì 0

î
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Equation(86)now becomes

22mn! ð 2 ð n ñ mò ò !ð n ñ mò ! ð n ñ mò !m! ó m

∑
qô 0

ð 2qò ! ð 2 ð n ñ qò ò !
q!q! ð n ñ qò ! ð m ñ qò ! õ (87)

To provethisrelation1, wefirst performthesummationontheright-handsideby using
hypergeometricfunctionsasa steppingstone.The propertyof thesefunctionswhich is
relevanthereis thatthey canbewritten in two ways:asaninfinite sumof termsinvolving
Pochhammersymbols,or asa singlerationalexpressioninvolving gammafunctions[2].
Thebasicformulaeweshallneedare

F ð a ö b;c;zò ó ∞

∑
nô 0

ð aò n ð bò nð cò nn!
zn ö (88)

wherec ÷ó 0 ö ñ 1 ö ñ 2 ö õ õ õ , and

F ð a ö b;c;zò ó Γ ð cò Γ ð c ñ a ñ bò
Γ ð c ñ aò Γ ð c ñ bò ö (89)

wherec ÷ó 0 ö ñ 1 ö ñ 2 ö õ õ õ , andRec ø Reð a ù bò . Thedefinitionof thePochhammersymbols
is ð aò n ó Γ ð n ù aò

Γ ð aòúõ (90)

We shallalsoneedtheduplicationformulafor gammafunctions,

Γ ð 2zò ó 22zû 1Γ ü z ù 1
2 ý Γ ð zò

Γ ü 12 ý ö (91)

andthereciprocityformula

Γ ð zò Γ ð 1 ñ zò ó π
sin ð πzò õ (92)

To write thesummandin relation(87) in termsof Pochhammersymbols,we applytwice
theduplicationformula: ð 2qò !

q! ó Γ ð 2q ù 1ò
Γ ð q ù 1ò

ó 22q Γ ü q ù 1
2 ý

Γ ü 12 ý ó 22q þ 1
2 ÿ q

ö
1Theproofhasbeensuppliedby ProfessorW. Rühl. Wemostgratefullyacknowledgethecontribution.
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and �
2
�
n � q� � !�
n � q� ! � 22n� 2q Γ � n � q � 1

2 �
Γ � 12 �	� (93)

Substitutionof theseexpressionsinto relation(87)yields

22mn!
�
2
�
n � m� � !�

n � m� ! � n � m� !m! � 22n
m

∑
q
 0

Γ � n � q � 1
2 � � 12 � q

Γ � 12 � q!
�
m � q� ! (94)

Thenext transformationis

Γ � n � q � 1
2 ��

m � q� ! � Γ � n � 1
2 �

m! �
� � m� q� 12 � n� q � (95)

which,with relation(94),yields

22mn!
�
2
�
n � m� � !�

n � m� ! � n � m� ! � 22n Γ � n � 1
2 �

Γ � 12 � m

∑
q
 0

� 12 � q � � m� q
q! � 12 � n� q (96)

By formula(88), thesumis ahypergeometricfunction

∞

∑
q
 0

� 12 � q � � m� q
q! � 12 � n� q � F  1

2 � � m;
1
2
� n;1� � (97)

Thesummationlimit in relation(94) is m, but it canbeformally takenas∞ sinceit stops
at m dueto the identity

� � m� m � 0. By relation(89), the samehypergeometricfunction
canbewritten in termsof gammafunctions:

F  1
2 � � m;

1
2
� n;1� � Γ � 12 � n� Γ � � n � m�

Γ
� � n� Γ � 12 � n � m��� (98)

Sincen � m, both beingnaturalnumbers,the fraction is of the indefiniteform ∞ � ∞. To
evaluateit, let ustreatn asacomplex numbern � z �� N. Applying thereciprocitytheorem
(92) to thefour gammafunctions,oneobtainstherelation

F  1
2 � � m;

1
2
� n;1� � Γ

�
z � 1� Γ � 12 � z � m�

Γ � 12 � z� Γ � z � m � 1� � S� (99)

where

S � sin
�
zπ � sin � � 12 � z � m� π �

sin � � 12 � z� π � sin
� �

z � m� π �
� sin

�
zπ � cos

� �
z � m� π �

cos
�
zπ � sin

� �
z � m� π � � 1 �
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By continuity, S � 1 for z � N also.Substitutionof expressions(97), (98) and(99) into
relation(96)yields �

2

�
n � m� � !�
n � m� ! � 22n � 2mΓ � 12 � n � m�

Γ � 12 ��� (100)

This relationis identically true, sinceit is the sameas(97) with q � m. This completes
the proof of relation (87). Hence,for the harmonicoscillator at least, the equivalence
conjectureis a theorem.Note:Relation(79) is thespecialcaseof (87) for m � n �
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Appendix:TheJordanproductof exponentials

Sincespecialcasesof the Jordanproductof invariantexponentialsappearin several
proofs in the main text, it is mostexpedientto derive the generalexpressiononly once.
TheLie productof suchexponentialsobviouslyvanishesidentically.

By “invariantexponential”we meananexponentialfunctionof theHamiltonian,i.e.,
u � eaχ, whereχ � � ξ2 ! η2 " , anda is any real number. The Jordanproducteaχσebχ is
thentherealpartof thecomplex product

Y � eaχeic∇ebχ # � A1 "
but sincethe imaginarypart of Y (i.e., the Lie product)vanishes,the Jordanproductis
effectively equalto this expression.By substitutingtheexpressionsfor χ andfor ∇, into
relation(A1), oneobtains

Y � eaξ2 $ 2eaη2 $ 2eic∂
%

η∂
&

ξeic∂
%

ξ∂
&

ηebξ2 $ 2ebη2 $ 2 ' � A2 "
An operatorof theform et∂

&
ξ representsa translationby avaluet, i.e.,et∂

&
ξ f � ξ " � f � ξ ! t " .

We shall formally preserve this interpretationeven if t is not a variablebut an operator,
providedit commuteswith theargumentof thefunction f . Thus:

f � η " eic∂
%

η∂
&

ξ � f ( η ! ic∂
&

ξ ) #
since ∂ f

∂ξ � 0. With this generalizationof the conceptof displacement,relation(A1) be-
comes

Y � eaξ2 $ 2e
a
2 * η + ic∂

&
ξ , 2e

b
2 * η - ic∂

%
ξ , 2ebξ2 $ 2 '

In this expression,thefirst operator(i.e., thesecondexponentialfactor)actsto theright,
thus affecting only the last factor. Similarly, the secondoperatoractsonly on the first
factor. Hence,theexpressionfor Y simplifiesto a productof two simplerfunctionsof two
variables:

Y �/. eb
2 � η - ic∂ξ

" 2
eaξ2 $ 20 . ea

2 � η + ic∂ξ
" 2

ebξ2 $ 2 01' � A3 "
Defininga new function

P � a # b" �2. ea
2 � η + ic∂ξ

" 2
ebξ2 $ 203# � A4 "

of theparametersa, b (thevariablesξ, η beingassumed,)weobtain

Y � P � a # b" P̄ � b # a" ' � A5 "
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Let uscomputeP 4 a 5 b6 :
P 4 a 5 b687 e

a
2η2

eiacη∂ξe9 a
2c2∂2

ξebξ2 : 2 ; 4 A6 6
We have herea diffusionoperator, e

a
2c2∂2

ξ , actingon a Gaussianfunction,ebξ2 : 2, followed
by a translationeiacη∂ξ . SinceaGaussiandiffusesinto aGaussian,wehave,in general

et∂2
xeCx2 7 AeBx2 5

whereC is a constantand A andB are functionsof t with initial conditionsA 4 06<7 1,
B 4 06=7 C. Sincetheleft sidesatisfiesthediffusionequation∂t 7 ∂2

x, somusttheright side,
implying thefollowing differentialidentity in x:

A>
A ? B> x2 7 2B ? 4B2x2 ;

Thesolutionswhichsatisfytheinitial conditionsare

B 7 C
1 @ 4Ct

5
A 7 1A

1 @ 4Ct
;

We obtainP 4 a 5 b6 by takingt 7B@ ac2 C 2,C 7 bC 2. With thesesubstitutions,relation(A6)
now reads

P 4 a 5 b687 1A
abc2 ? 1

e
a
2η2 D

eiacη∂ξ e
1
2

b
abc2 E 1ξ2 F ;

Theremainingexponentialoperatorrepresentsa translationsin ξ by iacη. Hence:

P 4 a 5 b687 1A
abc2 ? 1

e9 a
2η2

e
1
2

b
abc2 E 1 G ξ2 9 a2c2η2 H i2acξη I ; 4 A7 6

From(A1), (A5) and(A7) followsthedesiredrelation

eaχσebχ 7 1
abc2 ? 1

e
aE b

abc2 E 1χ 5
which we cansimplify by subsummingtheuniversalconstantc in new parameters,r and
s, definedasr 7 ac, s 7 bc:

erχ : cσesχ : c 7 1
rs ? 1

e
r E s
rsE 1χ : c ; 4 A86
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Sincec J 1K 2, wefinally get

e2rχσe2sχ J 1
rs L 1

e2 r M s
rsM 1χ N O A9 P

It is interestingto notethattheexponentialcoefficient r Q s
rsQ 1 hasthefunctionalform of

theadditiontheoremfor thehyperbolictangens.To seewherethisobservationmight lead,
let uswrite r ands in termsof new parameters,φ, ψ, accordingto thesubstitution

r J tanhφ R
s J tanhψ N

Relation(A9) now reads

e2tanhφχσe2tanhψχ J tanhO φ L ψ P
tanhφ L tanhψ

e2tanhS φ Q ψ T χ N O A10P
Since

tanhO φ L ψ P
tanhφ L tanhψ

J coshφcoshψ
coshO φ L ψ P R

wecanrewrite relation(A10) asU
e2tanhφχ

coshφ V σ
U

e2tanhψχ

coshψ V J e2tanhS φ Q ψ T χ
coshO φ L ψ P N

This suggeststhedefinitionof a new observable,E, which would bea functionof φχ (or
simplyasa functionof φ, sincetheHamiltonianχ is fixed):

E O φ P8J expO O 2tanhφ P χ P
coshφ

N O A11P
Whatdistinguishesthis functionis thatit satisfiestheadditiontheorem:

E O φ P σE O ψ P8J E O φ L ψ P N O A12P
We shall call it the sigma-exponentialfunction, as it plays, with respectto σ, the role
the ordinaryexponentialfunction playswith respectto the ordinaryproduct: they both
establishanisomorphicmappingbetweenthemultiplicativeandadditivestructuresof their
respectivealgebras.
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KVANTNI OSCILATORU FAZNOM PROSTORU.
II DIO

Primjenomopćeg formalizmakoji je razvijenu I. dijelu rada,riješili smoproblemsta-
cionarnogharmonǐckogoscilatorai pokazalidasurješenjauHilbertovomprostorui fazno–
prostornarješenjapotpunoskladna.
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