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Cutkosky coupledmultichannelandmanifestlyunitary model,reducedo threetwo-body
coupledchannelshasbeenusedto predicteight lowestpartial-wave T-matricesfor the

TN — NN andnN — nN processeby the Zagreb-LosAngelescollaboration.The shape
of the S11-wave cuspeffectneam productionthresholdor thetiN elasticscatteringurned
outto bewrongin thefirst analysisandhasbeencorrectedby the Zagreb-LosAngeles-
Argonneupdateof the analysis.The shapeerror hasbeentracedbackto the numerically
incorrectassumptiorof theinputsignof the Cutkosky channepropagatorsThedetailsof

the error, correctform of theinput functionandthe correctanalyticalcontinuationof the

channepropagatorss presented.

1. Introduction

A three-channelnulti-resonanceynitary model,basedon the formulationdeveloped
in Ref. 1, hasbeenappliedin Ref. 2 to perform a partial-wave analysis(PWA) using
the Karlsruhe-HelsinkiPWA (KHB80) [3] asinput for the TN elasticscattering,andthe
weightedtotal anddifferentialcross-sectiomlatafor the TN — nN reaction.The partial-
wave amplitudedor thetiN — nN andnN — nN transitionshave beenthe predictionsof
themodel.UsingthenN elasticscatteringpartial-wave amplitudeghusobtainedthenN
S-wave scatteringengthayn hasbeenextracted.In Ref. 4 it wasstressedhatthe multi-
resonanceapproachs essentiain determininghevaluefor a,n. ThenN scatterindength

1Thiswork hasbeenpartly supportecby US-CRD JF 221 contract.
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reportedn thatarticle,aswell asthevaluegivenin Ref. 5, aresufiiciently largeto imply
thatthe nd boundstatemight exist assuggestetyy severaltheoreticapredictiong6-8].

However, a later analysis[9] hasshawvn that the shapeof the cuspin the TiN elas-
tic channelnearn productionthresholddoesnot agreewith other partial wave analyses
[3,10,11],andis thereforeerroneous.The error hasbeentracedbackto the wrong as-
sumptionof the signvalue of the channelpropagatorsn the numericalevaluationof the
dispersionintegrals which are the essencef the Cutkosky method. This hasbeencor-
rectedin [9], and,at the sametime, the new input for the controversialS;1 partial wave
[12,13]wasused.The new partialwave T-matricesandthenN S-wave scatteringength
have beenevaluatedanddid notshav deviation from thefirst resultdargerthan10%,with
theexceptionof thenN S-wave scatterindength.

Thedetailsof the problem,andthe correcttreatmentave not beengivenin [9], sowe
have decidedto give it herewith moretechnicaldetailsaboutthe analyticalcontinuation
of the correctecchannebpropagators.

2. Formalism
The formalismusedin this work originatedfrom the old Carngjie-Melon—Berleley
analysiq1], andwaspresentedully in Ref.2. However, for the corvenienceof thereadey

we shallrepeatthe basicstepsto explain the natureof the sign problem,andexplain the
modelfor correctingit.

2.1. Thethree-bodycoupled-tiannelformalismfor thetiN — nN process
TheriN — nN processs givenby theinvariantamplitude
A(W, cos8*) + fin B(W,cosH*)

with the standardn-shellpartial-wavesdecompositiorof A andB:

AW,cos87) = 2" {iTH[\/(Ei*+m)(E}‘+m)(W—m)P((cose*)
|=

\/ o

+/(E = m)(Ej —m)(W+m)F,.; (cost")|

B 211-" [ \/(Ei* +m)(Ef + m)(W — m)P/, 1 (cosd*)

+wa—w®>ww+wmwwﬂ} &)
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B(W,cos8") = L{—im[\/(Ei*+m)(E:+m)P((cose*)
|=

\ oo

—\/(Ei* - m)(Ef - m)P|’+1(0059*)]

2,7 [ /(& +m)(Ef +m)Pl, 1 (cos8™)

/(& = m)(E; —mF (o) , )

whereW is thetotal c.m.enegy and®* the c.m. scatteringangle g anday, aretheinitial
pion andfinal n c.m. momenta,E* andEf the initial andfinal nucleonc.m. enepies,
P (2) thederivativesof Legendrepolynomials,Tj= the™N — nN T-matricesandmiis the
nucleonmass.

ThetN — nN T+ |- matricesare matrix elementsof the three-channepartial wave
Tt matrixwhichis givenas:

TJL TJL TJL
TJL _ TTE’IT_ TTg]L TTIEZ
- nm nn

2
JL JL L
TT[2T[ Trrzr] TT[2T[2

wherevariouschannelsaredenotedby the index Tt for TN, n for nN and 1 for all other
channels(rh, pN, TN, ...). The third channelis effectively describedas a two body
process®N with T2 beinga quasiparticlewith a differentmasschosenfor eachpartial
wave. We have fixedthe channeimassesfor eachpartialwave independently

2.2. A unitary multiresonancenodel

In orderto fit theamplitudesf Ref. 3 of thetiN elasticscatteringandtheweightedotal
anddifferentialcross-sectiomlatafor the TN — nN reaction,we have useda manifestly
unitary modelthat allows including more than one resonancend backgrounderm per
partialwave, aswe have aforespecified.

As then mesonis a pseudoscalaisospinzeroparticle,it mixesby isospinviolation
with the®. We have choserthefollowing threecoupledchannelgo setup themodel:the
1N, nN andathird, aneffective two-bodychannelabeledr®N, whichinclusively contains
andrepresentsll remaining.eventhreebodychannelgt4, pN, roiN, etc.). Theobjectve
of theproceduras to simultaneoushachieve agoodrepresentationf theinput iN elastic
T-matricesandthe experimentaln productiondata(total anddifferentialcross-sections)
by thevaluescomingout of the model.
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Themultichannell matrix takenoverfrom [1] is givenas:

Tab = z 35 (9vPava G (Vs v/Pb - (9, )

i,]=1

wherea, b= 1, n, ™. Theinitial andfinal channelsouplethroughintermediatéparticles”
or resonancelbeledwith i andj, and

L
9= — " — (4)
(Q1a+\/Q§a+q§)
Pal9) = % (5)

wheres = W? andg, is themesonmomentunfor ary of thethreechannelgjivenas:

VW2 — (m+ my)2) (W2 — (m—my)?)
o .

Oa = Ga(W) = (6)

Themassparametem,, for the®N channeis fixedprior to minimizationto themass
valueatwhichthepartialwave inelasticitiesshav theopeningof thefirst inelasticchannel
(seeTablel).

TABLE 1. Thevaluesof the massparametem,, for theteN channel.

Partial wave Sll Pll P13 D13 D15 F15 F17 G17
m (MeV) | 450 | 380 | 370 | 380 | 400 | 370 | 650 | 450

vk arefree parameterandwill be determinedby the fitting procedure For the Q14
andQy, parametersve choosehevalues

Qu = Qor=my
Qun = Qx=nm (7)
Qe = Qur=mg.

GiJJ-L is adressegropagatofor partialwave JL andparticlesi andj:

G (9 =G (9 Z G- (9Zk (9G] (9- )
Thebarepropagator
0L _ 8]
Gij (S)_s——s 9)
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hasa pole at therealvalues. Thesigng = £1 mustbe choseno be positive for poles
above theelasticthresholdwhich correspondo resonanceslhenonresonariackground
is describedoy a function that consistsof two termsof the form (9) with pole positions
belon TiN threshold For thatcasesignsof thetermsareopposite The positive signcorre-

spondto the repulsie andnegative to the attractve potential.Zi}- is the self-enegy term

for the particlepropagator:

5 (9= Via®2 (¥ia (10)

Theimaginarypartof @3- (s), usuallycalledthechannepropagataris theeffective phase-
spacefactorfor the channela. Function®)-(s) is analyticin the uppersemiplanewith
possiblenot worsethanconstanbehaior ass tendsto infinity. Imaginarypartof ®3-(s)
is known alongthe realaxiswhenapproachingt from above. Our erroneousssumption
in [2] hasbeenthatthe channepropagatois givenin thelower half of the Riemanrsheet
(whenapproachingt from below).

Thechannebropagatois givenas:

Imdl(s) = [fg'-(s)]zpa(s)EFe;"-(s), for s> (Mm+my)?,
and Imdl(s) = 0, for Sa < (M+my)2. (11)

Therefore we mustcontinueanalytically the function ®J-(s) to the lower semiplanein
orderto beableto useCauchystheorento getthe polesof the partialwave T-matrices.

During the discussiorof the analyticalcontinuationwe shalldrop all subscriptsand
superscripte®n thefunction ®.

We make thereplacement
Sa = X+ (M+mg)?, (12)

andwe explicitly write F;"(s) as:

2L
Lg% (%
g($_¢g<%+¢@:@>. (13)

Fromnow on, for thediscussiorof analyticity we usethe morecorvenientvariablex.
More explicitly, we canwrite:

B (3% + 4mgmy)-+1/2
)= 2(x+ (M+mg)2) (X + 2Ma(M+ Mg) + 2mg(X+ (M+ mg)2)Y/2)2- (14)

In theabove expressionall the squareoot valuesareunderstoodo betakenwith +sign.

As F(x) tendsto a constant(1/2) asx — o, in orderto getrid of contourintegral
aroundinfinity in the uppersemiplaneCauchyintegral hasto be subtractedWe choose
the subtractiorpointto beatx = 0, with the valueof thefunction®(0) = 0.

FIZIKA B 6 (1997)1,53-62 57



BATINIC ET AL.: CUSP EFFECT AND THE ANALYTICAL CONTINUATION ...

Now thesinglesubtractedlispersiorrelationdefinesunction®(z) in thewholeupper
semiplane.

It is easyto seethat, becausef the factthatim ® = 0 at x < 0, dueto the Schwartz
reality principle ®(z*) = ®*(z), we canextendthe function ®(z) to thewholezerothRie-
mannsheet.Herethe sgmentx < 0 actsasa real mirror reflectingeverythingin upper
semiplaneto be exactly the samein the lower semiplanebut complet-conjugated But
whatwe really needis to follow "Alice” on herway through(false)looking-glassi.e.,
throughthex > 0 sggmentwhichleadsto thefirst Riemannsheetwherethethingsarenot
thesameasin the original world.

Having Im @& alongthe real axis, let us now definetwo functions®1(z) and ®,(2).
Functiond;(2) is givenexplicitly as:

P@= (Z -+ 4mama -2 (15)
i
2(z+ (M+ My)2) (z+ 2ma(M+ M) + 2ma(z+ (M+ my)2)H/2)2L
Slightly above realaxisthefunctionsF;(z) andF(z) behaeas
Imdy(x+ig) = F(x), forx>0 (16)
Imdy(x+ig) = O, forx>0 a7
Im®Py(x+ig) = ImdPy(x+ig)=0, —dmnmp<x<O0 (18)
ImPi(x+ig) = ImPy(x+ig)=F, X< —-4mm, (19)
where
Fa(X) =
R |X|L+1/2|X+4meh|L+l/2 (20)
“2|x+ (M+mg)2| (X + 2ma(M+ My) + 2ma|x+ (M+ me)2|1/2C(x) ) 2-
with
Cx) = 1, —(m+my)2<x (21)
CX) = i, x<—-(m+m)2 (22)

At z= 0 we requirethat ®,(0) = 0, while ®1(0) = 0 by definition. Thenone canobtain
®,(2) by singlesubtractedlispersiorrelation.Now we find the desiredfunction ®(z) as

D(2) = P1(2) — P2(2) (23)
With relation(23) it is easyto performthe analyticalcontinuatiorthroughthe "f alsemir-

ror”, i.e.,0 < X < . Thatis achievedif we obsere that®; changeghe signwhenone
makeswalk aroundthe x = 0 point, while ®, remainsunchangedWe expressthe values
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of thefunction®(z) onthelower partof thefirst Riemanrshee{i.e.,theanalyticalcontin-
uationthroughthe x>0 sggment)by the valuesfrom the upperpartof the zerothRiemann
plane

¢fir$(z) = _zq)y:[,zeloth(zk) + ¢§emh(zk) (24)

Thereal part of ®,¢n(Z) is calculatedusing a subtracteddispersionrelation. Using s
insteadof Z* ontheuppersemiplaneof the zerothRiemanrsheetwe get:

_S—% FL(d
ol (s) / o 25
g —s)( s’ S0) (25)

Theadwantageof thisapproachs thatit manifestlymaintainghe Smatrix unitarity for
ary numberof resonanceand/orbackgrounderms.The disadwantagds thatthe connec-
tion of theparameterg- ands with the corventionalresonanc@arameters/’t andr ;-
is notdirect[1], but hasto becalculated.

2.3. Thefitting procedue

Theinput parametersor thefitting procedureares andyi; which determinghe bare
propagatomandself enegy termfor the particle propagatorseeEgs. (7), (8) and(9), re-
spectvely. The parameter§)1; and Q2,, Wwhich occurin the form factorgivenin Eq. (3)
have beenfixed to the massof the channela meson.The oncesubtractedlispersionre-
lation givenin Eq. (25) is solved numericallywith the subtractionconstantsy = s, and
®J-(s0) = 0. The stability of the solutionhasbeentestedoy calculatingandreproducing
theinitial imaginarypart,seeEq.(11). Thenumericaintegrationhasbeerperformedising
theadapted>aussiamuadraturenethodwith no significantdependencen the numberof
points.We shouldmentionthatthe dispersiorrelationhasbeencalculateconly once,and
takulatedfor furtheruseto save the CPUbecaus¢heparametersvhichform theintegrand
arenotvariedin theminimizationprocedure.

The input dataset, fitting procedureand T-matricespole extractionaregivenin full
detailsin [2].

3. ResultsandConclusions

We summarizeour conclusions:

(i) By properly defining the channelpropagatoron the correctRiemannsheet,the
descriptionof the n cuspin the TN elasticS-wave falls into place(comparedashedand
full linesin Fig. 1).

FIZIKA B 6(1997)1, 53-62 59



BATINIC ET AL.: CUSP EFFECT AND THE ANALYTICAL CONTINUATION ...
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Fig. 1. Cuspeffectin the S-wave neamN threshold Dashecturvesarefrom the solution
obtainedwith the wrong sign in numericalevaluationof Eq. (19) in Ref. 2. Full curves
arefrom the correctectalculation.Thefull dotsarefrom the KH80 single-eneagy solution
nearthreshold.The dottedcurvesarefrom the single resonancenodelof Bennholdand
Tanabd10] for comparison.

(i) Thequantitatve differencebetweerpartial-wave T-matriceswhenhaving thecor-
rectandincorrectsignof theimaginarypartof the channelpropagatorsis of the orderof
10%. Theexceptionis thenN S-wave scatteringengthwherethedifferenceas somavhat
bigger It canfirst be seenfrom pole parametersf the old andupdatedsolutionwhich are
givenin Table2. Thefull comparisorof all partialwavesfor thetiN — nN andnN — nN
is givenin [9]. Let uswarnthereadetthatin additionto correctingthe signerror, the new
S inputhasbeenintroducedn theaforementionedeference.

(iii) The correctchoiceof the imaginarypart of the channelpropagatorsgcombined
with the aforedescribedanalyticalcontinuationimproves the quality of thefit to the ex-
perimentadata.
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UéINAK IZBOCINE | ANALITI CKO PRODULJENJEKANALNIH PROPAGATORA
U VISEKANALNOM FORMALIZMU CUTKOSKOG U MODELU DVAJU TIJELA

Izri€ito unitaran,Cutkoskyev modelviSevezanihkanalaprimijenjenje u okviru Zagreb-
Los Angelessuradnjenaslucajtri vezanalvocesttnakanalai tako sudobivenertiN — nN

i NN — nN T matricezaosamnajnizih parcijalnihvalova. Pokazalcsedaje u prethodnoj
analizi oblik izboCineu S;; TN elasténoj T matrici u blizini pragazan produkcijubio

kriv, i ispravljen je u novoj analizikoja je napraljenau suradnjiZagreb— Los Angeles—
Argonne.Uzrok greSke u obliku izboCineje u tomestoje uzetkriv predznaku kanalnom
propagatoruCutkoskog. Iznesenesu pojedinostipogreSke te je dobivenispravan oblik i

analiticko produljenjekanalnogpropagatora.

62 FIZIKA B 6(1997)1,53-62



