
ISSN1330–0016
CODEN FIZBE7

CUSPEFFECTAND THE ANALYTICAL CONTINUATION OFTHE CHANNEL
PROPAGATORSIN THE TWO BODY MULTICHANNEL CUTKOSKY

FORMALISM1
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Cutkosky coupledmultichannel,andmanifestlyunitarymodel,reducedto threetwo-body
coupledchannels,hasbeenusedto predicteight lowestpartial-wave T-matricesfor the
πN � ηN andηN � ηN processesby theZagreb-LosAngelescollaboration.Theshape
of theS11-wavecuspeffectnearη productionthresholdfor theπN elasticscatteringturned
out to bewrong in thefirst analysis,andhasbeencorrectedby theZagreb-LosAngeles-
Argonneupdateof theanalysis.Theshapeerrorhasbeentracedbackto thenumerically
incorrectassumptionof theinputsignof theCutkosky channelpropagators.Thedetailsof
theerror, correctform of the input functionandthecorrectanalyticalcontinuationof the
channelpropagatorsis presented.

1. Introduction

A three-channel,multi-resonance,unitarymodel,basedon theformulationdeveloped
in Ref. 1, hasbeenappliedin Ref. 2 to perform a partial-wave analysis(PWA) using
the Karlsruhe-HelsinkiPWA (KH80) [3] as input for the πN elasticscattering,and the
weightedtotal anddifferentialcross-sectiondatafor theπN � ηN reaction.Thepartial-
wave amplitudesfor theπN � ηN andηN � ηN transitionshavebeenthepredictionsof
themodel.UsingtheηN elasticscatteringpartial-wave amplitudesthusobtained,theηN
S-wave scatteringlengthaηN hasbeenextracted.In Ref. 4 it wasstressedthat themulti-
resonanceapproachis essentialin determiningthevaluefor aηN. TheηN scatteringlength

1Thiswork hasbeenpartlysupportedby US-CRO JF221contract.
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reportedin thatarticle,aswell asthevaluegivenin Ref. 5, aresufficiently largeto imply
thattheηd boundstatemightexist assuggestedby severaltheoreticalpredictions[6–8].

However, a later analysis[9] hasshown that the shapeof the cuspin the πN elas-
tic channelnearη productionthresholddoesnot agreewith otherpartial wave analyses
[3,10,11], and is thereforeerroneous.The error hasbeentracedback to the wrong as-
sumptionof the signvalueof thechannelpropagatorsin thenumericalevaluationof the
dispersionintegralswhich are the essenceof the Cutkosky method.This hasbeencor-
rectedin [9], and,at the sametime, the new input for the controversialS11 partialwave
[12,13] wasused.Thenew partialwave T-matricesandtheηN S-wave scatteringlength
havebeenevaluated,anddid notshow deviationfrom thefirst resultslargerthan10%,with
theexceptionof theηN S-wavescatteringlength.

Thedetailsof theproblem,andthecorrecttreatmenthavenotbeengivenin [9], sowe
have decidedto give it herewith moretechnicaldetailsabouttheanalyticalcontinuation
of thecorrectedchannelpropagators.

2. Formalism

The formalismusedin this work originatedfrom the old Carnegie-Melon–Berkeley
analysis[1], andwaspresentedfully in Ref.2. However, for theconvenienceof thereader,
we shall repeatthebasicstepsto explain thenatureof thesignproblem,andexplain the
modelfor correctingit.

2.1. Thethree-bodycoupled-channelformalismfor theπN � ηN process

TheπN � ηN processis givenby theinvariantamplitude

A �W� cosθ � � �	�qηB �W� cosθ � �
with thestandardon-shellpartial-wavesdecompositionof A andB:

A �W� cosθ � ��
 4π�
q� 3π q� 3η



∞

∑
l � 0

Tl ��� � � E �i � m� � E �f � m� �W � m� P�l � cosθ � �� � � E �i � m� � E �f � m� �W � m� P�l � 1 � cosθ � � �� ∞

∑
l � 1

Tl ��� � � E �i � m� � E �f � m� �W � m� P�l � 1 � cosθ � �� � � E �i � m� � E �f � m� �W � m� P�l � cosθ � � ��� �� � (1)
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B �W� cosθ � �! 4π"
q� 3π q� 3η #%$ ∞

∑
l & 0

Tl '�( " � E �i ) m� � E �f ) m� P*l � cosθ � �
$ " � E �i $ m� � E �f $ m� P*l + 1 � cosθ � � ,) ∞

∑
l & 1

Tl -�( " � E �i ) m� � E �f ) m� P*l + 1 � cosθ � �
$ " � E �i $ m� � E �f $ m� P*l � cosθ � � ,�. /0 � (2)

whereW is thetotal c.m.energy andθ � thec.m.scatteringangle,q�π andq�η aretheinitial
pion and final η c.m. momenta,E �i and E �f the initial andfinal nucleonc.m. energies,
P*l � z� thederivativesof Legendrepolynomials,Tl 1 theπN 2 ηN T-matricesandm is the
nucleonmass.

The πN 2 ηN Tl ' 3 l - matricesarematrix elementsof the three-channelpartial wave
TJL matrixwhich is givenas:

TJL  5467 TJL
ππ TJL

πη TJL
ππ2

TJL
ηπ TJL

ηη TJL
ηπ2

TJL
π2π TJL

π2η TJL
π2π2

8 9:
wherevariouschannelsaredenotedby the index π for πN, η for ηN andπ2 for all other
channels(π∆, ρN, ππN, ...). The third channelis effectively describedas a two body
processπ2N with π2 beinga quasiparticlewith a differentmasschosenfor eachpartial
wave.We havefixedthechannelmasses,for eachpartialwave independently.

2.2. A unitarymultiresonancemodel

In ordertofit theamplitudesof Ref.3 of theπN elasticscatteringandtheweightedtotal
anddifferentialcross-sectiondatafor the πN 2 ηN reaction,we have useda manifestly
unitary model that allows including more thanoneresonanceandbackgroundterm per
partialwave,aswehaveaforespecified.

As the η mesonis a pseudoscalar, isospinzeroparticle,it mixesby isospinviolation
with theπ0. Wehavechosenthefollowing threecoupledchannelsto setup themodel:the
πN, ηN andathird,aneffectivetwo-bodychannellabeledπ2N, whichinclusivelycontains
andrepresentsall remaining,eventhreebodychannels(π∆, ρN, ππN, etc.).Theobjective
of theprocedureis to simultaneouslyachieveagoodrepresentationof theinputπN elastic
T-matrices,andtheexperimentalη productiondata(total anddifferentialcross-sections)
by thevaluescomingoutof themodel.
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ThemultichannelT matrix takenover from [1] is givenas:

TJL
ab ; NJL

∑
i < j = 1

f JL
a > s? @ ρaγJL

ai GJL
i j > s? γJL

jb @ ρb f JL
b > s? A A (3)

wherea A b ; π A η A π2. Theinitial andfinal channelscouplethroughintermediate”particles”
or resonanceslabeledwith i and j, and

f JL
a > s? ;CBD qa

Q1a EGF Q2
2a E q2

a HI L

(4)

ρa > s? ; qa@ s
A (5)

wheres ; W2 andqa is themesonmomentumfor any of thethreechannelsgivenas:

qa J qa >W ? ;LK >W2 M > m E ma? 2 ? >W2 M > m M ma? 2 ?
2W N (6)

Themassparametermπ2 for theπ2N channelis fixedprior to minimizationto themass
valueatwhichthepartialwaveinelasticitiesshow theopeningof thefirst inelasticchannel
(seeTable1).

TABLE 1. Thevaluesof themassparametermπ2 for theπ2N channel.

Partialwave S11 P11 P13 D13 D15 F15 F17 G17

mπ2 (MeV) 450 380 370 380 400 370 650 450

γJL
ia arefree parametersandwill be determinedby the fitting procedure.For the Q1a

andQ2a parameterswechoosethevalues

Q1π ; Q2π ; mπ

Q1η ; Q2η ; mη (7)

Q1π2 ; Q2π2 ; mπ2 N
GJL

i j is adressedpropagatorfor partialwaveJL andparticlesi and j:

GJL
i j > s? ; G0JL

i j > s? E NJL

∑
k < l = 1

G0JL
ik > s? ΣJL

kl > s? GJL
l j > s? N (8)

Thebarepropagator

G0JL
i j > s? ; eiδi j

si
M s

(9)
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hasa poleat the real valuesi . Thesignei OQP 1 mustbe chosento bepositive for poles
above theelasticthresholdwhich correspondto resonances.Thenonresonantbackground
is describedby a function that consistsof two termsof the form (9) with pole positions
below πN threshold.For thatcasesignsof thetermsareopposite.Thepositivesigncorre-
spondto therepulsive andnegative to theattractive potential.ΣJL

kl is theself-energy term
for theparticlepropagator:

ΣJL
kl R sS O ∑

a
γJL
kaΦJL

a R sS γJL
la (10)

Theimaginarypartof ΦJL
a R sS , usuallycalledthechannelpropagator, is theeffectivephase-

spacefactorfor the channela. FunctionΦJL
a R sS is analyticin the uppersemiplane,with

possiblenot worsethanconstantbehavior ass tendsto infinity. Imaginarypartof ΦJL
a R sS

is known alongtherealaxiswhenapproachingit from above.Our erroneousassumption
in [2] hasbeenthatthechannelpropagatoris givenin thelowerhalf of theRiemannsheet
(whenapproachingit from below).

Thechannelpropagatoris givenas:

ImΦJL
a R sS OUT f JL

a R sS V 2 ρa R sSXW FJL
a R sS Y for sa Z R m [ maS 2 Y

and ImΦJL
a R sS O 0 Y for sa \ R m [ ma S 2 ] (11)

Therefore,we mustcontinueanalytically the function ΦJL
a R sS to the lower semiplanein

orderto beableto useCauchy’s theoremto getthepolesof thepartialwaveT-matrices.
During thediscussionof theanalyticalcontinuation,we shalldropall subscriptsand

superscriptson thefunctionΦ.
We make thereplacement

sa O x [ R m [ maS 2 Y (12)

andweexplicitly write FJL
a R sS as:

FJL
a R sS O qa^

sa _ qa

ma [G` m2
a [ q2

a a 2L ] (13)

Fromnow on, for thediscussionof analyticity, weusethemoreconvenientvariablex.
Moreexplicitly, wecanwrite:

F R xS O R x2 [ 4mamxS L b 1c 2
2 R x [ R m [ maS 2 S R x [ 2ma R m [ maS [ 2ma R x [ R m [ maS 2 S 1c 2 S 2L

(14)

In theaboveexpression,all thesquareroot valuesareunderstoodto betakenwith +sign.
As F R xS tendsto a constant(1/2) as x d ∞, in order to get rid of contourintegral

aroundinfinity in theuppersemiplane,Cauchyintegral hasto besubtracted.We choose
thesubtractionpoint to beatx O 0, with thevalueof thefunctionΦ R 0S O 0.
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Now thesinglesubtracteddispersionrelationdefinesfunctionΦ e zf in thewholeupper
semiplane.

It is easyto seethat,becauseof the fact that Im Φ g 0 at x h 0, dueto theSchwartz
realityprincipleΦ e zi fXg Φ i e zf , wecanextendthefunctionΦ e zf to thewholezerothRie-
mannsheet.Herethe segmentx h 0 actsasa real mirror reflectingeverythingin upper
semiplaneto be exactly the samein the lower semiplane,but complex-conjugated.But
what we really needis to follow ”Alice” on her way through(false)looking-glass,i.e.,
throughthex j 0 segmentwhichleadsto thefirst Riemannsheet,wherethethingsarenot
thesameasin theoriginalworld.

Having Im Φ alongthe real axis, let us now definetwo functionsΦ1 e zf andΦ2 e zf .
FunctionΦ1 e zf is givenexplicitly as:

Φ1 e zfXg
i

e z2 k 4mamzf L l 1m 2
2 e z k e m k maf 2 f e z k 2ma e m k ma f k 2ma e z k e m k maf 2 f 1m 2 f 2L

(15)

Slightly aboverealaxisthefunctionsF1 e zf andF2 e zf behaveas

ImΦ1 e x k iε f!g F e xf n f or x j 0 (16)

ImΦ2 e x k iε f!g 0 n f or x j 0 (17)

ImΦ1 e x k iε f!g ImΦ2 e x k iε f�g 0 npo 4mma h x h 0 (18)

ImΦ1 e x k iε f!g ImΦ2 e x k iε f�g F2 n x hqo 4mma n (19)

where

F2 e xfXg o Re r x r L l 1m 2 r x k 4mma r L l 1m 2
2 r x k e m k maf 2 r e x k 2ma e m k ma f k 2ma r x k e m k maf 2 r 1m 2C e xf f 2L

(20)

with

C e xf�g 1 nsote m k ma f 2 h x (21)

C e xf�g i n x hqote m k ma f 2 u (22)

At z g 0 we requirethatΦ2 e 0fXg 0, while Φ1 e 0fvg 0 by definition.Thenonecanobtain
Φ2 e zf by singlesubtracteddispersionrelation.Now wefind thedesiredfunctionΦ e zf as

Φ e zfXg Φ1 e zfwo Φ2 e zf (23)

With relation(23) it is easyto performtheanalyticalcontinuationthroughthe”f alsemir-
ror”, i.e., 0 h x h ∞. That is achieved if we observe that Φ1 changesthesign whenone
makeswalk aroundthex g 0 point, while Φ2 remainsunchanged.We expressthevalues
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of thefunctionΦ x zy onthelowerpartof thefirst Riemannsheet(i.e.,theanalyticalcontin-
uationthroughthex z 0 segment)by thevaluesfrom theupperpartof thezerothRiemann
plane

Φ f ir st x zyX{}| 2Φ ~1 � zeroth x z~ y � Φ ~zeroth x z~ y (24)

The real part of Φzeroth x z~ y is calculatedusinga subtracteddispersionrelation. Using s
insteadof z~ on theuppersemiplaneof thezerothRiemannsheetweget:

ΦJL
a x syX{ s | s0

π

∞�
sa

FJL
a x s� yx s� | sy x s� | s0 y ds� (25)

Theadvantageof thisapproachis thatit manifestlymaintainstheSmatrixunitarityfor
any numberof resonanceand/orbackgroundterms.Thedisadvantageis that theconnec-
tion of theparametersγJL

ia andsi with theconventionalresonanceparametersMJL
i andΓJL

ia
is notdirect[1], but hasto becalculated.

2.3. Thefitting procedure

Theinput parametersfor thefitting procedurearesi andγia which determinethebare
propagatorandself energy termfor theparticlepropagator, seeEqs.(7), (8) and(9), re-
spectively. TheparametersQ1a andQ2a, which occurin the form factorgivenin Eq. (3)
have beenfixed to the massof the channela meson.The oncesubtracteddispersionre-
lation given in Eq. (25) is solved numericallywith the subtractionconstants0 { sa and
ΦJL

a x s0 yX{ 0. Thestability of thesolutionhasbeentestedby calculatingandreproducing
theinitial imaginarypart,seeEq.(11).Thenumericalintegrationhasbeenperformedusing
theadaptedGaussianquadraturemethodwith nosignificantdependenceonthenumberof
points.We shouldmentionthatthedispersionrelationhasbeencalculatedonly once,and
tabulatedfor furtheruseto savetheCPUbecausetheparameterswhichform theintegrand
arenotvariedin theminimizationprocedure.

The input dataset,fitting procedureandT-matricespole extractionaregiven in full
detailsin [2].

3. ResultsandConclusions

We summarizeourconclusions:
(i) By properlydefining the channelpropagatorson the correctRiemannsheet,the

descriptionof the η cuspin the πN elasticS-wave falls into place(comparedashedand
full linesin Fig. 1).
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Fig. 1. Cuspeffect in theS-wave nearηN threshold.Dashedcurvesarefrom thesolution
obtainedwith the wrong sign in numericalevaluationof Eq. (19) in Ref. 2. Full curves
arefrom thecorrectedcalculation.Thefull dotsarefrom theKH80 single-energy solution
nearthreshold.Thedottedcurvesarefrom the singleresonancemodelof Bennholdand
Tanabe[10] for comparison.

(ii) Thequantitativedifferencebetweenpartial-waveT-matrices,whenhaving thecor-
rectandincorrectsignof theimaginarypartof thechannelpropagators,is of theorderof
10%. Theexceptionis theηN S-wavescatteringlengthwherethedifferenceis somewhat
bigger. It canfirst beseenfrom poleparametersof theold andupdatedsolutionwhichare
givenin Table2. Thefull comparisonof all partialwavesfor theπN � ηN andηN � ηN
is givenin [9]. Let uswarnthereaderthatin additionto correctingthesignerror, thenew
S11 inputhasbeenintroducedin theaforementionedreference.

(iii) The correctchoiceof the imaginarypart of the channelpropagators,combined
with theaforedescribedanalyticalcontinuationimproves thequality of thefit to theex-
perimentaldata.
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BATINI Ć ET AL .: CUSP EFFECT AND THE ANALYTICAL CONTINUATION . . .

References

1) R. E. Cutkosky, R. E. Hendrick,J. W. Alcock, Y. A. Chao,R. G. Lipes,J. C. Sandusky andR.
L. Kelly, Phys.Rev. D20 (1979)2804;R. E. Cutkosky, C. P. Forsyth,R. E. HendrickandR. L.
Kelly, Phys.Rev. D20 (1979)2839;R. K. Kelly andR. E. Cutkosky, Phys.Rev. D 20 (1979)
2782;
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UČINAK IZBOČINE I ANALITI ČKO PRODULJENJEKANALNIH PROPAGATORA
U VIŠEKANALNOM FORMALIZMU CUTKOSKOGU MODELU DVAJU TIJELA

Izričito unitaran,Cutkoskyev modelviševezanihkanala,primijenjenje u okviru Zagreb–
LosAngelessuradnjenaslučaj tri vezanadvočestǐcnakanalai tako sudobiveneπN � ηN
i ηN � ηN T matricezaosamnajnǐzih parcijalnihvalova.Pokazalosedaje u prethodnoj
analizi oblik izbočine u S11 πN elastǐcnoj T matrici u blizini pragaza η produkcijubio
kriv, i ispravljen je u novoj analizikoja je napravljenau suradnjiZagreb– Los Angeles–
Argonne.Uzrok grěske u obliku izbočineje u tomešto je uzetkriv predznaku kanalnom
propagatoruCutkoskog. Iznesenesu pojedinostipogrěske te je dobiven ispravan oblik i
analitǐcko produljenjekanalnogpropagatora.
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