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Theso-calledcanonicaphasevariablefor the quantizecharmonicoscillatoris usuallyde-
rivedfrom quantumestimatiortheoryor by alimiting proceduren the Fock spaceln this
paperwe show that,usingthefull contentof Born's statisticalrule, it canbe uniquelyde-
rivedfrom correspondendgrinciple,in theframework of elementarnguantummechanics.
Difficultiesof the Pegg-Barnetipproachareillustratedandnoncanonicalphasevariables
arisingfrom Mandel’s experimentsarealsodiscussed.

1. Introduction

The quantumdescriptionof the phaseof the harmonicoscillator hasbeendebated
for a long time and mary differentapproachesiave beensuggested1]. The problem
hasa fundamentalnterestbut is alsorelevantfor applications.This is mainly dueto the
factthat a single-moderadiationfield canbe usefully modeledas a unit-massharmonic
oscillator As amatterof fact,no selfadjointphaseoperatorcanbedefinedthroughPoisson
braclet quantization{2], andthis hasprovokedthe diffusecorviction that phasedoesnot
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correspondo a properquantumvariable[3]. Neverthelessthereis a generalagreement
thatthe probability

P)= 2 S pwmep{in-me}, )

n,m=0

playsa specialrole amongthe differentproposalsin fact, it is oftenreferredto ascanon-
ical phasedistribution [4] for the quantumstatedescribedyy the densityoperatorp. Dis-
tribution in Eq. (1) was earlierintroducedby London[5]. It canbe viewed asthe limit
of the distribution in Pegg-Barnettapproach6], which is relatedto a truncationin the
dimensiorof theHilbert spaceof theharmonicoscillator This approachallows evaluation
of the expectationvaluesafteralimiting proceduren the dimensionalariable.However,
it cannotbe usedfor defininga properphasevariablein a strict senseThe Fock spaceof
the harmonicoscillatoris basicallyinfinite dimensionabndary otherassumptiorwould
requirea differentdefinitionfor the photon[7]. Distribution (1) hasbeenalsoderived by
Helstrom[8] andHolevo [9] in the moregeneralframenork of quantumestimationthe-
ory. Therethephasds considerecsanexternalparametemwhich hasto beinferredfrom
themeasuremerdf somephase-relatedbsenable. This approachhasbeenfruitful in de-
riving lower boundson the precisionof ideal andfeasiblephasedetectionscheme$10].
However, definition of canonicalquantumphaseis beyondits scope.In fact, for setting
the properestimationframework, it introducesfurther externala priori assumptionsot
relatedwith the quantummechanics.

Ontheotherhandi,it is a purposeof this paperto showv thatusingthefull statisticalcon-
tentof Born's statisticakule, theproperquantumphaseof Eq. (1) canbeuniquelydefined,
from the correspondencgrinciple,in theframawvork of elementanguantunmechanics.

The main partof the paperis Section2, wherethe canonicalquantumphasevariable
is derived startingfrom the correspondencprinciple. From this resultsomebasicfacts
aboutthe quantumphaseare derived and presentedn section3. In Section4, the Peyg-
Barnettapproachs briefly reviewed,in orderto shav it shouldbe consideredsanuseful
mathematicalrick to derive phasestatisticswhile it it cannotbeusedfor definingaproper
phasevariablein astrictsenseln Sectionb, thenoncanonicalphasevariablesarisingfrom
Mandel’s experimentareanalysed.

2. Canonicalquantunmphase

The whole probabilisticstructureof quantummechanicss containedin the Born’s
statisticalrule

dP[p](2) =Tr{pdA(®)} , )

which assurepropagatiorof corvex linear combinationdrom densityoperatorgoward
probabilities. The Born’s rule definesa genuineprobability densitydistribution dP[p](2)
if dfi(2) satisfieshe axiomsfor a probability opemtor measue (POM), namely thatit is
nonegyative (henceselfadjoint), d{i(z) > 0, andprovidesa resolutionof identity on the set
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of possibleoutcomes

/ a2 =1. 3)
y

Equation(3) guaranteeprobability density(2) to be normalized.The spectralresolution
dE(2) = |2)(4 dz of aselfadjointoperatorZ providesa projectionvaluedmeasue (PVM)

which belongsto the classof POMs.The corverseis not true, namelyPOMsconstitutea
moregeneraklassof operatorshanPVMs.

It is a matterof factthatquantumprescriptiongo obtainprobability distributionsare
satisfiecby mathematicabbjects(the POMs)whicharemoregenerathanPVMsobtained
from selfadjointoperatorsHowever,aPOMis necessarilyNaimarkTheorem)11] apar
tial traceof a PVM comingfrom a selfadjoint operatordefinedon a larger Hilbert space.
This providesthe link with the other postulatesof quantummechanicsgspeciallywith
thedictum“Only obsenablescorrespondindo selfadjointoperatorcanbe measured”A
quantunmeasuremergrocessin fact,is aninteractionamongthe systemunderexamina-
tion anda setof measuringsystemaunitarily referredto asthe probe of the measurement
device. Accordingto the above statedpostulatewe canmeasure variablewhenit is as-
sociatedo aselfadjointoperatoiY definedontheHilbert #’ = #p @ Hs spacegdescribing
the "systemplus probe” quantumstates.By tracingthe spectralmeasureof Y over the
probedegreeof freedomwe obtainthe POM of the measurements

di(y) = dyTre {|y) (¥l Is® pr} , (4)

which representshe operatorialdescriptionof the measuremenitself restrictedto the
Hilbert spacess of the system After this partial trace,the resultingprobability measure
couldbestill aPVM. In generalit is aPOM. Whenit is a PVM, asit happengor observ-
ablesasposition,momentumandenegy, we canspeakaboutobsenableswithoutreferring
to a particularmeasuremergpparatus.

However, this is not the caseof a quantumphasethat unavoidably is describedby
a POM which is not reducibleto a PVM. Sucha situationis often summarizedy two
assertions(i) differentmeasuringsystemameasuralifferentphasevariableg10,12]and
(i) thereis nota"canonicalphasevariablein quantummechanics” Thefirst assertioris
a generalffeatureof quantummechanicandit is certainlycorrect,whereasve will shav
the secondoneto beincorrect. The requiremenbf a phasemeasuremertb be described
by aPOMwill besufficientto derive auniquephasevariable(Heisenbeg conjugateo the
numberoperator)rom the correspondencgrinciple.

The guantummechanicalescriptionof the harmonicoscillatoris basedon annihila-
tion, a, andcreation,a’, operatorswhich form the numberoperatorN = a'a. Multiple
applicationof a' to the vacuumstateleadsto the Fock basis|n) = (n!)~%/2a™|0) which
spanthewholeHilbert spaceNumberstatesepresenthe eigenstatesf thenumberoper
ator, whosespectruncoincideswith the setof naturalnumbersiy’ =0, 1,....

The classicalcomplex amplitudea of harmonicoscillationscan be decomposedis-
ing the polarvariablea = |a|exp{i$}, |a|? beingtheintensityof oscillationsand¢ their
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phaseThe correspondencprinciple suggestso try a similar decompositioron the anni-
hilation operator

a=EVN, (5)

E beingthequantunrphasefactor FromEq. (5) it is notpossibleto extracta phaseobserv-
able.A directinspectionjn fact,shavsthat

8

E= Y Inn+1 (6)

=}

EET=1 E'E=1-10)(0|, 7)

namelythatE is not unitary. Therefore theformulaE = exp{i$} cannotdefineary self-
adjointoperatorin otherwords,the operatoriakquation

T
€~ [epfio}dE(®) ®
—T
is not satisfiedby ary PVM dé(q)). We now look for a solutionof the operatoriakequation
Tt
E= [en{io}dne), ©
—T

describingthe phasefactorin termsof aphasePOM, dii(¢).
We first notethatfor any statevector|y)

IEW < llwll, (10)
where||W|| = 1/ {(Y|P) denoteghe normof a vectorin the Hilbert space Eq. (10) means

that E belongsto the classof contraction.For sucha kind of transformatiormapsin the
Hilbert spacea"quasi-spectraltheoremis known assuringhat[13-15]

e~ [exp{ing}ai@), 1)

possessea uniquesolution This theorem,togetherwith POM'’s descriptionof a phase
measurementiemonstrateghe existenceof a unique canonicalphasevariable coming
from the correspondencprinciple. In orderto derive its explicit expressionwe obsere
thatthe eigenstatesf E areof theform

10y = ia”lmz: Clepfio}  0<[Z<1. (12)
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It is simpleto checkthatonly eigenstatewith |{| = 1 cansatisfy(11) sothatthecanonical
phasePOMis givenby

@) = e =

= 25 epfitn-menm. (13)

2n n,m=0

Thus,a quantumstatep is characterizedy the canonicalphaseprobability Eq. (1). To
prove this statementywe usedonly Born's rule andthe correspondencprinciple. Thisis
themainresultof this paper

3. Somdactsaboutthe quantumphase

As prescriptedoy Naimark’s theoremgcanonicalPOM (13) hasto be the partialtrace
of somePVM in alarger Hilbert spacethanthat of the harmonicoscillator Two explicit
examplesof suchanextensionhave beengivenin Refs.16 and17.

A phaseoperatorcanbe definedas[18]

& = [odue)-

s n;m(—w-mﬁmxml - (14)

The Dirac numberphasebraclet [®, N]|w) = i|y) is definedfor |w) € D

D={jy) € D| i(”"”:” , (15)

which excludesthe numberstates Thedomain? is densein the Hilbert spacethusit is
enoughfor a good definition of the Heisenbey commutatiorrelation. The exclusion of
the numberstatess necessaryo have well defineduncertaintyrelations.Numberstates,
in fact,have zerovariancen thenumberitself, whereagphasevariancehasto befinite for
topologicalreasonsCanonicaphase?OM is shift-covariant,namely

&N () & = di[($0+ §)modard »
however, it is notidempoteniasit happendor a PVM) [d(($), dfi($")] #0 andthis leads
to failurein thefunctioncalculus[19]

T

[ 16) du@)#1(®)

—Tt

F(¢)
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= f ( [o dﬂ(cb)) . (16)

—Tt

Theactualphasestatisticds providedby POMdefinitionof theoperatofunction,asshavn
by thefollowing identities

(f(o))

JEOIOR

= [ Tr{pdu@)} 1(6) =

- Tr{@/nf(q»)dm)}:
= Tr{oF®)} . (17)

4. Aboutthe Pegg andBarnettapproac

In the Pegg-Barnetapproacti6], theuseof thetruncatedexpansions suggested

1 S .
=——— Y expign|n),

2mm
@m—%"'m, m—O,l,...,S+1,, (18)

asphasestategroviding thediscretePVM

n 2mrt

Ms(@m) = | @m) (G| r1’ (19)

in the s+ 1-dimensionaHilbert spacef4 spannedy |n), n = 0,1,...,s+ 1. In this way
they candefinea selfadjointoperatoiin #4:

@ = n;)tnn |om) (@ (20)

andin thenumberexpansion

= ot STT + 2 S d(n—mo
®=®r S+1n;mexp(m)—1

)¢ . (21)
St1
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Unfortunately Ms(@r) doesnot corvergeneitherto a PVM norto aPOMin 44,
lim Ms(gm) 7,9E@) (22)
S Fdi(¢)

thusonecannot defineary phasevariablein the wholeinfinite-dimensionaHilbert space
of theharmonicoscillator

However, a wealer form of corvergenceshouldbe noticed. Any averageof operator
phaseunction

S

fl@s) = F(@m) |om){@ml, (23)

m=0

converges,in fact,to thecanonicabnedefinedin Egs.(16) and(17)
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wheredi(¢) is thecanonicaPOM. Thesetof Eqgs.(18)-(23)togethemvith the prescription
of Eq. (24) representhe Pegg-Barnettdescriptionof the quantumphase.However, the

phaseoperatorin Eq. (20) is neitherselfadjoint nor it allows for a selfadjoint extension
in theinfinite dimensionaFock spaceof the harmonicoscillator®. Pegg andBarnettask
only for aselfadjointoperatoiin thefinite-dimensionaHilbert spacewhereashe physical
expectationvalueshave to be evaluatedwith the ad hoc prescriptiongiven by Eq. (24).

They areactuallyusinga novel definitionfor the quantumelectrodynamics [7]. In QED,

in fact, the photonicfield hasto be describedn an infinite-dimensionakpaceand ary

other descriptioncannotcorrespondo a photon. For thesereasond doesnot consider
this approachof fundamentalinterest.lts convenienceas a useful mathematicatrick is,

however, justifyied by theweakcornvergenceexpressedn Eq. (24).

1This problemremindsof onedefininingthe canonicalmomentumof a particle. The operatorp = —idy, in
fact,is selfadjointover L2(R), whereast allows for aselfadjointextensionover £2([a, b]). Onthecontraryit is
neitherselfadjointnorit allows for a selfadjointextensionover £L2(R+).
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5. Non-canonicaphasevariables

A setof interestingexperimentsaaboutthe phasemeasuremenn coherenstatehave
beenperformedby Mandels groupin Rochestef20]. They usean eight-porthomodyne
detectionschemewhich providesa way for simultaneouslyneasuringa coupleof pho-
tocurrentsandconsiderdifferentpreparationgor the probemodesof the apparatusThis
resultsin differentdetermination®f the phase which they consideras an evidencefor
a non-uniquedefinition of the quantumoptical phase A commentis, however, in order:
while thefactthatdifferentmeasuringystemgield differentphase-relatequantitiesap-
peargatherobvious,thisdoesnot meanthatit is notpossibleto uniquelydefinethecanon-
ical variablecorrespondingo the phaseWe will returnonthis pointlater.

aio
Ny

\ 4

ai > >
n3

a

A
A

ao

Fig. 1. Eight-porthomodynedetectiorfor non-canonicabhaseneasurements.

The schematiadiagramof the Mandel's detectoris shavn in Fig. 1. Thereare four
50photocountersyhereasa 11/2 phaseshifteris insertedin onearm. The signalmodeis
a, whereasa;g andayg areunexcited modes,namelythey areplacedin the vacuum.The
modea, canbeexcitedin bothaweakanda very strongcoherenstate.Thus,we have to
keepin mind thatwe areactuallydealingwith two differentexperimentakystems.

Each experimentalevent consistsof a simultaneousdetectionof two commuting
difference-photocurrea

i fig — Az
1 = — —
V/ (Ag — Azg)2 + (Ag — fg)2
h = o —T% (25)

V(s — fig)?+ (g — fis)? '
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which arereferredto ascosineandsineoperator
For themodeay, excitedin strongcoherenstate,it is possibleto derive the explicit phase
POM of thedetecto[10]. In this casejn fact,thereducedphotocurrents

s I s o

A = 2
1= 2= 13 (26)

are continuosvariableswhich tracetwo conjugatedjuadraturesf the field. Eachexper
imental outcomeis a comple« numbera = I, + i I; representing point in the comple
planeof thefield amplitude Thus,themeasureghasecanbedefinedasthe polarangleof
thepointitself

o= arctan[%] . (27)

Theapparatuslensitymatrixis givenby
pa= |00 ®[00|®[2(4 , (28)
whereaghe POM of thedetectoris evaluatedas

d?a fdu fdv A x ,
( R M W1 —redt)+iv(L—imat)
dii(or,0) = — / on ) om0 TTA [pA®1sé ] . (29)

After someoperatoralgebrawe arrive atthefinal result[10]

2
(e, @ = < Hay(al (30)

whichmeanghattheeight-porthomodynedetectomprovidesthegeneralizeaneasurement
of Husimi Q-function Q(a,a) = (a|p|a). The phasePOM is the maginal POM of (30)
integratedovertheradius

du(e)

oo 1
— 30 § gom G002, (31)

n, & nim!

correspondingo themarginal phaseprobabilitygivenby
do [ 0 i
dP(¢g) = ﬁ/dpr(pé ,pe'). (32)
0

Thecoeficients
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arealwayslowerthanone,thusleadingto a noisy phasedeterminationnamelyto a phase
distributionwhichis broadethanthecanonicabnefor any quanturrstateof radiation[10].
This noise comesfrom the fundamentalprinciple, asthe eight-portapparatusneasures
two photocurrentsvhich, in turn, tracetwo conjugatedquadrature®f the field, namely
two non-commutingobsenables[21]. We concludethatthe Mandel’s detectodeadsto a
noncanonicalphasemeasurementhis agumenthowever, cannotbe usedto claim non
uniquenessf canonicabhasevariable.Let usclarify this pointby a simpleexample.The
canonicaimeasuremertf thefield intensityis representetdy the detectionof the photon
numberPOM[i(n) = |n){n|, being|n) numbereigenstatedn realisticohotodetectordyow-
ever, only afractionof theincomingphotonsarerevealed.Thus,whatis really measured
in alaboratoryis the Bernoulli convolutedPOM

pma = 5 el () nna-m, (33)

n=m

n beingthe detectionefficiengy. The non canonical POM in Eq. (33) is very different
from the canonicalone,but nobodywould raisethe objectionthati(n) = |n)({n| doesnot
representhe canonicaljuantunvariableconnectedo thefield intensity

The caseof themodeay, excitedin a weakcoherenstate belongsto a differentclass
of problems.Actually, botha; anda, arefluctuatingquantumfields, thusthe measured
phases atwo-modephase-diferenceoperatorThe POM for sucha measuremertasnot
beenevaluatedyet. In any casejt couldnotbedirectly compareadvith thecanonicaPOM
presentedh this paper asthelatterrepresentsanonicaphasevariablein thesingle-mode
caseWork alongthisline is in progressandtheresultswill be presentealsavhere.
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6. Conclusions

In conclusionthe POM in Eq. (13) hasbeenshawvn to be canonical namelyit can
be deducedrom the correspondencgrinciple without ary assumptiorthat quantumme-
chanicspostulateslt hasalsobeenshavn how this approacttancompriseall thefeatures
ascribedto a properphasevariable. The Peyg-Barnettapproachhasbeenshownn to be
equialentto the presentcanonicalapproachat the level of expectationvalues,whereas
its difficulties at the fundamentalevel have beendiscussedn somedetails. Mandels
experimentwith highly excited probefield hasbeenshowvn to provide a noisy noncanon-
ical phasemeasuremenilThe weak-probecaserepresentshe measurementf two-mode
phase-diferenceoperatoraindcannotbedirectly comparedo thepresenapproachwhich
providesthe canonicaPOM for asingle-modephasevariable.
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KANONSKA | NEKANONSKA KVANTNA FAZA

Varijablakanonsle fazeza kvantiziranharmoncki oscilatorobi¢no seizvodi ha osnoi
kvantneteorije ocjenaili granitnim postuplom u Fockovom prostoru.U ovom se radu
pokazujeda se potpunomprimjenomBornovog statisttkog pravila kvantnafazamoze
jednozné&noizvestiiz naCelakorespondencijey okviru elementarné&vantnemehanile.
RazmatrajiseteSkote Pegg-Barnettoogpristupa raspraljaju nekanonskfaznevarijable
koje seizvodeiz Mandelwih eksperimenata.
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