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Theso-calledcanonicalphasevariablefor thequantizedharmonicoscillatoris usuallyde-
rivedfrom quantumestimationtheoryor by a limiting procedurein theFockspace.In this
paperwe show that,usingthefull contentof Born’sstatisticalrule, it canbeuniquelyde-
rivedfrom correspondenceprinciple,in theframework of elementaryquantummechanics.
Difficultiesof thePegg-Barnettapproachareillustratedandnoncanonicalphasevariables
arisingfrom Mandel’sexperimentsarealsodiscussed.

1. Introduction

The quantumdescriptionof the phaseof the harmonicoscillator hasbeendebated
for a long time and many different approacheshave beensuggested[1]. The problem
hasa fundamentalinterestbut is alsorelevant for applications.This is mainly dueto the
fact that a single-moderadiationfield canbe usefully modeledasa unit-massharmonic
oscillator. As amatterof fact,noselfadjointphaseoperatorcanbedefinedthroughPoisson
bracket quantization[2], andthis hasprovokedthediffuseconviction thatphasedoesnot
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correspondto a properquantumvariable[3]. Nevertheless,thereis a generalagreement
thattheprobability

dP
�
ϕ ��� dϕ

2π

∞

∑
n �m� 0

ρnmexp � i � n � m� ϕ �
	 (1)

playsa specialrole amongthedifferentproposals.In fact,it is oftenreferredto ascanon-
ical phasedistribution [4] for thequantumstatedescribedby thedensityoperatorρ̂. Dis-
tribution in Eq. (1) wasearlier introducedby London[5]. It canbe viewed asthe limit
of the distribution in Pegg-Barnettapproach[6], which is relatedto a truncationin the
dimensionof theHilbert spaceof theharmonicoscillator. Thisapproachallowsevaluation
of theexpectationvaluesaftera limiting procedurein thedimensionalvariable.However,
it cannotbeusedfor defininga properphasevariablein a strict sense.TheFock spaceof
theharmonicoscillatoris basicallyinfinite dimensionalandany otherassumptionwould
requirea differentdefinitionfor thephoton[7]. Distribution (1) hasbeenalsoderivedby
Helstrom[8] andHolevo [9] in the moregeneralframework of quantumestimationthe-
ory. Therethephaseis consideredasanexternalparameter, whichhasto beinferredfrom
themeasurementof somephase-relatedobservable.Thisapproachhasbeenfruitful in de-
riving lower boundson theprecisionof idealandfeasiblephasedetectionschemes[10].
However, definition of canonicalquantumphaseis beyond its scope.In fact, for setting
the properestimationframework, it introducesfurther externala priori assumptionsnot
relatedwith thequantummechanics.

Ontheotherhand,it is apurposeof thispapertoshow thatusingthefull statisticalcon-
tentof Born’sstatisticalrule,theproperquantumphaseof Eq.(1) canbeuniquelydefined,
from thecorrespondenceprinciple,in theframework of elementaryquantummechanics.

Themainpartof thepaperis Section2, wherethecanonicalquantumphasevariable
is derived startingfrom the correspondenceprinciple. From this resultsomebasicfacts
aboutthequantumphasearederivedandpresentedin section3. In Section4, thePegg-
Barnettapproachis briefly reviewed,in orderto show it shouldbeconsideredasanuseful
mathematicaltrick to derivephasestatistics,while it it cannotbeusedfor definingaproper
phasevariablein astrictsense.In Section5, thenoncanonicalphasevariablesarisingfrom
Mandel’sexperimentsareanalysed.

2. Canonicalquantumphase

The whole probabilisticstructureof quantummechanicsis containedin the Born’s
statisticalrule

dP � ρ̂� � z��� Tr � ρ̂ dµ̂
�
z� �	 (2)

which assurespropagationof convex linear combinationsfrom densityoperatorstoward
probabilities.TheBorn’s rule definesa genuineprobabilitydensitydistribution dP � ρ̂� � z�
if dµ̂
�
z� satisfiestheaxiomsfor a probability operator measure (POM),namely, that it is

nonegative (henceselfadjoint),dµ̂
�
z��� 0, andprovidesa resolutionof identity on theset

64 FIZIKA B 6 (1997)2, 63–74



PARIS: CANONICAL AND NON CANONICAL QUANTUM PHASE

of possibleoutcomes �� dµ̂� z��� 1̂ � (3)

Equation(3) guaranteesprobabilitydensity(2) to benormalized.Thespectralresolution
dÊ � z����� z� � z� dz of a selfadjointoperatorẐ providesa projectionvaluedmeasure (PVM)
which belongsto theclassof POMs.Theconverseis not true,namelyPOMsconstitutea
moregeneralclassof operatorsthanPVMs.

It is a matterof fact thatquantumprescriptionsto obtainprobabilitydistributionsare
satisfiedby mathematicalobjects(thePOMs)whicharemoregeneralthanPVMsobtained
from selfadjointoperators.However, aPOMis necessarily(NaimarkTheorem)[11] apar-
tial traceof a PVM comingfrom a selfadjointoperatordefinedon a largerHilbert space.
This providesthe link with the otherpostulatesof quantummechanics,especiallywith
thedictum“Only observablescorrespondingto selfadjointoperatorscanbemeasured”.A
quantummeasurementprocess,in fact,is aninteractionamongthesystemunderexamina-
tion anda setof measuringsystemsunitarily referredto astheprobeof themeasurement
device. Accordingto theabove statedpostulate,we canmeasurea variablewhenit is as-
sociatedto aselfadjointoperatorŶ definedontheHilbert ��� ��� P � � S space,describing
the ”systemplus probe” quantumstates.By tracing the spectralmeasureof Ŷ over the
probedegreeof freedom,weobtainthePOMof themeasurements

dµ̂� y��� dyTrP � � y� � y � 1̂S � ρ̂P  "! (4)

which representsthe operatorialdescriptionof the measurementitself restrictedto the
Hilbert space� S of thesystem.After this partial trace,theresultingprobabilitymeasure
couldbestill a PVM. In generalit is a POM.Whenit is a PVM, asit happensfor observ-
ablesasposition,momentumandenergy, wecanspeakaboutobservableswithoutreferring
to a particularmeasurementapparatus.

However, this is not the caseof a quantumphasethat unavoidably is describedby
a POM which is not reducibleto a PVM. Sucha situationis often summarizedby two
assertions:(i) differentmeasuringsystemsmeasuredifferentphasevariables[10,12] and
(ii) thereis not a ”canonicalphasevariablein quantummechanics”.Thefirst assertionis
a generalfeatureof quantummechanicsandit is certainlycorrect,whereaswe will show
thesecondoneto be incorrect.Therequirementof a phasemeasurementto bedescribed
by aPOMwill besufficientto deriveauniquephasevariable(Heisenberg conjugateto the
numberoperator)from thecorrespondenceprinciple.

Thequantummechanicaldescriptionof theharmonicoscillatoris basedon annihila-
tion, a, andcreation,a†, operatorswhich form the numberoperatorN̂ � a†a. Multiple
applicationof a† to the vacuumstateleadsto theFock basis � n����� n! � # 1$ 2a†n � 0� which
spanthewholeHilbert space.Numberstatesrepresenttheeigenstatesof thenumberoper-
ator, whosespectrumcoincideswith thesetof naturalnumbers%&� 0 ! 1 ! � � � .

The classicalcomplex amplitudeα of harmonicoscillationscanbe decomposedus-
ing thepolarvariableα ���α � exp ' iϕ ( , �α � 2 beingtheintensityof oscillationsandϕ their
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phase.Thecorrespondenceprinciplesuggeststo try a similar decompositionon theanni-
hilationoperator

a ) Ê * N̂ + (5)

Ê beingthequantumphasefactor. FromEq.(5) it is notpossibleto extractaphaseobserv-
able.A directinspection,in fact,showsthat

Ê ) ∞

∑
n, 0 - n. / n 0 1 - (6)

ÊÊ† ) 1̂ Ê†Ê ) 1̂ 1 - 0. / 0 - + (7)

namelythat Ê is not unitary. Therefore,theformulaÊ ) exp2 iϕ̂ 3 cannotdefineany self-
adjointoperator. In otherwords,theoperatorialequation

Ê ) π45 π

exp 2 iϕ 3 dÊ 6 ϕ 7 (8)

is notsatisfiedby any PVM dÊ 6 ϕ 7 . Wenow look for asolutionof theoperatorialequation

Ê ) π45 π

exp 2 iϕ 3 dµ̂6 ϕ 7�+ (9)

describingthephasefactorin termsof aphasePOM,dµ̂6 ϕ 7 .
We first notethatfor any statevector -ψ .- - Êψ - - 89- -ψ - - + (10)

where - -ψ - - ) * / ψ -ψ . denotesthenormof a vectorin theHilbert space.Eq. (10) means
that Ê belongsto theclassof contraction.For sucha kind of transformationmapsin the
Hilbert space,a ”quasi-spectral”theoremis known assuringthat[13–15]

Ên ) π45 π

exp 2 inϕ 3 dµ̂6 ϕ 7�+ (11)

possessesa uniquesolution. This theorem,togetherwith POM’s descriptionof a phase
measurement,demonstratesthe existenceof a uniquecanonicalphasevariablecoming
from the correspondenceprinciple. In orderto derive its explicit expression,we observe
thattheeigenstatesof Ê areof theform- ζ .�) ∞

∑
n, 0

ζn - n. ζ ) - ζ - exp2 iϕ 3 0 : - ζ - : 1 ; (12)
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It is simpleto checkthatonly eigenstateswith < ζ < = 1 cansatisfy(11)sothatthecanonical
phasePOMis givenby

dµ̂> ϕ ?@= dϕ
2π
< eiϕ A B eiϕ < == dϕ

2π

∞

∑
n CmD 0

expE i > n F m? ϕ G < nA B m< H (13)

Thus,a quantumstateρ̂ is characterizedby the canonicalphaseprobability Eq. (1). To
prove this statement,we usedonly Born’s rule andthecorrespondenceprinciple.This is
themainresultof thispaper.

3. Somefactsaboutthequantumphase

As prescriptedby Naimark’s theorem,canonicalPOM (13) hasto bethepartial trace
of somePVM in a largerHilbert spacethanthatof theharmonicoscillator. Two explicit
examplesof suchanextensionhavebeengivenin Refs.16and17.

A phaseoperatorcanbedefinedas[18]

Φ̂ = πIJ π

ϕ dµ̂> ϕ ?K==LF i ∑
n MD m

> F
? nJ m 1
n F m

< nA B m< H (14)

TheDiracnumber-phasebracket N Φ̂ O N̂P <ψ A = i <ψ A is definedfor <ψ A�QSRR =TE <ψ A�QSR < ∞

∑
nD 0

B n <ψ A = 0 GUO (15)

which excludesthenumberstates.Thedomain R is densein theHilbert space,thusit is
enoughfor a gooddefinition of the Heisenberg commutationrelation. The exclusionof
thenumberstatesis necessaryto have well defineduncertaintyrelations.Numberstates,
in fact,havezerovariancein thenumberitself, whereasphasevariancehasto befinite for
topologicalreasons.CanonicalphasePOMis shift-covariant,namely

ei VNϕ0 dµ̂> ϕ ? eJ i VNϕ0 = dµ̂ N > ϕ0 W ϕ ? mod2π PXO
however, it is not idempotent(asit happensfor a PVM) N dµ̂> ϕ ? O dµ̂> ϕY ? P[Z= 0 andthis leads
to failurein thefunctioncalculus[19]\

F > ϕ ?@] πIJ π

f > ϕ ? dµ̂> ϕ ?XZ= f > Φ̂ ?
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ϕ dµ̂d ϕ e fgih (16)

TheactualphasestatisticsisprovidedbyPOMdefinitionof theoperatorfunction,asshown
by thefollowing identitiesj

f d ϕ e k@l πbc π

dP d ϕ e f d ϕ e�ll πbc π

Tr m ρ̂dµ̂d ϕ e n f d ϕ e�l
l Tr op q ρ̂ πbc π

f d ϕ e dµ̂d ϕ e r st ll Tr u ρ̂ vF d ϕ e w�h (17)

4. AboutthePegg andBarnettapproach

In thePegg-Barnettapproach[6], theuseof thetruncatedexpansionis suggestedx
φmk s l 1y

s z 1

s

∑
n{ 0

expiφm
x
nk�|

φm l φ0 z 2mπ
s z 1

| m l 0 | 1 | h h h | s z 1; | (18)

asphasestatesproviding thediscretePVM

M̂s d φmeKl x φmk j φm
x 2mπ
s z 1

| (19)

in the s z 1-dimensionalHilbert space} s spannedby
x
nk , n l 0 | 1 | h h h | s z 1. In this way

they candefinea selfadjointoperatorin } s:

φ̂s l s

∑
m{ 0

φm
x
φmk j φm

x | (20)

andin thenumberexpansion

φ̂s l φ0 z sπ
s z 1

z 2π
s z 1

s

∑
n ~{ m

ei � nc m� φ0

exp � 2πi � nc m�
s� 1 ��� 1

x
nk j mx h (21)
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Unfortunately, M̂s � φm� doesnotconvergeneitherto a PVM nor to aPOMin � ∞

lim
s� ∞

M̂s � φm���� dÊ � ϕ ��� dµ̂� ϕ ��� (22)

thusonecannotdefineany phasevariablein thewholeinfinite-dimensionalHilbert space
of theharmonicoscillator.

However, a weaker form of convergenceshouldbenoticed.Any averageof operator
phasefunction �

f � φs � � s

∑
m� 0

f � φm ��� φm� � φm � � (23)

converges,in fact,to thecanonicalonedefinedin Eqs.(16)and(17)

� f̂s � ϕ � � � Tr � ρ̂
s

∑
m� 0

f � φm � � φm� � φm � � s� ∞���
� �f � ϕ � � � Tr �� � ρ̂ π�� π

f � ϕ � dµ̂� ϕ � �  ¡ � (24)

wheredµ̂� ϕ � is thecanonicalPOM.Thesetof Eqs.(18)-(23)togetherwith theprescription
of Eq. (24) representthe Pegg-Barnettdescriptionof the quantumphase.However, the
phaseoperatorin Eq. (20) is neitherselfadjoint nor it allows for a selfadjoint extension
in the infinite dimensionalFock spaceof theharmonicoscillator1. Pegg andBarnettask
only for aselfadjointoperatorin thefinite-dimensionalHilbert space,whereasthephysical
expectationvalueshave to be evaluatedwith the ad hoc prescriptiongiven by Eq. (24).
They areactuallyusinganovel definitionfor thequantumelectrodynamics! [7]. In QED,
in fact, the photonicfield hasto be describedin an infinite-dimensionalspaceandany
otherdescriptioncannotcorrespondto a photon.For thesereasonsI doesnot consider
this approachof fundamentalinterest.Its convenienceasa usefulmathematicaltrick is,
however, justifyiedby theweakconvergenceexpressedin Eq.(24).

1This problemremindsof onedefininingthecanonicalmomentumof a particle.Theoperatorp̂ ¢U£ i∂x, in
fact,is selfadjointover ¤ 2 ¥ R ¦ , whereasit allows for aselfadjointextensionover ¤ 2 ¥ § ä b© ¦ . On thecontrary, it is
neitherselfadjointnor it allows for aselfadjointextensionover ¤ 2 ¥ R ª ¦ .
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5. Non-canonicalphasevariables

A setof interestingexperimentsaboutthephasemeasurementsoncoherentstateshave
beenperformedby Mandel’s groupin Rochester[20]. They useaneight-porthomodyne
detectionscheme,which providesa way for simultaneouslymeasuringa coupleof pho-
tocurrents,andconsiderdifferentpreparationsfor theprobemodesof theapparatus.This
resultsin differentdeterminationsof the phase,which they considerasan evidencefor
a non-uniquedefinitionof thequantumopticalphase.A commentis, however, in order:
while thefactthatdifferentmeasuringsystemsyield differentphase-relatedquantitiesap-
pearsratherobvious,thisdoesnotmeanthatit is notpossibleto uniquelydefinethecanon-
ical variablecorrespondingto thephase.We will returnon thispoint later.

««««
« « « «¬¬¬¬
¬ ¬ ¬ ¬

¯®°¯±
¯®°¯±

¯®°¯±²³

´ µ³´
²µ

¶¶ ·¸···
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I2

I1

π » 2
a2
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n6

n5

n4

n3

a20

a10

Fig. 1. Eight-porthomodynedetectionfor non-canonicalphasemeasurements.

The schematicdiagramof the Mandel’s detectoris shown in Fig. 1. Thereare four
50photocounters,whereasa π ¼ 2 phaseshifter is insertedin onearm.Thesignalmodeis
a, whereasa10 anda20 areunexcitedmodes,namelythey areplacedin thevacuum.The
modea2 canbeexcitedin botha weakanda very strongcoherentstate.Thus,wehave to
keepin mind thatweareactuallydealingwith two differentexperimentalsystems.

Each experimentalevent consistsof a simultaneousdetectionof two commuting
difference-photocurrents

Î1 ½ n̂4 ¾ n̂3¿ À
n̂4 ¾ n̂3 Á 2 Â À n̂6 ¾ n̂5 Á 2

Î2 ½ n̂6 ¾ n̂5¿ À
n̂4 ¾ n̂3 Á 2 Â À n̂6 ¾ n̂5 Á 2 Ã (25)
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whicharereferredto ascosineandsineoperator.
For themodea2, excitedin strongcoherentstate,it is possibleto derive theexplicit phase
POMof thedetector[10]. In thiscase,in fact,thereducedphotocurrents

ˆÄ 1 Å Î1Æ
z
Æ[Ç ˆÄ 2 Å Î2Æ

z
Æ (26)

arecontinuosvariableswhich tracetwo conjugatedquadraturesof thefield. Eachexper-
imentaloutcomeis a complex numberα Å Ä 2 È i

Ä
1 representinga point in the complex

planeof thefield amplitude.Thus,themeasuredphasecanbedefinedasthepolarangleof
thepoint itself

φ Å arctan É Ä 2Ä
1 ÊSË (27)

Theapparatusdensitymatrix is givenby

ρ̂A Å Æ 0Ì Í 0 Æ Î�Æ 0Ì Í 0 Æ Î¯Æ zÌ Í zÆ Ç (28)

whereasthePOMof thedetectoris evaluatedas

dµ̂Ï α Ç ᾱ Ð Å d2α
π Ñ

R

dµ
2π Ñ

R

dν
2π

TrA Ò ρ̂A
Î

1̂S eiµÓ Ô 1 Õ Reα Ö × iν Ó Ô 2 Õ Imα Ö Ø Ë (29)

After someoperatoralgebra,wearriveat thefinal result[10]

dµ̂Ï α Ç ᾱ Ð Å d2α
π
Æ
α Ì Í α Æ Ç (30)

whichmeansthattheeight-porthomodynedetectorprovidesthegeneralizedmeasurement
of Husimi Q-functionQ Ï α Ç ᾱ Ð Å Í α Æ ρ̂ Æα Ì . The phasePOM is the marginal POM of (30)
integratedovertheradius

dµÏ φ Ð Å dφ
2π

∞

∑
n ÙmÚ 0

ei Ó n Õ mÖ φ Γ Û 12 Ï n È mÐ È 1ÜÝ
n!m!

ρnm Ç (31)

correspondingto themarginalphaseprobabilitygivenby

dP Ï φ Ð Å dφ
2π

∞Ñ
0

dρ ρ Q Ï ρeiφ Ç ρeÕ iφ Ð Ë (32)

Thecoefficients
Γ Û 12 Ï n È mÐ È 1ÜÝ

n!m!
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arealwayslower thanone,thusleadingto anoisyphasedetermination,namelyto a phase
distributionwhichisbroaderthanthecanonicalonefor any quantumstateof radiation[10].
This noisecomesfrom the fundamentalprinciple, as the eight-portapparatusmeasures
two photocurrentswhich, in turn, tracetwo conjugatedquadraturesof the field, namely
two non-commutingobservables[21]. We concludethat theMandel’s detectorleadsto a
noncanonicalphasemeasurement.This argument,however, cannotbeusedto claim non
uniquenessof canonicalphasevariable.Let usclarify thispointby a simpleexample.The
canonicalmeasurementof thefield intensityis representedby thedetectionof thephoton
numberPOMµ̂Þ nßXàTá nâ ã n á , being á nâ numbereigenstates.In realisticphotodetectors,how-
ever, only a fractionof the incomingphotonsarerevealed.Thus,what is really measured
in a laboratoryis theBernoulli convolutedPOM

µ̂Þ mß η à ∞

∑
nä m
á nâ ã n á å n

m æ ηm Þ 1 ç η ß nè m é (33)

η beingthe detectionefficiency. The non canonical POM in Eq. (33) is very different
from thecanonicalone,but nobodywould raisetheobjectionthat µ̂Þ nß�à�á nâ ã n á doesnot
representthecanonicalquantumvariableconnectedto thefield intensity.

Thecaseof themodea2, excitedin a weakcoherentstate,belongsto a differentclass
of problems.Actually, both a1 anda2 arefluctuatingquantumfields, thusthe measured
phaseis a two-modephase-differenceoperator. ThePOMfor sucha measurementhasnot
beenevaluatedyet. In any case,it couldnotbedirectlycomparedwith thecanonicalPOM
presentedin thispaper, asthelatterrepresentscanonicalphasevariablein thesingle-mode
case.Work alongthis line is in progressandtheresultswill bepresentedelsewhere.
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6. Conclusions

In conclusion,the POM in Eq. (13) hasbeenshown to be canonical,namelyit can
bededucedfrom thecorrespondenceprinciplewithout any assumptionthatquantumme-
chanicspostulates.It hasalsobeenshown how thisapproachcancompriseall thefeatures
ascribedto a properphasevariable. The Pegg-Barnettapproachhasbeenshown to be
equivalentto the presentcanonicalapproachat the level of expectationvalues,whereas
its difficulties at the fundamentallevel have beendiscussedin somedetails. Mandel’s
experimentwith highly excitedprobefield hasbeenshown to providea noisynoncanon-
ical phasemeasurement.Theweak-probecaserepresentsthemeasurementof two-mode
phase-differenceoperatorsandcannotbedirectlycomparedto thepresentapproach,which
providesthecanonicalPOMfor asingle-modephasevariable.
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KANONSKA I NEKANONSKA KVANTNA FAZA

Varijablakanonske fazeza kvantiziranharmonǐcki oscilatorobično se izvodi na osnovi
kvantneteorije ocjenaili granǐcnim postupkom u Fockovom prostoru.U ovom seradu
pokazujeda se potpunomprimjenomBornovog statistǐckog pravila kvantnafazamože
jednoznǎcno izvesti iz nǎcelakorespondencije,u okviru elementarnekvantnemehanike.
RazmatrajusetěskoćePegg-Barnettovogpristupai raspravljaju nekanonskefaznevarijable
kojeseizvodeiz Mandelovih eksperimenata.
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