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We analyzedispersiorrelationsof the equationgecentlyproposedoy Ahluwalia for de-
scribingthe neutrino.Equationgor type-Il spinorsarededucedn the basisof the Wigner
rulesfor left- andright- 2-spinorsand the RyderBurgardrelation. It is shavn that the
equationscontainacausakolutionswhich are similar to thoseof the Dirac-like second-

orderequation.Thelatteris obtainedn a similar way, providedthatwe do notapplyary
constraintsn thecalculation.

Recently Ahluwalia proposeda nev wave equationfor describingthe self/anti-self
chageconjugatestates\SA(pH) of ary spin[1]:

DA(p) = @)
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Analogousequationgor pSA(pH) bispinorshave beenderivedin Ref. 2d. In the j =
1/2 case spin matricesJ arechoserto be the Pauli matricesd/2, andin the j = 1 case,
the Barut-Mugzinich-Williams matrices;$ arethe parameter®f the Lorentzboost. The
notationis thesameasthatof Refs.1 and2. ©p; is the Wigner's operatordefinedby

(e[j])o,d = (_1)j+060’,—07

with o anda’ aseigervaluesof J. Zrjpisa(2j +1) x (2j + 1) matrix which connectshe
“2 ]+ 1 spinor”andits complex conjugatesuchthat

[ (B = (00 (8.

And {, arephasefactorswhich arefixed by the conditionsof self/anti-selfchage conju-
gag/ imposedon thetype-Il spinorsA.
While formally the j = 1/2 equatiori'may be putin theform

(TW pupy +mr¥p, — 2P )A(pH) = 0

..., it turnsoutthatl* andr* do nottransformasPoincaé tensors. Otherformsof neu-
trino equationshave beenpresentedn Refs.3, 2 and4, andgaugeinteractionshave been
introducedthere! Theseconstructsgive alternatve insightsinto the neutrinodynamics,
which is differentfrom thatbasedon the commonly-usedVeyl masslesgquationsindi-
cationghatneutrinomaynotbea Dirac particleandmayhave differentdynamicafeatures
have appearedh analyse®f the presenexperimentakituation[5]. Earlierconsiderations
of this problemcanbefoundin Refs.6-9.

Both Eq. (1) andthe equationof Refs.2, 4 and 10 have beenobtainedby usingdif-
ferentforms of the RyderBurgardrelation (Refs. 11, 12, 1, 2, 4 and 10) which relates
zero-momentungO, j) left and(j,0) right spinors,andthe Wigner rulesfor their trans-
formationsto the framewith the momentump. The Dirac equationmay alsobe obtained
in sucha way (footnote# 1 of Ref. 1). The detaileddiscussiorof this techniquesanbe
foundin Ref. 13. It was claimedin Ref. 1 that AS(p") spinorscorrespondo “positive
enegy solutions,.. ., [while] AA(p") arethe negativeenegy solutions”.We, in fact,used
thisinterpretatiorin Ref. 2. Let usnow checkby straightforward calculationswhich dis-
persionrelationshasEq. (1) in the caseof j = 1/2. Rewriting it to the form (31) of Ref.
1 yieldsthe equationof the secondorderin pp, andthe matrix at the left side hasthe di-
mensionfour. So, oneshouldhave eightsolutions.The systemfor analyticalcalculation
MATEMATICA 2.2 enabledusto find the determinantf the matrix D:

2 (P — PF — P5 — p3+ 3m°+ 4mpg)*

(2 _pn2_n2_
Det[D] = (p§— p; — p5— p3— ) 16mf(po + m)*

(2)
As aresultof equatingthe determinanto zerowe deducethat, indeed,Eq. (1) haseight
solutionsin total with

Po= £/ B%+ P, (3)

1The questionof equivalenceof theseequationsstill deseres further elaborationandthis paperpresentsa
certainpartof this analysis.
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eachtwo times;andwith theacausatlispersiorrelations:

Po=—2mF v/ p?+ ¥, (4)

eachtwo times.

We comeacrossthe samesituationwhenderiving the Dirac equationby the Ryder
Burgard-Ahluvaliatechniqueprovidedthatwe do notapplytheconstraintp? — p 2 = n?
from the beginning.Indeed,onehas

_ P§+2mpo+ P %+ +2(po+m)(3- )

AR(p" < BINTH(P = 1) (oo ) , (59)
AP = BOATHPH - ) = P+ 2mpo + ﬁzzn-{;i—r;(po-l- m(G-p) (5b)
Thus,the second-ordemomentum-representatiéBirac” equationcanbewritten:
1
Smipo 1y [V PuF MY 42 (v py F M) (p) =0, (6)
or
m(y"p\,q:m) V(Y puF m) + 2m] W (p*) =0. (7)

Thecorrespondingoordinateepresentationf theseequationm= 0 andpp # — m) is

[(iy*0u— M)’ + 20 yum] (iy'a, — mW(x) =0, (8)

or
(10— m) [y (10, — m) + 2] uum] W(x') = 0, ©)

wherel, vy = +1 dependingon what solutions,with eitherpositive or negative enegies,
areconsidered.

CanEq. (1) be putin a morecorvenientform? The eight-componentorm, we pro-
posedrecently(Ref. 2d, Egs.(17,18)),doesnot have acausabkolutions.In the processof
its derivation,we assumedertainrelationg betweerh\SA(pH) andpSA(pH). In thepresent
article,we arenotgoingto applythem.Following the proceduref deriving Egs.(6,7) one
canarrive atarathercomplicatecequation:

m{(WPu+W) (S pv+my’) —2my?] +

+  [(Wpu+ ) —2my] (v pu+ myP?) FASA(pH) =0, (10)

2Seee.g.,formulas(48) of Ref. 1.
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where
= (zxzo—le 0 :) | ()

But, asmentionedin Ref. 1, one may considerthat ¢ in the generalizedRyderBurgard
relation(seeEq. (27) of Ref. 1 or Eq. (38) in Ref. 2¢) is the azimuthalangleassociated
with B, the 3-momentunof a particle. In this caseone canfind commutationrelations
betweenp = yp,, matricesy, y° and.S:

.51 =0, Bs]_=0, [\.$] =0, (12)
and
SASA(PH) = ASA(pY), (13)
becausén this case
N =N (14)
We finally arrive at
[92 — mP] Laxa ASA(PH) =0, (15)

i.e., at the Klein-Gordonequationfor eachcomponenbf ASA(pH). Why did the acausal
solutionsdisappear? It turns outs that bispinorsA*(pH) = —y°AS(pH) can satisfy the
positive-enegy equation(l, = i), andbispinorsAS = —y°\A(pH), the negative-enegy one
(Z, = —i), but the dispersiorrelationswill be acausalEq. (4), in this unusualcase® So,

assuminghatin the equationg10) oneshouldtake , = i for describinghS andZ,, = —i,

for M we, in fact,implicitly imposemass-sheltonstraintsThe samesituationis for the
equationg6,7), u(p") andv(p") = yPu(p"), which cansatisfyboth the positive- andthe
negative-enegy equationsbut the dispersiorrelationscould be unusual.

Froma mathematicaliewpointthe origin of the appearancef thesesolutionsseems
to berelatedto the propertiesof the Lorentztransformatioroperatorswith respecto the
herimitianconjugationoperation(seeRef. 14, page404, for discussion)Oneshouldfur-
thernotethatthe problemof acausatolutionshasinterrelationsvith a mathematicapos-
sible situationwhen operatorsof the continuousLorentz transformationsare combined
with othertransformation®f the Poincaé groupto give A, = —/\L‘l. Thus,the question
whetherthesesolutionswould have somephysicalsignificanceshouldbe solved on the
basisof a rigorousanalysisof the generalstructureof the Poincaé transformatiorgroup
andof the experimentakituationin neutrinophysics.

Finally, let us mentionthat anothersecond-ordeequationin the (1/2,0) & (0,1/2)

representatiospacehasbeeninvestigatedn Ref. 15 andrelationswith the problemof the
leptonmassspectrunhave beenrevealed(seealsoRefs.7 and16).

3In the processof the proof one should take into accountcommutationrelations (12) and hencethat
STYPAS(pY) = M(p") ands™ YPAA(pH) = AS(pH).
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DODATNA RJESENA JEDNADZBI U (1/2,0) ® (0,1/2) REPREZENRCIISKOM
PROSTORU

Analiziraju sedisperzijsle relacijejednabi koje je nedarno predi@zio Ahluwalia za opis
neutrina.Jednadbezaspinove Il tipaizvodesenaosnwi Wignerovih pravila zalijeve i
desne?-spinvei RyderBurgardwerelacije. Pokazujesedajednadbesadée akauzalna
rieSenjakojasuslichaonimazajednadhu slicnuDiracovoj ali drugogreda.Onasedobiva
naslicannatin ako seu raCunune primjeneograntenja.

80 FIZIKA B 6(1997)2, 75-80



