
ISSN1330–0016
CODEN FIZBE7

LETTERTO THE EDITOR

ON THE EXISTENCEOFADDITIONAL SOLUTIONSOFTHE EQUATIONS
IN THE

�
1� 2 � 0� � � 0 � 1� 2� REPRESENTATION SPACE

VALERI V. DVOEGLAZOV

EscueladeFı́sica,UniversidadAutónomadeZacatecas
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We analyzedispersionrelationsof theequationsrecentlyproposedby Ahluwalia for de-
scribingtheneutrino.Equationsfor type-II spinorsarededucedonthebasisof theWigner
rules for left- and right- 2-spinorsand the Ryder-Burgardrelation. It is shown that the
equationscontainacausalsolutionswhich aresimilar to thoseof the Dirac-like second-
orderequation.Thelatter is obtainedin a similar way, providedthatwe do not applyany
constraintsin thecalculation.

Recently, Ahluwalia proposeda new wave equationfor describingthe self/anti-self
chargeconjugatestatesλS� A � pµ � of any spin[1]:�
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Analogousequationsfor ρS� A � pµ � bispinorshave beenderived in Ref. 2d. In the j �
1� 2 case,spinmatrices �J arechosento be thePauli matrices�σ � 2, andin the j � 1 case,
the Barut-Muzinich-Williams matrices; �ϕ are the parametersof the Lorentzboost. The
notationis thesameasthatof Refs.1 and2. Θ � j � is theWigner’soperatordefinedby� Θ � j � � σ � σ� � � � 1� j � σδσ� � � σ  
with σ andσ! aseigenvaluesof �J. Ξ � j � is a � 2 j " 1�$#%� 2 j " 1� matrix which connectsthe
“2 j " 1 spinor”andits complex conjugatesuchthat&

φσ
L
� p' µ � ( ) � Ξ � j � φσ

L
� p' µ � *

And ζλ arephasefactorswhich arefixedby theconditionsof self/anti-selfchargeconju-
gacy imposedon thetype-II spinorsλ.

While formally the j � 1� 2 equation“may beput in theform� Γµν pµpν " mΓµpµ
� 2m21 � λ � pµ � � 0

. . . , it turnsout thatΓµν andΓµ donot transformasPoincaŕe tensors.” Otherformsof neu-
trino equationshave beenpresentedin Refs.3, 2 and4, andgaugeinteractionshave been
introducedthere.1 Theseconstructsgive alternative insightsinto the neutrinodynamics,
which is differentfrom thatbasedon thecommonly-usedWeyl masslessequations.Indi-
cationsthatneutrinomaynotbeaDiracparticleandmayhavedifferentdynamicalfeatures
haveappearedin analysesof thepresentexperimentalsituation[5]. Earlierconsiderations
of thisproblemcanbefoundin Refs.6–9.

Both Eq. (1) andtheequationsof Refs.2, 4 and10 have beenobtainedby usingdif-
ferent forms of the Ryder-Burgardrelation(Refs. 11, 12, 1, 2, 4 and10) which relates
zero-momentum� 0  j � left and � j  0� right spinors,andthe Wigner rulesfor their trans-
formationsto theframewith themomentum�p. TheDirac equationmayalsobeobtained
in sucha way (footnote# 1 of Ref. 1). Thedetaileddiscussionof this techniquescanbe
found in Ref. 13. It was claimedin Ref. 1 that λS� pµ � spinorscorrespondto “positive
energy solutions,. . . , [while] λA � pµ � arethenegativeenergy solutions”.We, in fact,used
this interpretationin Ref.2. Let usnow checkby straightforwardcalculations,which dis-
persionrelationshasEq. (1) in thecaseof j � 1� 2. Rewriting it to the form (31) of Ref.
1 yields theequationof thesecondorderin p0, andthematrix at the left sidehasthedi-
mensionfour. So,oneshouldhave eightsolutions.Thesystemfor analyticalcalculation
MATEMATICA 2.2enabledusto find thedeterminantof thematrix + :

Det
& + ( �-, p2

0
� p2

1
� p2

2
� p2

3
� m2 . 2 � p2

0
� p2

1
� p2

2
� p2

3 " 3m2 " 4mp0
� 2

16m4 � p0 " m� 4 * (2)

As a resultof equatingthedeterminantto zerowe deducethat, indeed,Eq. (1) haseight
solutionsin totalwith

p0 �0/21 �p2 " m2  (3)
1The questionof equivalenceof theseequationsstill deserves further elaborationandthis paperpresentsa

certainpartof thisanalysis.
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eachtwo times;andwith theacausaldispersionrelations:

p0 354 2m 687 9p2 : m2 ; (4)

eachtwo times.
We comeacrossthe samesituationwhenderiving the Dirac equationby the Ryder-

Burgard-Ahluwaliatechnique,providedthatwedonotapplytheconstraintp 2
0 4 9p 2 3 m2

from thebeginning.Indeed,onehas

ΛR < pµ = p> µ ? Λ @ 1
L < pµ = p> µ ? 3 p2

0
: 2mp0

: 9p 2 : m2 : 2 < p0
: m? < 9σ A 9p?

2m< p0
: m? ; < 5a?

ΛL < pµ = p> µ ? Λ @ 1
R < pµ = p> µ ? 3 p2

0
: 2mp0

: 9p 2 : m2 4 2 < p0
: m? < 9σ A 9p?

2m< p0
: m? B < 5b?

Thus,thesecond-ordermomentum-representation“Dirac” equationcanbewritten:

1
2m< p0

: m?DC < γµpµ 6 m? γ0 : 2mE < γν pν 6 m? Ψ F < pµ ? 3 0 ; (6)

or
1

2m< p0
: m? < γν pν 6 m? C γ0 < γµpµ 6 m? : 2mE Ψ F < pµ ? 3 0 B (7)

Thecorrespondingcoordinaterepresentationof theseequations(m G3 0 andp0 G3H4 m) isC < iγµ∂µ 4 m? γ0 : 2℘uI vmE < iγν∂ν 4 m? Ψ < xµ? 3 0 ; (8)

or < iγµ∂µ 4 m? C γ0 < iγµ∂µ 4 m? : 2℘u I vmE Ψ < xµ ? 3 0 ; (9)

where℘u I v 35J 1 dependingon whatsolutions,with eitherpositive or negative energies,
areconsidered.

CanEq. (1) be put in a moreconvenientform? Theeight-componentform, we pro-
posedrecently(Ref. 2d, Eqs.(17,18)),doesnot have acausalsolutions.In theprocessof
its derivation,weassumedcertainrelations2 betweenλSI A < pµ ? andρSI A < pµ ? . In thepresent
article,wearenotgoingto applythem.Following theprocedureof deriving Eqs.(6,7)one
canarriveata rathercomplicatedequation:

1
4m< p0

: m?LK < γµpµ
: mγ0 ? C M < γν pν : mγ0 ? 4 2mγ0E :: C < γµpµ

: mγ0 ? M 4 2mγ0E < γν pν : mγ0 ? N λSI A < pµ ? 3 0 ; (10)

2See,e.g.,formulas(48)of Ref.1.
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where O%PRQ
0 ζλΘΞ

ζλΞ S 1Θ 0 TVU (11)

But, asmentionedin Ref. 1, onemay considerthat φ in the generalizedRyder-Burgard
relation(seeEq. (27) of Ref. 1 or Eq. (38) in Ref. 2c) is theazimuthalangleassociated
with Wp, the 3-momentumof a particle. In this caseonecanfind commutationrelations
betweenp̂ X γµpµ, matricesγ5, γ0 and

O
:Y

p̂Z O$[ S P 0 Z]\ γ0 Z O$^ S P 0 Z`_ γ5 Z O$a bcP 0 Z (12)

and O
λSd A e pµ f P λSd A e pµ f Z (13)

becausein thiscase

Λ g
L h R P ΞΛL h RΞ S�i U (14)

We finally arriveat \ p̂2 j m2̂ 14 k 4 λSd A e pµ f P 0 Z (15)

i.e., at the Klein-Gordonequationfor eachcomponentof λSd A e pµ f . Why did the acausal
solutionsdisappear? It turns outs that bispinorsλA e pµ f X j γ5λSe pµ f can satisfy the
positive-energy equation(ζλ

P
i), andbispinorsλS X j γ5λA e pµ f , thenegative-energyone

(ζλ

P j i), but thedispersionrelationswill beacausal,Eq. (4), in this unusualcase.3 So,
assumingthatin theequations(10) oneshouldtake ζλ

P
i for describingλS andζλ

P j i,
for λA we, in fact, implicitly imposemass-shellconstraints.Thesamesituationis for the
equations(6,7), u e pµf andv e pµ f X γ5u e pµ f , which cansatisfyboth the positive- andthe
negative-energyequations,but thedispersionrelationscouldbeunusual.

Froma mathematicalviewpoint theorigin of theappearanceof thesesolutionsseems
to berelatedto thepropertiesof theLorentztransformationoperatorswith respectto the
herimitianconjugationoperation(seeRef. 14, page404,for discussion).Oneshouldfur-
thernotethattheproblemof acausalsolutionshasinterrelationswith a mathematicalpos-
sible situationwhen operatorsof the continuousLorentz transformationsarecombined
with othertransformationsof thePoincaŕe groupto give ΛR

P j Λ S 1
L

. Thus,thequestion
whetherthesesolutionswould have somephysicalsignificanceshouldbe solved on the
basisof a rigorousanalysisof thegeneralstructureof thePoincaŕe transformationgroup
andof theexperimentalsituationin neutrinophysics.

Finally, let us mentionthat anothersecond-orderequationin the e 1l 2 Z 0f�m8e 0 Z 1l 2f
representationspacehasbeeninvestigatedin Ref.15andrelationswith theproblemof the
leptonmassspectrumhavebeenrevealed(seealsoRefs.7 and16).

3In the processof the proof one should take into accountcommutationrelations (12) and hencethatn o γ5λS p pµ q r λA p pµ q and
n s γ5λA p pµ q r λS p pµ q .
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DODATNA RJĚSENJA JEDNADŽBI U t 1u 2 v 0w xyt 0 v 1u 2w REPREZENTACIJSKOM
PROSTORU

Analiziraju sedisperzijske relacijejednǎzbi koje je nedavno predlǒzio Ahluwalia zaopis
neutrina.Jednaďzbezaspinove II tipa izvodesenaosnovi Wignerovih pravila za lijeve i
desne2-spinove i Ryder-Burgardoverelacije.Pokazujesedajednaďzbesadřzeakauzalna
rješenjakojasusličnaonimazajednaďzbu sličnuDiracovoj ali drugogreda.Onasedobiva
nasličannǎcin ako seu račununeprimjeneogranǐcenja.

80 FIZIKA B 6 (1997)2, 75–80


