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By consideringa retardeddiscretetime versionof the Schr̈odingerequation,we discuss
how suchanequationcanbeusedto describetheenvironmentallyinduceddecayof aspin
systemwhentheenvironmenthasthegeneralpropertiesof having acontinuousunbounded
energy spectrum.

1. Introduction

In thepastdecade,a new approachhasbeenfiltering into thegeneralstructureof the
quantumtheorythat is motivatedby theproblemof the interactionof a quantumsystem
with adiscretespectrumwith anenvironmentthathasanunboundedcontinuousspectrum.
Thetheoriesof quantumfriction [1], theSchr̈odinger-Langevin approach[2,3], thequan-
tum evolution of Brownianparticleinteractingwith a thermalenvironment[4–6] (giving
rise to a non-linearSchr̈odingerequation)have all suggestedthat dissipative effectson
quantumsystemsleave realmeasurablesignaturesthatcanbedescribedby a few param-
etersconnectingthe systemto theenvironment.Also Nanopoloushasexpoundedon the
profundityof the ”ProcrusteanPrinciple” wherein all quantumsystemsareunavoidably
opensystemsdueto the interactionof theparticle(local stringmodes)with thedelocal-
ized(non-local)truncatedstringmodesof string theory[7,8]. Thesestudieshave leadto
correctionsto the time evolution of KL, KS systemwhich generatesmallCPTviolations
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andin a cosmologicalsettinggive rise to an arrow of time [9,10]. Thereis alsoanother
approachto dissipativequantumsystemsoriginally pioneeredby Caldirolaet.al.,suggest-
ing that thedissipative effectsof theenvironmentcanbeunderstoodthroughtheretarded
Schr̈odingerevolutionof a modifiedSchr̈odingerequation[11,12].Herethediscretetime
parameter(τ) expressestheinteractionof thesystemwith theenvironmentand,in asense,
canbeviewedasa ”relaxationtime” expressinghow thesystem’swave functionresponds
to a lossof energy to the environment.The environmentmay have a complicatedquan-
tum structurewith all of its quantumcorrelationsat a single time, but the evolution of
thesecorrelationsandthe effect they have on a singlequantumsystemmay be express-
ible througha singlediscretetimeparameterτ. In previousstudies,wehavediscussedthe
non-dissipativeMarkov environmentaleffectsonaspinsystem[13–16]whereinthequan-
tum particlehasa dynamicalevolutiondrivenby theSchr̈odingerequation,supplemented
by Markov environmentaleffects.Thebasicmotivationfor sucha studyis thatsmalldis-
cretetime jumpsmightbeunobservableover long time intervals,but if shortenoughtime
intervalsarestudiedthroughspin polarizationprocession,chaoticMarkov effectsmight
beobservable.Thesestudiesalsosuggestthat theremight betwo time scalesin quantum
physics,one”scaled” by Schr̈odingerevolution, the secondscaledby non-localMarkov
environmentaleffects.In whatfollows,wediscussthetimeevolutionof a dissipativequa-
tumspinsystemwhereintheeffectof theenvironmentis expressedin theform of discrete
time differenceretardedSchr̈odingerequation.Our studygivesdefinitesignaturesfor the
precessionfrequency in anexternalmagneticfield of a spinsystemaswell asthedecay
rateof thedifferentcomponentsof thex spin-polarizationgeneratedby environmentalef-
fects. It is hopedthat thesestudiesfurther encourageinvestigationsof quantumsystems
interactingwith a randomfield of photonsor otherparticles[17] (the environment)and
shedlight on suchquestionson the”arrow of time” andtheexistenceof othertime scales
in physics.

2. Dissipative Quantum Evolution of a Spin System

We begin by considering the retarded discrete time difference version of the
Schr̈odingerequationstudiedin Ref.11.

HΨ � ih̄

�
Ψ � t ��� Ψ � t � τ �

τ ��� � 1�
whereτ is thediscretetime interval.

If H doesnotdependon t, wemaywrite Eq.(1) as

HΨ � ih̄ 	 1 � e
 τ∂ � ∂t � Ψ � t �
τ 

LettingΨ � exp � � αt � Ψ � 0� , whereα is a functionof H, wehave

He
 αtΨ � 0� � ih̄

�
1 � eτα

τ � e
 αtΨ � 0� �
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or �
iτH
h̄ � 1

�
eατ �

giving

α � 1
τ

lne � 1 � iτH
h̄ ��� � 2�

We now considera spin-1gaugebosonof charge-e, in a z componentmagneticfield.
Thehamiltonianof thebosonis

H � e
m

SzB

(B is thez-componentof themagneticfield), where

Sz � h̄ � 1 0 0
0 0 0
0 0

�
1 � � � 3�

As pointedout in Ref. 11, if we applyH to Eq. (1), thegroundstatewill decayalong
with theexcitedstates.In orderto stabilizethegroundstate,wewrite� H � H0 � Ψ � ih̄ � Ψ � t � � Ψ � t � τ �

τ � � � 4�
whereH0 is thegroundstateeigenvalue.FromEqs.(3) and(4),

H0 � � eh̄B
m
� 1 0 0

0 1 1
0 0 1 � �

and

H

�
H0 � eh̄B

m
� 2 0 0

0 1 0
0 0 0 � � � 5�

Theapplicationof Eq. (5) to Eq. (4) will not changeany of thedynamicpropertiesof the
spin-1system,suchasprecessionfrequencies,sincethey dependon thedifferenceof the
eigenvalues.It will, however, renderthegroundstatestable.Supposeweconsideraspin-1
gaugebosonin theinitial state

Ψ � 0� �������
1� 2

1� � 2

1� 2
 !!!" � � 6�

FIZIKA B 6 (1997)2, 91–97 93



WOLF: DISSIPATIVE ENVIRONMENTAL EFFECTS AND THE QUANTUM . . .

with #
Sx $&% Ψ ' SxΨ % Ψ ' h̄(

2 ) 0 1 0
1 0 1
0 1 0 * Ψ % h̄ +

UsingEq.(2) with H , H - H0, wehave(Ψ . t / % e0 αtΨ . 0/ ),
Ψ . t / % exp 12- t

τ
lne 3 1 4 iτ

h̄
. H - H0 / 576 Ψ . 0/ + . 7/

UponsubstitutingEq.(6) into Eq.(7), wefind

Ψ . t / %98:::;
1
2 exp < - 1

τ lne = 1 4 iτ
h̄ = eB2h̄

m > > t ?
1@
2

exp < - 1
τ lne = 1 4 iτ

h̄ = eBh̄
m > > t ?

1
2

A BBBC + . 8/
If wewrite Eq.(8) as

Ψ . t / %98:::;
1
2e0 α1t

1@
2
e0 α2t

1
2

A BBBCED . 9/
wefind at time t#

Sx $F% Ψ ' SxΨ % h̄
4 G e0�H α1 ' α I2 J t 4 e0�H α I1 ' α2 J t 4 e0 α2t 4 e0 α I2t K +L. 10/

Uponexpandingthenaturallog in Eq. (8) ( = lne . 1 4 x /NM x - 1
2x2 4 1

3x3 > ) to the third
power in . H - H0 / , α1 andα2 aregivenby

α1 % i ) 2eB
m
- 8

3
3 eB

m
5 3

τ2 * 4 2τ 3 eB
m
5 2

α2 % i ) eB
m
- 1

3
3 eB

m
5 3

τ2 * 4 1
2

τ 3 eB
m
5 2 + . 11/

WhenwesubstituteEq.(11) into Eq.(10)anduseeix 4 e0 ix % 2cosx, weobtain#
Sx $F% h̄

2
exp ) - 5

2 3 eB
m
5 2

τt * cos O ) eB
m
- 7

3 3 eB
m
5 3

τ2* t P
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2

exp RTS 1
2 U eB

m V 2

τt W cos X R eB
m
S 1

3 U eB
m V 3

τ2 W t Y&Z [ 12\
SincethestatesSz ] 1 ^ 0 decayto thegroundstate,the time evolution accordingto

Eq. (4) follows theproportionof particlesin Sz ] 1 ^ 0 ^ S 1, but not thetotal number, since
Eq.(4) doesnotconserveprobability. To take into accountthefactthatthetotalnumberof
spinningparticlesis conserved,we maydivide Eq. (12) by Ψ _ Ψ andthusnormalizethe
probability. We maythuswrite Eq.(12)as`

Sx a&] h̄
2 exp b S 5

2 c eB
m d 2 τt e cosω1t

Q h̄
2 exp b S 1

2 c eB
m d 2 τt e cosω2t

1
4 exp b S 4 c eB

m d 2 τt e Q 1
2 exp b S c eB

m d 2 τt e Q 1
4

^f[ 13\
where

ω1 ] eB
m
S 7

3 U eB
m V 3

τ2

ω2 ] eB
m
S 1

3 U eB
m V 3

τ2 Z
3. Conclusion

We canseefrom Eq. (13) thatwhenτ is finite, therearetwo distinctfrequencieswith
the respective componentsof

`
Sx a dampingat differentrates.A plot of

`
Sx a ver-

sust would yield a Doppler like [18] plot versustime with the two componentshaving
differentdampingfactors.Thefirst frequency ω1 ] [ eB g m \�S�[ 7g 3\2[ eB g m \ 2τ2 will have
dampingratewith adampingfactorexp [ S γ1t \ , with γ1 ] [ 5g 2\T[ eB g m \ 2τ, andthesecond
frequency ω2 ] [ eB g m \hS�[ 1g 3\F[ eB g m \ 2τ2 will have a dampingfactorexp[ S γ2t \ , with
γ2 ] [ 1g 2\i[ eB g m \ 2τ.

Theratioof thetwo amplitudesof ` Sx a will varyas`
Sx a 1`
Sx a 2

] exp RTS 2 U eB
m V 2

τt WjZ [ 14\
Thusaplot of ` Sx a 1 g ` Sx a 2 versustimecanbeusedto find thediscretetimeinterval
τ. Estimatesof thediscretetime interval have beenpreviouslyquotedasτ k 10l 26s [19].
Assumingafield of B ] 100T (1 T= 1 W/m2), for heavy gaugebosons,̀ Sx a 1 g ` Sx a 2
will dampto avalueof 1/ein a time(seeEq.(14)):

U 1 Z 6 m 10l 19 n 100
2 n 10l 26 V 2 n [ 10l 26\ t ] 1 ^ [ 15\
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giving t o 1010 s.For B o 106 T, t o 102 s.Strongerfieldscausesmallertimeintervalsthat
satisfythecondition p Sx q 1 r p Sx q 2 o 1r e.Sincegaugebosonsareknown to decayin
intervalscharacteristicof the weakinteractiontime (t p 10s 8 s), we would needa field
of B t 1011 T to generatea decaytime that cancompetewith theweakinteractiontime
scale.Suchfieldscouldonly be found in theatmosphereof a pulsar[20]. Also, it might
be possibleto apply the above analysisto heavy ions in situationswherethe precession
timecanbemadecommensuratewith thecollisiontime.Heretheenvironmentwouldalso
bewell defined.Thefundamantalquestionin theaboveanalysisis just whatpropertiesof
theenvironment(randomphotonsor otherparticles)determinethediscretetime interval.
Certainly the temperature[21] andmost likely the compositionof the environmentwill
play a vital role in determiningthediscretetime interval τ [22,23]. We may look at τ as
a relaxationtime determinedby thecollective propertiesof theenvironmentwhich arises
whenthespinsystemis immersedin theenvironment.Thefact thatthediscretequantum
systemhasa specificpropertydeterminedby oneparameterτ is an amazingresult that
opensupanew frontier in studyingthepropertiesof quantumsystemsinteractingwith the
environment.
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DISIPATIVNI UČINCI OKOLIŠA I KVANTAN RAZVOJSPINSKOGSUSTAVA

Raspravlja seprimjenaSchr̈odingerovejednaďzbes diskretnimvremenomi s kǎsnjenjem
za opis raspadaspinskog sustava, kadaokoliš ima neprekidani neogranǐcenenergijski
spektar.
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