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Theproblemgelatedto thechoiceof thespinorialbasisin the (j,0) & (0, j) representation
spaceaarediscussedThis choiceis shovn to have aprofoundsignificancen therelativistic
quantumtheoryand for physicalapplications.From the methodologicaviewpoint, this
factis relatedto theimportantdynamicalrole which the space-timesymmetrieplay for
all kindsof interactions.

1. Introduction

We have becomeaccustomedb thinking of the particleworld from a viewpoint of the
principle of gaugeinvariance.Profoundsignificanceof this principle seemso be clear
to everybodyandit deseresto bein the placethatit occupiesnon. Remarkablexperi-
mentalconfirmationf bothquantumelectrodynamic§l] andits non-Abelianextensions
(Weinbeg-Salam-Glash® model,quantumchromodynamics)Refs.2 and3, provedthe
applicabilityof this principle.As is known, the principle hasprimarily beendeducedrom
the interactionof chaged particleswith the electromagnetigpotential. For long, it has
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beenrecognizedhatfor otherkinds of particles(namely for truly neutralparticleswhich
aresupposedo be describedy self/anti-selfchage conjugatestates) a changeof phase
leadsto the destructiorof self/anti-selfconjugay [4]. It is in thisfield of modernscience
(neutrinophysics,gluoncontritutionsin QCD etc.)thatwe have nowv mostconsistentn-
dicationsfor new physics Without ary intentionto casta shadeonthegreatachiezements
of thetheorieshasedon the useof 4-vectorpotentials] amgoingto considerthe subject
from a slightly differentpoint of view. | will discussherethe constructsbasedonly on
theuseof the (j,0) @ (0, j) Lorentzgrouprepresentationfor a descriptionof the particle
world andof theinteractions| hopethatthe presentethoughtanaybeusefulfor adeeper
understandingf the surprisingsymmetriesof the Dirac equationand of the unexpected
rich structureof the (j,0) @ (0, j) representatiospacé.

Thespinorialbasisin the standardepresentationf the Dirac equatios,

1 0
uDE) =vim| o |, uA@) =vim| g |
0 0
0 0
Wi =vm| 7|, V@) =vm| o], @
0 1

is well understoocindacceptabldor the descriptionof a Dirac particle.However, let ask
oursehes,whatforcedusto choosaherealbasisfor complex spinors?.Let meattackthe
problemof the choiceof a spinorialbasisfrom the mostgenerabposition.

| amgoingto considertheoriesbasedn thefollowing four postulates:

e Foranarbitraryj, theright- (j,0) andtheleft-handed(0, j) spinorstransformin the
following ways(accordingo the Wigner'sideag[11,12]):

G(P") = Ag(P" B @ (1) = exp(+J- ) @ (), (2a)
QP = A" B (B = exp(—T-B) @ (). (2b)

AR arethematricesfor Lorentzboosts,J arethe spinmatricesfor spin j and$ are
the parametersf the a given boost.We restrictourselhesto the caseof bradyons,
definedby (e.g.,Refs.9 and6):

cosi{$) =y= rl_\,f% sinh(cb)zvv:%, ¢=ﬁ=%- @)

20f course,spin-1/2fermions, which transformaccordingto the (1/2,0) ® (0,1/2) representatiorf the
Lorentzgroup,could be consideredn sucha framework asparticularcasesThe discussiorof recentachieve-
ments[5,6] in theWeinbeg 2(2j 4+ 1) componentheory[7] canbefoundin Ref.8.

3| usehereandbelav thenotationof Refs.9, 6 and10. For the 4-momentunof a particlein therestoneuses

B

112 FIZIKA B 6 (1997)3,111-122



DVOEGLAZOV: SIGNIFICANCE OF THE SPINORIAL BASIS. ..

o ¢ andg, aretheeigenspinorsf the helicity operator(f- n):

(M) @y = h, (4)
(h=-j,—j+1,...]j isthehelicity quanturmumber).
¢ Therelatiistic dispersiomrelationE? — p 2 = n? holdsfor freeparticles.

¢ Physicalresultsdo not dependon rotationsof the spatialcoordinateaxes(in other
words:the 3-spaces uniform).

Sincethe spin-1/2particlesare mostimportantobjectsin physicalapplicationsandthe
Maxwell’'s spin-lequationcanbewrittenin the similar 4-componenform (seee.g.,Ref.
13), we concentrat®nthe analysisof the (1/2,0) @ (0,1/2) representatiospaceFor the
sale of acompactdescriptionthe 2-spinorg(left- or right-handedpredenotedasé. From
thecondition(seethesecondtem):

1. 1
5@-ME =L, (5)

andusingthe expressiongor ni in thesphericakoordinates:

Ny = SiNBCos, (6a)
ny = sinBsing, (6b)
n; = coso, (6¢)

we find thatthe Pauli spinorg for the eigervalueh = 1/2 of the helicity operatorcanbe
parametrizecs

8/2)e'®
E+1/2 — (tan(e/azl) ei‘PEl) or E+l/2 — (COt( /E)ze EZ) (7)

in termsof the azimuthalangle® andthe polarangleg associatedavith thevectorp — 0
[14,10],andfor theh= —1/2 eigervalueas

—tan(8/2)e™'®
t-1/2= (—cot(ez/lz)éwzl) or E—l/zz( an( éz)e EZ). 8)

From the normalizationcondition Ell/zﬁil/z = N2 (N2 is the normalizationfactor) we
have thattheform of spinorscanbechosefi

4Thesecondarametrizatiomliffersfrom thefirst oneby anoverall phasdactor whatdoesnothaveinfluence
onthephysicalresults.
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§_1/2=Né%1 (— sg;gg@ew) or &1p=Ne% (_S(i:rc])(géi);_i(p) ‘ (90)

This parametrizatiois the sameasin Egs.(22a,22b)f Ref. 10bandwith the formulasof
Ref. 14 (p. 87), within the overall phasegfactorsd®. Let menotetheinterestingdentities:

Era/a(BH) = €078 (@), E_a(BY) = €078, (@),  (10)

whereg* is the parity conjugatedt-momentun(®’ = t— 6, ¢ = @+ ).

If we know the spin matricesfor anarbitrary j, onecanfind similar parametrizations
for spinorsof higherdimensiorby resolvingthe setof equation®f the (2j + 1)- orderfor
eachvalueof the helicity®. Onehasa certainfreedomin the choiceof the spinorialbasis
in the (1/2,0) (or (0,1/2)) spacesince,accordingto the fourth postulate physicalresults
do not dependon rotationsof the spatialaxesand, furthermore,one hasarbitrary phase
factorse® . Thereforethe commonly-useahoice(p| |02)

1 0
Er1/2= (O) y &o12= (1) . (11)
is only aconvenience.

In the Dirac equation,onehastwo kinds of spinors,@; andq . In Refs.9, 6 and10,
therelationbetweerthemin therestframe,

O (B = =@ (), (12)

hasbeennamedthe RyderBurgardrelation (seealso Ref. 15). It was showvn (seefoot-
note#1 in Ref. 10b) that the relation (12) canbe usedto derive the Dirac equation the
equationthat describesigenstate®f the chage operator Moreover, if we acceptthis
form of therelationfor (1,0) @ (0, 1) bispinors,onecanconstructa versionof the Foldy-
Nigam-Bagmann-WghtmanWigner(FNBWW) typequantunfield theory[16,12,6].The
remarkabldeatureof this Dirac-like modificationof the Weinbeg theory[7] is the fact
that the bosonand its antibosonhave oppositerelative intrinsic parities(like the Dirac
fermions).

However, amoregeneraform of Eq. (12) couldbeused Let usassuméhatq, () and
@ (p) areconnectedy thecomplex matrix 2, anarbitrarylineartransformationnamely
@ (") = 4q@ (P). The unit matrix andthe threePauli o-matricesform a completeset.
Thereforethe matrix correspondingf thelineartransformatior canbe expandedas

GE(B) = AgE(P) = [L S+ &) gF(F) =
= [+ (|0ety|+i|Ome)] gF (1) = €% = (P, (13)

5Seee.g. theformulas(23a-c)in Ref. 10bandbelaw.
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wherec; arecomplex coeficients®. Above we have assumedhatq andg, aretheeigen-
spinorsof the helicity operatorand have chosenthe parametrizatiorof the coeficients
[c)£ (|Oet|+i|Omty|)] = €%. The modulusof the bracketedquantity (the determi-
nantof the 4 matrix) shouldbeequalto theone,becausef theconditionof theinvariance
of the normalizationof spinors. Equation(12) correspondso the particularchoicesof

o+ = 0, =11 By usingthegeneralizedRyderBurgardrelation,andthefactthat

(AP B = [An (P 8], (14)
we obtainthe“generalized’Dirac equatior:
GE(P) = Aa(P" e B GE(B) = %= A (P B) o ()
= &%= A (P B AT - B) @ (), (150)
(P = AP B)QE(B) = e A (P B o ()

= e A (' e BIAT R (D (150)

Usingdefinitionsof theLorentzboost(2,3) onecanrewrite Eqs.(15a,b)in thematrixform
(providedthatm+0):

—meT'%  po+(3-P)\ [ @(P) _
(po—(a-r» —meC= )(q(p**))—o’ (16)
or
(p—mT)W(p") =0, (17)
with
7:(‘9_(';i égi). (18)

Notethe particularcases:

or=02m : (p—mW¥=0, (19)
or==£1 : (p+mW¥P=0, (1%)
or=+4+1/2 : (p+imyp)¥Y=0, (19%)
or=-1/2 : (p—imyp)¥Y=0. (19d)

6Thesigns= correspondo the helicity of the spinors.
“A reminder:the LorentzboostmatricesareHermitianfor ary finite-dimensionatepresentationf thegroup.
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The equationg19aandb) arethe well-known Dirac equationdor positive- andnegative-
enegy bispinorsin the momenturrspace The equationf the type (19candd) hadalso
beendiscussedn the old literature,e.g.,inRef. 17. They have beennamedasthe Dirac
equationgfor 4-spinorsof the secondkind [18,19]. Their possiblerelevancefor the de-
scriptionof neutrinohasbeenmentionedn thecitedpapersLet mestill notethatthisidea
hasbeenproposedeforethe appearancef the two-componentmodelof Landau,Lee,
SalamandYang.

Sincethespinorsare,in generalcomplex quantitiesijt is possibleto setup the Ryder
Burgardrelationin the following form: @,(p) = 'B(pf(fi‘). The operationof comple
conjugationis not a linear operator Therefore,thesetwo forms of the relation are not
equivalent. It is more corvenientto expand<3 in the basisof anothercompletesef: o>
andajo». The norm shouldagainbe consered: (ng%L = (p;L(pf;L = NZ2. By usingthe
procedureanalogousgo theabove,we obtainanotherform of the R)}deFBurgardrelation:

@ (B = Bl@ ()] = [Q02+ (8- C2)02] [¢F (BY)]* (20)
= [0/ Fi(|0ety| +i|0me,|) O ] [¢F (BY)]* —lelB;el/Z [ (P

and,hencetheinverseone,

¢ () = —i &P 0p (¢ ( (21)

We usedabove thato, matrixis relatedto the Wigneroperatorby O/, = —ioz, andthe
propertyof the Wigner operatoifor any spin G)[J-]J'G)[‘j]l = —J*. So,if @ 4 istheeigenstate
of the helicity operatorthen®;;¢f' , is the eigenstateavith the oppositehelicity quantum
number:

(- Moy [ ()] "=-hey; o] E (22)

Thereforefrom Egs.(20,21),we have
<P§(p) +i€P= A (p = 1) O/ A H(P = B [ (P (238)
ATt AR R

Usingthe mentionedoropertyof the Wigneroperatorwe transformeqgs.(23a,b)to

@ (p") = +iePFop ¢ (IO“)]*, (244)
¢ (p) = —ieP=0p 70 (P (24b)

8|t is known thatafteramultiplicationby a non-singulamatrix, the propertyof completenessf asetremains
valid.

116 FIZIKA B 6 (1997)3,111-122



DVOEGLAZOV: SIGNIFICANCE OF THE SPINORIAL BASIS. ..

In thematrixform onehas

(B —a (L0 ) (B =g, (), 29

Where%/z] is the operatorof chage conjugationn the (1/2,0) & (0,1/2) representation
space,see,e.g., Ref. 20. In fact, we obtain the conditionsof the self/anti-selfchage
conjugay:

W(pH) = £W(ph). (26)

Thus,dependingon the relationsbetweerthe left- andright-handedspinors(in fact, de-
pendingon the choiceof the spinorialbasis) we obtainphysicalexcitationsof a different
physicalnature In thefirst versionof the RyderBurgardrelation,we have the Dirac equa-
tions;in theframework of the secondversion,neutralfermions.

Themostgeneraform of the RyderBurgardrelationis'®

@ (P) = A9 (3) + B9 (1), (27)

whichresultsin _ _
@ (B) = Ad*= @ (B") +1BeP* O @ (B (28)
@ (1) = Ae%= @ () —iBeP* Oy @ (1. (280)

Theequationthatcouldbeconsideredsamathematicagjeneralizatiorf the Diracequa-
tion, is then

: 1o

( ) _1—; | A=A +|Be'B¢O[1/2]7C) (%(pﬁ)) _0, (29)
AeTI0= N\ N — BP0y 0 K -1 @ (P

whereA? + B? = 1 and X is the operationof complex conjugationIn a symbolicform, it

is rewritten as

P

AE+BT$1/2]—T] W(ph) = 0. (30)

Usingthe computeralgebrasystemMATEMATICA 2.2, it is easyto checkthattheequa-
tion satisfiesthe correctrelatiistic dispersionrelation (seethe third item of the set of
postulates)Whatphysicalmeaningcouldbe attachedo this equation?

Considerthe problemof the choiceof the spinorial basisin the j = 1 case.In the
presentonsideration| usethe Weinbeg 2(2j + 1)-componenformalism[7]. It is easy

9n fact, the seconddefinition of the RyderBurgardrelationleadsto the Majorana-McLennan-Caspinors
[21,22].Recendiscussion®f this constructanbefoundin Refs.23,10 and24.
1%e deal abore with the spinorsof the samehelicities. Without much effort, the readercan reveal what
happensf onejoins the spinorsof differenthelicities,(pg = Agr or(pg = BlgFT*.
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to shaw, by usingthesameprocedurethat j = 1 spinors§ canbeparametrizedg.g.,in the
following form

1(1+cosp)e®
§.1=Ne&+ \/%sine , (31a)
$(1-cos9)eti®

—3(1-co9)e®

g 1=Neé% \/%sine , (31b)
—3(1+cos9)et®
_ —\/%sinee‘i"’
Eo=Ned cosA , (31¢)

\/%sinee“q’

providedthey areeigenspinor®f the helicity operator In the isotropic-basisepresenta-
tion, the j = 1 spinoperatorsareexpressed25]! in thefollowing way:

1(010) i(O —1 o> (10 o>
h=—(10 1), L=-(1 o0 -1}, m=[{0 0 o). @
v2\p 1 0 v2\p 1 o0 00 -1

Theeigervaluesof the operatorJ- fi couldbeh = £1, 0. As opposedo the spin-1/2case,
onehas9 = 3? linearindependenmatricesforming the completeset. They canbechosen
from thefollowing setof thetensymmetricmatrices

Jo = 1, Ji=Jo=1J, (34)

Jij = JiJJ+Jj\j;—6ij. (35)

The conditionJ,, = 0 eliminatesone of the J,, matrices(e.qg.,Jog). Following the main
pointsof the precedingdiscussionconsiderrelationshetweerleft andright spinors.The
following form of the RyderBurgardrelation:

GO = 0@, @O = 0 %(B) (36)

110f courseit is possibleto choosdheso-calledorthogonal’basis(I)jk = —igjjx becaus¢hey areconnected
by the unitary matrix Jisar- = gJorth- ¢;-1:

L/ 1 - ?f
u=—|[ o o —v2|. (32)
ﬁ(-l i o)
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is verysimilarto thefirst form of therelationin thespin-1/2caseln theproces®f deriving
this relation,we usedthatary tensorcanbe expandedn a direct productof two vectors.
Theequationobtainedby usingthe Wignerpostulate(item 1, m?=£0)

[Yiwp!p = mPT] W(p") =0 (37)

in thecasea+ g = 0, is identicalto the Weinbeg equationand, after takinginto account
04,0 = £, with the modified equationobtainedoy Ahluwalia [6] within the framework
of the FNBWW-type quantunrfield theory[16,12].

As for the secondform (connectingq , and ¢ ), essentiallydifferentrelationsare
found whencomparingto the spin-1/2case Expandingthe B matrix, @, (") = 'B(p[(i?}‘),
in the othercompleteset2, namely J,,©[;; oneobtains

G0(B) = €F=oop [ (@), o°B) = €P=ooy (@) (39)

Thisfactis connecteavith anotheipropertyof theWigneroperator:©;;0;; = (-1)2. As
aresult,we obtain

wip) = (B(BY) —eseo (o0, %) (&(BY) —resyue, o)

providedthatthe chalgeconjugationoperatoﬁl] is choserasin Refs.6, 23 and10,i.e.,
in accordancevith the FNBWW construct.

Let us pay attentionto otherwaysfor the descriptionof a particle of arbitrary spin.
In general,it is possibleto chooseanotherrepresentatiomf the Lorentz group for the
descriptionof higher spin particles(seeRef. 7c¢). It is interestingto note that the well-
known Dirac-Fierz-Rwli equationfor ary spinhasbeenrewrittenin Ref. 26 (seealsomy
recentwork [27]) in theform thatis very similarto the spin-1/2case:

ahou® = +my, (41a)
aHouY = —mo, (41b)

wherea" = a,, arethematriceswhich satisfyall thealgebraiaelationsthatthe Pauli 2 x 2
matricesc* do, exceptfor the completenessThe object® belongsto the (j,0) @ (j —
1,0) representationf the Lorentzgroupandthe Y, to the (j — 1/2,1/2) representation.
Doesthereexist the analogof the RyderBurgardrelationwhich could be proposedn the
framework of the Dirac-Fierz-Davker constructfor any spin?

12The explicit form of the Wigneroperator®y for spinl hasbeengivenin Refs.10 and26in theisotropic

basis:

0 0 1

O = (0 -1 0) . (38)
1 0O
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2. Conclusion

In this work, an attemptwas madeto explain how all possiblerelationsbetweerthe
basisvectorsof the differentrepresentatiospacege.g., betweerright- @.(p') andleft-
handedspinorsg, (") thatare known to becomeinterchangedinderparity conjugation
[9]), definedynamicalequationsit wasfound that, from a mathematicaliewpoint, the
well-known equationsarethe particularcaseonly. Theanalysigevealsthatthe choiceof
spinorialbasisin the(j,0) @ (0, j) representatiospaceéhasa profoundsignificanceor the
dynamicalevolution of the physicalsystems.
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VAZNOSTSPINORNIHBAZA U RELATIVISTICKOJKVANTNOJMEHANICI

Raspraljaju seproblemiodabiraspinornihbazau reprezentaciji j,0) & (0, j). Pokazujese
dataj odabirima dubokuvaznostu relatvistickoj kvantnojteoriji i u fiziCkim primjenama.
S metodol&kogstanwista,taje Cinjenicau uskoj vezis vaznomdinamitkom ulogomkoju

imaju vremensk-prostornesimetrijeu svim vrstamauzajamnihdjelovanija.
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