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Thefirst-ordemphasdransitionin theone-dimensionat-statePottsmodelwith long-range
interactionslecayingwith distanceas1/r'*, hasbeenstudiedoy Monte Carlonumerical
simulationdor 0 < 0 < 1 andintegervaluesof g > 2. Onthebasisof thefinite-sizescaling
analysioof interfacefreeenegy AF_, specificheatandBinder’s fourth ordercumulantwe

obtainthefirst-ordertransitionwhich occursfor ¢ below athresholdvalueoc(q).

The subjectof our studyis the one-dimensionald) Pottsmodelwith ferromagnetic
long-rang€LR) interactionslecayingwith distanceas1/r+°, definedby the Hamiltonian

i<]

whereJ > 0, 5 denoteshe g-statePottsvariableat sitei, d is the Kronecler symbol,and
summationis taken over all pairsin the system.The phasetransitionat nonzerotemper
ature,showvn rigorously[1] for thelsing (g = 2) casewith o < 1 andby renormalization
groupfor the continuous-componentmodelswith o < 1 [2], existsalsoin model(1) for
o0 < 1andq> 0 [3,4] andgoesthrougha variety of universalityclassedy variationof g
ando. Model (1) hasbeenusedasarelevantmodelfor describinganumberof phenomena
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involving LR interactionsfrom spinglasses$o neuralnetworks, but mayalsobeof interest
for possibleanalogied5], in somecasesvery direct[6], with short-ranggSR) modelsin
higherdimensions.

An importantfeatureof Pottsmodelswith SRinteractionss theonsetof thefirst-order
phasetransitionfor g abore somethresholdvalue g¢(d), which dependson dimension-
ality [7]. For example,in d = 2 [8] andd = 4 [9] analyticalresultsyield q. equalto 4
and2, respectiely, while for d = 3, theapproximatanethodgyive a non-integervaluefor
e, slightly lower than3 [10], sothatthe 3d 3-statePottsmodelhasan extremelyweak
first-ordertransition,very difficult to detect[11]. Suchdistinctsituationscreatecby vari-
ation of d andq make this modela canonicalkexamplefor the studyof variousaspectof
temperature-dvienfirst-orderphaseransitiong12].

Onecanexpectsimilar behaiour to occurfor the Pottsmodelwith LR interactions,
althoughcertainrelatedquantities(e.g. the interfaceenegy) may requiredifferentinter
pretation.Generally this modelhasbeenmuchlessexploredthanits SR version,dueto
non-locality of interactionswhich makesdifficult the applicationof standardenormal-
izationgrouptechniquesn directspaceptherwiseappropriatdor discretemodels A few
studiesthat have beendoneconcernmostly the mean-fieldregion andits vicinity by us-
ing an e—expansionwithin Ginzlurg-Landaucontinuousformalism[13], andthe special
caseof 0 = 1 [3]. We have recentlyproposedhefinite-rangescaling(FRS)approact14]
suitablefor studyof the Hamiltonian(1), with bothc andq arbitraryandcontinuoud4].
This approachs, however, inherentlyinsensitve to discernthefirst-ordertransitionsand
remainednconclusvein thisrespectTheproblemwasnotresohedin otherrecentworks
[15,16]ontheLR Pottsmodeleither

For thisreasonwve presenteretheresultshasedn simplenumericalsimulationsper
formedwith intentionto examinethe existenceof afirst-ordertransitionin this modeland
getaqualitative estimateof its dependencen g ando.

It hasbeenrecentlypointedout[17], thatthetemperature-dvienfirst-ordertransitions

canbeidentifiedfrom finite-sizescaling(FSS)analysisof maximaof theenegy probabil-
ity distribution

1 _
AE) = 5 M (E) €, @)

whereK = J/kgT, Z (K) is thepartitionfunction, Af (E) is thenumberof configurations
with enegy E, andindex L denoteghe systemsize.Due to the coexistenceof phasesat

thetemperaturef a first-orderphaseransitionP, (E) hastwo maxima,correspondingo

thetwo wellsof thefreeenegy. Thebarrierseparatinghem,whichrepresenttheinterface
freeenenpy, is definedby

_ I:)L(Emin)
AR =In A Eman |, ° (3)

whereEnin and Emax denotethe enegiescorrespondindo the minimum and one of the
two maxima,respectiely, thefinite-sizetemperaturé; beingadjustedsoasto make the
two maximaequal. For a first-orderphasetransition,AR_ shoulddivergefor L — . In

systemswith SRinteractionst scaledike asurface,i.e. ~ L9~1, while in thepresentase
it is expectedo scaleratherlike avolume,i.e. ~ L.
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The calculationswere performedon chainsof size 100 < L < 400 with periodic
boundaryconditions. We usedthe simple Metropolis single-spin-flip algorithm with
1x 10° — 3 x 10° Monte Carlo (MC) sweepsper spin. The numberof necessaryuns
for theprecisdocalizationof eachof the size-dependemritical temperature&; hasbeen
reducedby applyingthe Ferrenbey andSwendseifil8] histogrammethod.

We consideredntegervaluesof g > 2 in theinterval 0 < o < 1. While for q= 2 (Ising
case) the simulationsat T shav only a singlemaximumin P_(E) in the entirerangeof
o, for highervaluesof g, thetwo peaksemegefor o suficiently low. They becomamnore
pronouncedvith increasingg or decreasingy. For illustration, in Fig. 1 are shawvn the
maximacorrespondingo differentvaluesof g, takenfrom threetypical setsof simulations
with thefixedvaluesq = 3 andL = 400.

|- - ZV_
|- - IV_

=3

o

- Joy- T
|- | 68_
| 88_

Fig. 1. MaximaofInP_(E’) forq= 3,L = 400ando = 0.3,0.4 and0.5, takenatrespectie
valuesof K. E' = E/|Eo(0)|, whereEqy(o) standfor thezero-temperaturenepies.

We reportherethe systematiaesultsfor two choservalues,g= 3 andq =15, in the
wholeintenal 0 < 0 < 1 takenwith increment.1.

Figures2aandb summarizeheresultsfor thefreeenegy barrierplottedasa function
of chainsizelL for g = 3 andq = 5, respectiely. The correspondingritical temperatures
extrapolatedo L — oo, givenin Tablel, arefoundto bein goodagreemenyith ourearlier
FRSresultg[4], aswell aswith otherknown approximateesults[16].
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Fig. 2. MC resultsof thefreeenegy barrierAR_ for sized. = 100to400for: (a)q= 3,0 =
0.1t00.4, (b)g=5,0 =0.1t00.7. Noticethattheslopeis by anorderof magnituddarger
in the case(b). The size of the numericalerror barsis comparabldo or smallerthanthe
sizeof thepoints.

TABLE 1. Inversecritical temperatureg)'C) obtainedby extrapolationof K. compared
to FRS extrapolatedvalues(KSRS) [4].

o KMC | KERS T KMC | KERS
q=3 q=>5

0.1 0.190| 0.136 || 0.262| 0.28
0.2 0.279| 0.270|| 0.333| 0.45
0.3 0.380| 0.386( 0.492| 0.576
0.4 || 0.489| 0.494 | 0.637| 0.690

0.5 0.771| 0.803
0.6 0.901| 0.920
0.7 1.019| 1.046

For both consideredraluesof g, thereis a wide rangeof o, whereAF_ increasesvith
size,indicatingthe first-ordertransition.As expectedfor the LR interactionsAF_ is pro-
portionalto thevolumeratherthansurfaceanddependdinearly on L. Theslopeis larger
by an orderof magnitudefor g = 5 in comparisorto q = 3, shaving thatthe first-order
charactebecomesstrongemwith increasingg, like for the SR interactions.In both cases
the slopedecreasewith increasingo to the pointwhereAF. become®f the orderof nu-
mericalerror Beyondthis value,atleastfor thesizesconsideredere the P (E) exhibitsa
singlemaximumindicatingthe onsetof the second-ordephasetransition.In presental-
culation,takenwith aroughincremenbf 0.1in g, this changeds obsenedaroundo = 0.5
ando = 0.8 for g = 3 andq = 5, respectiely. Thesevaluesshouldbe takenwith caution
andonly asalowerlimit for thethresholdvalueo; betweerthefirst- andthesecond-order
transition. Namely the presentmodel allows the continuousapproachto the threshold
valuea, wherebythe first-ordertransitionbecomesarbitrarily weakandvery difficult to
detect,comparabldo the situationwith the 3d 3-statePottsmodelwith SR interactions.
Theabove results however, stronglysuggesthatae is considerablyargerfor g =5 than
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for g= 3, andthatdependence,(q) shouldbe expectedanalogougo the thresholdde-
pendencel.(q) in the SRmodel.

Two otherenepgy-relatedquantitiesaremorecorventionally[19] usedfor determina-
tion of thefirst-ordertransitionin contet of FSSanalysisof MC simulationresults:spe-
cific heatandBinder’s fourth ordercumulan{20], which bothcanbederivedfrom P_(E),
andexpressedn termsof higherenegy momentaE™) = ¢ E"P (E). Thespecificheat
is givenby

Cl=17 (EH-(E}) . )

Accordingto the FSStheory for second-ordetransitionsits maximumscalesasC["® ~

L9V, wherea andv are the critical exponentsof the specificheatand the correlation
length, respectiely. Whenthe transitionis of the first order, it scalesasa volume,i.e.

C"@ ~ LY. Insteadof the Binderfourth Cumulant\/L(4) =1- UE4)/3, we consideherethe
ratio

<E*>_
u = =25 5
L <E2>? ®)

For the first-order transitions, lim_ e U|E4) =1whenT # T, while at T =T
M e UE4) = cong > 1. For thesecond-ordetransitionst alwaystendsto one.

We presenthebehaiour of thosetwo quantitiesontwo examples:q=5, 0 = 0.2 and
gq= 3, o = 0.8, representatie of thefirst- andsecond-orderegimes,respectiely.

In Figs. 3aandb, onecanobsene two kinds of behaiour of C["®*in the two cases:
linear and power law. The fit to the form C["® ~ L* in the latter casegivesthe value
x = 0.24for q = 3,0 = 0.8. The bareextrapolationerrorbarsfor x areestimatedo be of
orderof 10%. The hyperscalingrelationwith the substitutionof FRSresult[4] v = 1.74
givesa/v = 0.15. The differencecanbe attributedto the generaldifficulty in extracting
thecritical exponentdrom the specificheat,andto thefactthatthe calculatedexponents
small,andadditionalcorrectiontermsdueto finite-sizegainimportance.

The corvergenceof the maximaof UL(4) with sizeis presentedn Figs.3c andd. The
points for the Ising modelwith o = 0.5 are addedas a referencefor the second-order
transitionbehaiour. Within the limits of accurag, the caseq = 3,0 = 0.8 shavs a clear
convergencetowards1. The pointsfor g = 5,0 = 0.2 corverge towardsa much larger
value,which is approximately2.4 whenwe take into accountlarger valuesof L anduse
thelinearextrapolation.

Thus,thetwo quantitiesconfirmearlierconclusionsdasediuponthe behaiour of AF_.
However, at the presenstage we could not extractfrom thesequantitiesary betterpreci-
sionin thedeterminatiorof o¢(q), sowe do notreproduceary systematicstudyof them.
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Fig. 3. M C datafor sized. = 100to 400; specificheatmaximaareplottedfor (a)q=3,0=

0.8, (b) q= 5,0 = 0.2; ratio U,E4) maximaare plottedin function of inversesizefor: (c)
q=3,0=0.8, (d)g=5,0 = 0.2 (full circles). Thediamondsorrespondoq= 2,6 = 0.5
taken asa reference Lines shav the linear extrapolations.Notice the commonscaleon
x-axis, but differentscalesony-axis. The sizeof the numericalerror barsis smallerthan
thesizeof thepoints.

In summary by simple numericalcalculations,jn combinationwith FSSarguments,
we have shavn thatthe 1d LR Pottsmodelfor integerq > 2 exhibits thefirst-orderphase
transitionfor o belov somethresholdvalue o, generallydependingon g. The first-order
charactebecomesvealer with the increaseof g, which represents continuousparam-
eterleadingfrom the first- to the second-ordephasetransitionregime. More intensive
numericalapproacH21] is neededn thefuturein orderto determinethe thresholdvalue

0c(Q).
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FAZNI PRIJELAZPR/OGA REDA U 1d POTTSO/OM MODELU S
DUGODOSENIM MEBUDJELOVANJEM

U jednodimenzijskm Pottsceom modelu g—stanjas dugodos2nim medudjelovanjima
koja opadajus udaljendtu kao 1/r+9, Monte Carlo simulacijamaje promatranfazni
prijelazprvogredaza0 < o < 1i cjelobrojnevrijednostiq > 2. Natemeljuscalinganalize
slobodneenegije meduplohe,speciftnetopline i Binderovog kumulantacetvrtogreda,
dobivamoprijelazprvogaredazac manjiod grannevrijednostioc(q).
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