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Insteadof the rectangulabinary masksintroducedby A. W. LohmannD. P. ParisandB.
R. Brown to constructhologramsby a computer the hologramsmay be computedusing
circularbinarymasksThenew hologramsareequialentto ordinaryhologramsonly with
regardto theimagereconstructionln thiswork, circularbinarymasktechniquesiave been
establishedheoreticallyandverified experimentally

1. Introduction

An ordinaryhologramis producedy recordingtheinterferenceof anobjectwave and
areferencevave.

Lohmannand collaboratorg1-3] shaved how a computerguidedplotter can draw
hologramsausingrectangulabinary masks.This way for makinghologramss sometimes
adwantageoubecausehe objectmaybedefinedmathematically

Thehologramgeneratedhy a computerconsistof mary aperture®n anopaquedack-
groundwherethe binarycharactefacilitatestheir production.Eachaperturds positioned
atadistancérom asamplingpointaccordingo thephaseof thecomputedvavefront. The
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heightof the apertureis proportionalto the moduleof the amplitude.Otherrectangular
aperturgformatshave alsobeenused[1].

Thenon-rectangulaaperturesirealsopossible A new variable-heightircle is corve-
nientfor the mechanicaplotterto draw, andwe usedit mostoften.

This work explainsthe priciple of circularbinary Fraunhofetologramgyeneratedy
acomputerusingadeductie approach.

Theselectiorof aproperformatof this hologramis describedfollowedby thediffrac-
tion theorywith andwithout approximationsthena commenton the computationabnd
plotting producerss givenand,finally, someexperimentaresultsaredescribed.

2. Description of circular binary holograms

To produceacomplex amplitudedistribution, O’ (X, '), in theimageplaneof anobject,
O(x,y), a properlydesignedvinary hologram,H(u, V), is illuminatedwith a tilted plane
wave:

E (xo, u) = €”MXo!, (1)

whereu andv arethereduceccoordinates:

_ X _ M
u= ’ V_)\ ’ (2)

andxy andyy aretheactualcoordinatesn the hologramplane(seeFig. 1a).

ThelensL, placedbetweenthe sourceplaneandthe hologramplane,produceshe
tilted planewave (Eq. (1)).
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Fig. 1. Constructiorof animagefrom a binaryhologramiilluminatedby a pointsource.

A secondens,Ly, producesitwo-dimensionakFouriertransformO’'(x,y') of thecom-
plex amplitude:

oK,y = / / S(u, v)e 20UV ey, 3)
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wherethecomplex amplitude,@, is producedy illuminatingthebinaryhologramH (u,v),
with the untilted planewave, (seeFig. 1b).

In mathematicalerms thebinaryfunctionH satisfieghefollowing equation:

O(u,v) = const H(u,V) - E(xp, V). (4)

Thesamplingtheoremtells usthatthe sizeof the hologramis limited to:

Vmax Vmax
< —= d <— 5
ul< =2 and M <=, (5)
wherevma representsheinverseof theresolution Ax = Ay, in the objectplane:
1 1
Vmex = 3% T by )

Thesameresolutionis performedn theimageplane:

Ax=AX and Ay=Ay. (7)
Hence:
O'(X,y)=0 outsideof |X'|§% and |3/|§%, (8)
and
O(u,v) =0 outsideof |u| < VTW, and |V < VTW 9)

Another function, h(x',y'), representghe diffracted amplitudefrom the hologram,
H(u,v), in theimageplanewheretheimage, 0 (X,Y'), is obtained.
In termsof binaryhologramsh(x,y') is proportionako O' (X, y') [1-4]:

h(x’,y):rect(§) rect(Ay—y,) //H(u,v)ezm[(”)“’)“ﬂ"’]dudv, (10)

where
{ 1 for |4 <3
reci(z) = (11)
0 otherwise
and
h(xX,y) = const O'(X,Y). (12

For the circularbinaryhologramthatis introducedn thiswork, thefunctionrect(z)is
replaceddy thefunction:

for X?24y? < r?

circle(X,y) = { . (13)

0 otherwise
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Hence:

h(X,Y) = circle(X,y) / / H (u,v) 2P0ty gy, (14)

In otherwords,therectangulaaperturds replacedy a circularapertureof theknown
radiusr.

This considerations in concordanceavith the Huygens-Fresnedrinciple, statingthat
eachpointthatis in touchwith awave front becomes new radiatingpunctualsource.

Usually a binary hologramhasthe cell size of about4 mm. To becomea true holo-
gram,it is necessaryo reducethe binary hologramphotographicallyln this situation,at
a physicalpoint, eachcircularapertures reducedo a physicalpoint, while this is notthe
casefor therectangulaaperture.

SinceQ'(X,Y') is differentfrom zeroonly for the squareof the Size Vimax X Vimax, its
Fouriertransformcanbewritten as:

Oo(u,v) = Z z 6(%(, A_ny) sinc(u- Ax—m) - sinc(v- Ay — n). (15)

In other words, 6(u,v) is coerIeter specified by a set of comple« parameters,
O(m/Ax,n/Ay), which represen© ata meshof points:

A circularareaof radius

thatsuroundsachof thesesamplingpoints,will becalledacircularcell, or simplyacell.
HereAv representthesizeof theresolutionelemenbf thehologramthatis acquiredwith
thenumberof resohablepointsin theimage:

N2 = (Ax- Av)2. (18)

In the presenexperimentsa circular cell with a variableradiusandvariableposition
waschoserfor eachpoint of thehologram(seeFig. 2).
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Fig. 2. Structureof a cell in the circular binary hologram. The circular openinghasthe
radiusRyy, andit is displacedrom the centerof the cell by the distanceCy,.

Rm is theradiusrelatedto thevalueof the calculatecamplitude Com, is its relative shift
off to the phaseandthis circularcell is enclosedn arectangulaareaof dimensions:

Dxy  Ayy
Theamplitudeandthe phasecharacterizeachpoint of thehologramH (u, v):
H (u,v) = A(u, V)W), (20)

whichconsistof N x M complex numbersN andM representhedimension®f theobject
matrix andof the hologrammatrix.

3. Computational and plotting procedures

TheFraunhofehologramwasmadeusingthe Fouriertransformatiorwith the Cooley-
Tukey algorithm [5]. This reducesthe computertime by a factor of the order of
4log,(N)/N2, ascomparedo the morecorventionalFourier transformprogramsln this
case,wherethe numberof pointsN x M wasmostly 64 x 64, this meanta reductionby
factorof about170.

FromtheamplitudespectrumA(u,v) = Aqpn, wherem=1,2,...,Mandn=1,2,...,N,
the maximumvalue, Amax, Wasdeterminedandwith this maximumvalue,the radiusof
eachcell wascalculated:

Am
Ammax

R = An, (21)
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with the spectrunphase ®(u,v) = ®mn. Since2mtis the maximumvalueof the phasethe
removal of the cell wascalculatedusingtherelation:

(o)
Cm = 2—"1:An(p (22)

insidetheareaAm x An.

ThevalueAna correspondso the maximumamplitudeAm, thatrepresentshe maxi-
mum numberof pointsthatwill be plottedto draw a circulararea,andAng representshe
numberof pointswhich establishthe removal of the cell correspondingo the hologram
pointwith amaximumphaseHence:

An = Ang+ Ang. (23)

Usuallywe usedAna = 15 pointsandAng, = 10 points.

4. Experimental results

Whenthe drawing a hologram,the cell size wasusuallyabout4 mm, eitherfor the
rectangulabinaryhologram(Fig. 3a),or for thecircularbinaryhologram(Fig. 3b).
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Fig. 3. Plotting of a) a rectangulabinary hologramandb) a circularbinary hologram.

Both drawings were reducedphotographicallyby a factorof 100 usingan objectve
lenswith f = 50 mm. The achievzed hologramswere recordedon photo-materialLP 2
ORWO platesappearingairly sharpunderthe microscope.

In the reconstructiorof the images,the light of a He-Nelaserwasused.Both holo-
gramsreconstructedhe sameimage,a square(Figs. 4a,b). The imageproducedby the
circular binary hologram(Fig. 4a) is clearerthanthe imageproducedby the rectangular
binaryhologram(Fig. 4b).

Anotherexampleis the hologramof someletters;again,the imageproducedby the
circularbinary hologram(Fig. 5a) is clearerthanthe imageproducedby the rectangular
binaryhologram(Fig. 5b).
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(@) (b)

Fig. 4. Image(a square)producedby a) the circular binary hologram,b) the rectangular
binaryhologram.

(a) (b)

Fig. 5. Anotherimage(someletters)producedby a) the circular binary hologram,b) the
rectangulabinaryhologram.

Both pairs of holograms were calculated using a matrix of the dimensions
128x 128.

5. Conclusions

One canreconstrucimagesfrom circular binary Fraunhoferholograms.This type
of hologramcontainscircular cells in place of rectangularcells introducedby A. W.
LohmannB. R. Brown andD. P. Paris.

Eachcircular cell hasan areaproportionalto the amplitudeandit is removed by a
distanceproportionalto the phase.

The imagesfrom the two typesof hologramsare not identical; the imagesproduced
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by the circular binary hologramare clearerthanthe imagesproducedby the rectangular
binaryhologram.
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FRESNELQ/I | FRAUNHOFEROVI HOLOGRAMI NACINJENIRACUNALOM
PRIMJENOMTEHNIKE BINARNIH MASKI

Umijesto pravokutnih binarnih maski koje su uveli A. W. Lohmann,D.P. Parisi B. R.
Brown radi ratunalnekonstrukcijehologramahologramise moguizraCunatiprimjenom
kruznih maski. Novi su hologramiekvivalentni obi¢nim hologramimasamou pogledu
rekonstrukcijeslika. U ovom se radu daje teorijskaosnova i eksperimentalngotvrda
tehnike kruznih binarnihmaski.
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