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Insteadof therectangularbinarymasksintroducedby A. W. Lohmann,D. P. ParisandB.
R. Brown to constructhologramsby a computer, thehologramsmaybecomputedusing
circularbinarymasks.Thenew hologramsareequivalentto ordinaryhologramsonly with
regardto theimagereconstruction.In thiswork,circularbinarymasktechniqueshavebeen
establishedtheoreticallyandverifiedexperimentally.

1. Introduction

An ordinaryhologramis producedby recordingtheinterferenceof anobjectwaveand
a referencewave.

Lohmannand collaborators[1-3] showed how a computer-guidedplotter can draw
hologramsusingrectangularbinarymasks.This way for makinghologramsis sometimes
advantageousbecausetheobjectmaybedefinedmathematically.

Thehologramsgeneratedby acomputerconsistof many aperturesonanopaqueback-
groundwherethebinarycharacterfacilitatestheirproduction.Eachapertureis positioned
atadistancefrom asamplingpointaccordingto thephaseof thecomputedwavefront.The
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heightof the apertureis proportionalto the moduleof the amplitude.Otherrectangular
apertureformatshavealsobeenused[1].

Thenon-rectangularaperturesarealsopossible.A new variable-heightcircle is conve-
nientfor themechanicalplotterto draw, andweusedit mostoften.

This work explainsthepriciple of circularbinaryFraunhoferhologramsgeneratedby
a computerusingadeductiveapproach.

Theselectionof aproperformatof thishologramis described,followedby thediffrac-
tion theorywith andwithout approximations,thena commenton the computationaland
plottingproducersis givenand,finally, someexperimentalresultsaredescribed.

2. Description of circular binary holograms

To produceacomplex amplitudedistribution,O
� �

x
� �

y
� �

, in theimageplaneof anobject,
O
�
x
�
y
�
, a properlydesignedbinary hologram,H

�
u
�
v
�
, is illuminatedwith a tilted plane

wave:
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whereu andv arethereducedcoordinates:

u
� xH

λ f

�
v
� yH

λ f

� �
2
�

andxH andyH aretheactualcoordinatesin thehologramplane(seeFig. 1a).
The lensL1, placedbetweenthe sourceplaneandthe hologramplane,producesthe

tilted planewave(Eq.(1)).

Fig. 1. Constructionof animagefrom a binaryhologram,illuminatedby a pointsource.

A secondlens,L2, producesatwo-dimensionalFouriertransformO
� �

x
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y
� �

of thecom-
plex amplitude:
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wherethecomplex amplitude,�O, is producedby illuminatingthebinaryhologram,H � u � v � ,
with theuntiltedplanewave,(seeFig. 1b).

In mathematicalterms,thebinaryfunctionH satisfiesthefollowing equation:�O � u � v ��� const H � u � v ��� E � x0 � v � � � 4�
Thesamplingtheoremtellsusthatthesizeof thehologramis limited to:�

u
� � νmax

2
and

�
v
� � νmax

2
� � 5�

whereνmax representstheinverseof theresolution,∆x � ∆y, in theobjectplane:

νmax � 1
∆x
� 1

∆y
� � 6�

Thesameresolutionis performedin theimageplane:

∆x � ∆x� and ∆y � ∆y� � � 7�
Hence:

O� � x� � y� ��� 0 outside of
�
x� � � ∆x�

2
and

�
y� � � ∆y�

2
� � 8�

and �O � u � v ��� 0 outside of
�
u
� � νmax

2
� and

�
v
� � νmax

2
� � 9�

Another function, h � x � � y� � , representsthe diffractedamplitudefrom the hologram,
H � u � v � , in theimageplanewheretheimage,O� � x� � y� � , is obtained.

In termsof binaryholograms,h � x� � y� � is proportionalto O� � x� � y� � [1-4]:

h � x� � y� ��� rect � x�
∆x� � rect � y�

∆y� ����� H � u � v � e2πi  ! x" # x0 $ u # y" v% dudv�&� 10�
where

rect� z �'�)( 1 for
�
z
�*� 1

2

0 otherwise
� 11�

and
h � x� � y� ��� const O� � x� � y� � � � 12�

For thecircularbinaryhologram,thatis introducedin thiswork, thefunctionrect(z)is
replacedby thefunction:

circle� x� � y� ���)( for x� 2 + y� 2 � r2

0 otherwise
� � 13�
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Hence:

h , x- . y- /'0 circle, x- . y- / 1�1 H , u . v / e2πi 2 3 x4 5 x0 6 u 5 y4 v7 dudv8 , 14/
In otherwords,therectangularapertureis replacedby acircularapertureof theknown

radiusr.

This considerationis in concordancewith theHuygens-Fresnelprinciple,statingthat
eachpoint thatis in touchwith awave front becomesa new radiatingpunctualsource.

Usually, a binary hologramhasthe cell sizeof about4 mm. To becomea true holo-
gram,it is necessaryto reducethebinaryhologramphotographically. In this situation,at
a physicalpoint,eachcircularapertureis reducedto a physicalpoint,while this is not the
casefor therectangularaperture.

SinceO- , x- . y- / is differentfrom zeroonly for the squareof the sizeνmax 9 νmax, its
Fouriertransformcanbewrittenas::

O , u . v /�0 ∑
m

∑
n

:
O , m

∆x
. n
∆y
/ sinc , u ; ∆x < m /�; sinc , v ; ∆y < n / 8 , 15/

In other words,
:
O , u . v / is completely specified by a set of complex parameters,:

O , m = ∆x . n = ∆y / , which represent
:
O ata meshof points:

u 0 m
∆x
. v 0 n

∆y
8 , 16/

A circularareaof radius

r 0 1
∆x
0 1

∆ν
. , 17/

thatsuroundseachof thesesamplingpoints,will becalleda circularcell, or simplyacell.
Here∆ν representsthesizeof theresolutionelementof thehologramthatis acquiredwith
thenumberof resolvablepointsin theimage:

N2 0�, ∆x ; ∆ν / 2 8 , 18/
In thepresentexperiments,a circularcell with a variableradiusandvariableposition

waschosenfor eachpointof thehologram(seeFig. 2).
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Fig. 2. Structureof a cell in the circular binary hologram.The circular openinghasthe
radiusRmn andit is displacedfrom thecenterof thecell by thedistanceCmn.

Rmn is theradiusrelatedto thevalueof thecalculatedamplitude,Cmn is its relativeshift
off to thephaseandthiscircularcell is enclosedin a rectangularareaof dimensions:

∆xH

λ f > ∆yH

λ f ? @ 19A
Theamplitudeandthephasecharacterizeeachpointof thehologramH @ u B v A :

H @ u B v A�C A @ u B v A eiφ D u E v F B @ 20A
whichconsistsof N > M complex numbers;N andM representthedimensionsof theobject
matrixandof thehologrammatrix.

3. Computational and plotting procedures

TheFraunhoferhologramwasmadeusingtheFouriertransformationwith theCooley-
Tukey algorithm [5]. This reducesthe computer time by a factor of the order of
4log2 @ N A G N2, ascomparedto themoreconventionalFourier transformprograms.In this
case,wherethe numberof pointsN > M wasmostly 64 > 64, this meanta reductionby
factorof about170.

Fromtheamplitudespectrum,A @ u B v A�C Amn, wherem C 1 B 2 B ? ? ? B M andn C 1 B 2 B ? ? ? B N,
the maximumvalue,Amax, wasdetermined,andwith this maximumvalue,the radiusof
eachcell wascalculated:

Rmn C Amn

Amax
∆nA B @ 21A
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with thespectrumphase,Φ H u I v J�K Φmn. Since2π is themaximumvalueof thephase,the
removal of thecell wascalculatedusingtherelation:

Cmn K Φmn

2π
∆nφ H 22J

insidethearea∆m L ∆n.
Thevalue∆nA correspondsto themaximumamplitudeAmn that representsthemaxi-

mumnumberof pointsthatwill beplottedto draw a circulararea,and∆nφ representsthe
numberof pointswhich establishthe removal of the cell correspondingto the hologram
pointwith amaximumphase.Hence:

∆n K ∆na M ∆nφ N H 23J
Usuallyweused∆nA K 15pointsand∆nφ K 10points.

4. Experimental results

Whenthe drawing a hologram,the cell sizewasusuallyabout4 mm, either for the
rectangularbinaryhologram(Fig. 3a),or for thecircularbinaryhologram(Fig. 3b).

Fig. 3. Plottingof a)a rectangularbinaryhologramandb) a circularbinaryhologram.

Both drawings werereducedphotographicallyby a factorof 100 usingan objective
lens with f K 50 mm. The achieved hologramswere recordedon photo-materialLP 2
ORWO plates,appearingfairly sharpunderthemicroscope.

In the reconstructionof the images,the light of a He-Nelaserwasused.Both holo-
gramsreconstructedthe sameimage,a square(Figs. 4a,b).The imageproducedby the
circularbinaryhologram(Fig. 4a) is clearerthanthe imageproducedby the rectangular
binaryhologram(Fig. 4b).

Anotherexampleis the hologramof someletters;again,the imageproducedby the
circularbinaryhologram(Fig. 5a) is clearerthanthe imageproducedby the rectangular
binaryhologram(Fig. 5b).
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Fig. 4. Image(a square)producedby a) thecircularbinaryhologram,b) the rectangular
binaryhologram.

Fig. 5. Anotherimage(someletters)producedby a) thecircularbinaryhologram,b) the
rectangularbinaryhologram.

Both pairs of holograms were calculated using a matrix of the dimensions
128 O 128.

5. Conclusions

One can reconstructimagesfrom circular binary Fraunhoferholograms.This type
of hologramcontainscircular cells in place of rectangularcells introducedby A. W.
Lohmann,B. R. Brown andD. P. Paris.

Eachcircular cell hasan areaproportionalto the amplitudeand it is removed by a
distanceproportionalto thephase.

The imagesfrom the two typesof hologramsarenot identical; the imagesproduced
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by the circularbinary hologramareclearerthanthe imagesproducedby the rectangular
binaryhologram.
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FRESNELOVI I FRAUNHOFEROVI HOLOGRAMI NAČINJENIRAČUNALOM
PRIMJENOMTEHNIKE BINARNIH MASKI

Umjestopravokutnih binarnih maski koje su uveli A. W. Lohmann,D.P. Paris i B. R.
Brown radi računalnekonstrukcijeholograma,hologramisemoguizračunatiprimjenom
kružnih maski. Novi su hologramiekvivalentni običnim hologramimasamou pogledu
rekonstrukcijeslika. U ovom se radu daje teorijskaosnova i eksperimentalnapotvrda
tehnikekružnihbinarnihmaski.
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