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Exactsolvability of a non-polynomialnteractionis investigatedTherelationto the exis-
tenceof a double-wellpotentialis discussedwith a presentatiorof a new type of exact
solutions.

1. Introduction

Theinteractionunderconsideratiomastheform:

A kx?
V(ABkb;x) = = + B2+ —— 1
(ABKbX) = 5 +BC+ 5, ®
whereA, B,k andb arethe parameterslt obviously reducego two well known casesof
mathematicaphysics:
(a)for k=0, it correspond$o the harmonicoscillatorproblem,
(b) for k #£ 0 andA= 0, it correspondso the caseof atwo-parametenon-polynomial

interaction

A2

T 2
VNG =X+ o, (2)
with thefollowing replacements:
k 1
)\_B, b_é and B=1 (3)

It maybenotedthatin recentyearsthesecondcaseacquireda specialstatusbeingthe
basisof a considerableolumeof literaturebecausef its potentialapplicationsn various
fields,rangingfrom laserphysicsto elementaryparticletheory[1-3].
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For an overview of the actual situation, the list of referencedn Ref. 4 is recom-
mended.The presentdiscussiorwill be limited to someaspectof exact sohalibility of
the Schibdingerequation.

We shallconsidera generalisatiomf the two-parametecaseby introducingtwo other
parametersothatthe ensuingdiscussiorwill involvethreeor four parameters.

In thefirst partof the presentationa formulationadaptedo the problemis introduced
leadingto the constructiorof exactsolutions.It will beshavn thatcorrespondindgo each
state|n) (n is thequanturmumber) thesesolutionscanalwaysbe derivedfrom a specific
constrainmongtheparametergr, in otherwords,thesesolutionsmustbeeigenfunctions
of aspecificinteractionv;,. After thereductionto thecaseof two parametersising(3), they
seneto checktheexactnes®f the solutionsproposedy otherauthorsvhofollow various
differentapproachefs-8].

Whentwo stategn) and|m), n # m, areeigenfunction®f the sameinteractionof type
Vimn, they constitutea“doublet”. In thesecondart,theconstructiorof thesedoubletswill
be outlined,followed by a discussioron a relationshipbetweertheseexactdoubletsand
theexistenceof a double-wellstructureof theinteractionVm.

Generalisatiomf the problemwith inclusionof a fourth parametewill be considered
in thelastpartwhereit is shavn thatthe presenformulationallows the derivation of new
solutionsof differenttypes.

2. Formulation

Let

d2
Hn = Enin, H= Y2 =V(X), (4)

X

andwrite theeigenfunctiorin theform:
n
Wn= g Juss Z apfr+p, 5
p=0

wherer is anarbitraryparameter{a,} representshe setof unknavn coeficientsof the
expansionthefunctionu(x) is definedas:

20 f
T P

ux) =
a andp areconstantsind f (X) = x? + b. Definethe potentialV (a, B,k, b; ) as

kX2

0l _
V(a,B,k,b,x) =u u+—x2+b'

Its connectiorwith (1) is thenV (a, B,k, b; x) = V (A, B,k, b; x) + D, where
D=B(a+Bb/2-1/2), A=(a+a)(a+a+1), a=pb/2 and B=p%/4
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Thetwo-parametepotential(2) canbe obtainedwith thetransformation
1 /
=2, k=-, b:a and a=-a or a=-—(a+1), (3)

sothatthe resultsobtainedfor (6) canalwaysbe comparedo the onescorrespondingo
(2), whichis thenconsideredsa specialcaseof it.

3. Exact solutions

Replacing(5) into (4), andafter somesimplealgebrathe following three-ternrecur
sionrelationcanbeestablished:

Apap + Bp_]_ap_l + Cp—Zap—Z = O, (7)
in which
Ap = —4Ab(r+p)(r+p-1)
Bp-1 = 2(r+p-1)[2(r+p-2)+1-2a]+kb (8)
Cp2 = E—-[k+D+2B(r+p-2)].

For anexpansiorof ordern, it will benecessarthat:

(@ Ch =0 (b an1=0. )
Notethat
n A 1
an=(-1)" [+ Ln (10)
[
Ay is thedeterminantefinedby
Bob A+ 0 --.
C Bt Ao O
A= i . (11)
A1 O
Ch-1 Bn

Theconditionof type(b) meanghatA, = 0, whichin turnimposesa constrainof thetype
kn(a, B,k, b), bindingthefour parametersogetherThis impliesthatto eachstate|n) must
correspond potentiaV,(a, B, k, b, x). If ag = 1, we have:

Bo 1
— = ——[BoB1 — CoA 12
az A2A1[01 CoAq], (12
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az= [B2(BoB1 — CoA1) — C1B2AY] . . ..

 AsAoAy
Takingr = 1, theexactsolutionscanthenbewritten as:

Forn=0,
Eo=k+D+28, kb=-2(1-20), Yo=x Ot/ (2 e B/, (13)

Forn=1,

Er=k+D+4p,  kb=—(4+3)+,/(4+3)2-8y(y+2) - 168 (14
Py = x" OB/ (2 4 p)(1+ a9 F)e B4, y=1-2a.

Forn=m,

m

Em=k+D+2(m-1)B, Yn=x 7224 p) ZOanS. (15)
S=

In orderto verify the consisteng of the methodunderconsiderationthe simplestway
is to returnto the specialcaseof two parameterdy makingthe useof transfomation$3’).
Theinterestedeadercanthencheckthattheresults(13) and(14) found herearein exact
agreementvith thoseobtainedn otherpapersjuotedabove.

As thesesolutionsare actually well known, it doesnot seemnecessaryo carry on
further the discussionin this direction. It is more importantto underlinethe following
remarks:

1) The assumedositive valuesof the quantityb aswell asthe normalizationof the
eigenfunctionsequirethat

a <0, |a|>%, u+%:integer, B> 0.

2) Leta+Bb/2=-m, m=0,1,2,.... The abore solutionshave beenderived for
the caseam = 0,1, which meansthatto eachstate|n), theremay be two typesof
solutionsdependingnthechoiceof m, theevenandthe oddsolutions respectiely.
However, the situationbecomegualitativelly differentfor m > 1, since

mm—1) B> k<
> + +5 .
X 4  X2+b

V(a,Bkb:x) = (16)

3) Whenb — « and Ay, = 0, so that (7) reducesto a two termsrecursionrelation
which can be solved exactly, correspondingo a combinationof a harmonicplus
inverseharmonictermfor theinteraction[9].
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4) Form= 0,1, onemaywonderwhatwould betheconditionssuchthattheinteraction
(6) maypresent double-wellstructureFromtherelation

& _ [, 2
dx |2 (x2+b)?

it canbe shavn thatthis conditionmustbe:

X(—0,+0), B>0, b>0, k<O and \/|k|>B—\2/B- (17)

4. Exactly solvable doublet

Considettwo exactsolutionsy, andyiq. They correspondo two differentinteractions
Vh andVy sincetheir constructiordepend®n two differentconstraints

Fn(a,B,k,b) =0 and Fy(a,B,k,b) =0. (18)

Thestategn) and|qg) arecomponent®f a doubletwhenthey areeigenstatesf the same
potential.

In orderto constructthis potential,it canbe notedfrom (18) thatit will alwaysbe
possibleto eliminateone of the parameterérom one of the constraintsaanduseit in the
seconcdneresultingin areducedype of constraintith oneparametergess for instance:

fnyq(k(a7 Ba b)7 Ba b) =0.

If this equationcanbe solved exactly, thena constraintbetweertheremainingparameters
can be obtainedfrom which the whole set of exact solutionsfor the “doublet” canbe
inferred.

For corveniencdan the ensuingdiscussionthesedoubletswill be designatedby a pair
of numberausingthefollowing notation[(n, m); (q, m)], thefirstandseconchumberefer
ring to the orderof the excitedstateandthe choiceof thenumbem.

Examplel. Thesimplestdoubletis [(0,1); (1,0)]. Noting thatthetwo choicesfor the
parametem above correspondso therelations

y= bp + 1 for thefirst choice,and
y= bp + 3for thesecondne.
For this casethereducectonstraints simple:

fo,1(B,b) =Bb—3=0,

leadingto thefollowing solutions:

b=3, k=—4B,
Eo=-3B, Yo X(2 + )P4,
Ei=+38,  Wim (@430 - et
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wheref} is arbitrarybut mustbe positive. Theseresultsshav thefollowing:

¢ Theexistenceof adouble-wellstructures found, sincethe condition(17) is always
satisfiechere.

¢ Usingthetransformatior{3'), thereademayverify thattheaboveresultsarein exact
agreementvith thoseobtainedby otherauthorswith othertypesof formulation,for
instancesupersymmetrisationr expansionn termof thevariable[10-15].

Example 1. The doubletto be considerechereis [(0,1); (2,0)]. The reducedcon-
straintis

fo2(B,b) = B?b? +3Bb—6=0. (19

Thesolutionsare: +1.37p and—4,372B. As both3 andb areassumedo be positive, only
thefirst solutionis retained Hence the solutionsare:

k= —6.372B,

Eo=—2.8728, Yo x(x*+ %Z)e—ﬁxz/“,

E2 _ +127$, l_IJZ ~ (X2 + 1372 ( _ 1_2 2 241729) e_BXZ/4_

X"+
B B p2
¢ Again, the condition (17) remainsvalid, implying the existenceof a double-well
structureof theinteraction.

¢ Forthespecialcase = 2, anagreementvith someauthorg11,13]is obtained.

A remark:lt shouldbementionedhatsomeotherpossibilities for instancen Example
|, are:
[(00);(11)], [(01);(11)], [(00);(11)].
While thefirst two casesdo not leadto any solution,the third onemay be significant
(realsolution)in which the quantityb mustbe negative.
This alternatve situation,which persistsfor other excited statesis, however, not of
concerrfor themomentandwill bedevelopedateron.

Generalisation. The useof therelationa + 1Bb = min this formulationprovides
a naturalway to extendthe discussiorfrom a more generalpoint of view. Obviously; if
m = 0,1, the solutionsdevelopedin thefirst partcorrespondo the caseq16). Extension
meanghatthe quantityy mustbewritten as:

y=pb+2m+1 or y=pBb+2m+3 (m-— m+1). (20)

With this generalisationthe problemis subjectto a radical qualitative shift, sincethe
interaction(16) is now a double-wellseparatetby aninfinite barrier However, theline of
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reasoningstil remainsvalid from the mathematicapoint of view sothatthis new situation
is alsoexactly solvablebut with appearancef anew typeof solutionreferredio assolution
of typell.

Exact solutions of type |. Theconstraintorrespondingo astate|n) canbewritten
as

kn(v’ B) b7 k) = 07
wherey is givenby (20).

Example. Following exactlythesameprocedurevith y= Bb+ 2m+ 1, thesolutions
are:

k=-2(B+ thj_ 1), b is arbitrary Eo= (m— %)[3— 22mb+ 1,
Wo = X2 + b)e=PX/4, (21)
Thisis the case(8) discussedh Ref. 11.
Example 1. For thefirst excitedstate
k=— |33+ 7+b6m+\/5 ,
A—p2y 2B(2m-3) + 4m(m+25) + 25,
b b
Er= 2Btk Um0+ b)0C+ AYe P, (22)

1 2 5 A
A1=—§[B+m+f+f _

Remarks:

(a) Since3 andb are assumedo be positive, the quantity A; mustbe negative, in-
dicatingthat this staterepresentgffectively the first excited state(existenceof a single
node).

(b) It canbe verifiedthatfor the specialcasem = 0, andafterusingthe reduction(3')
whichleadsto thetypeof interaction(2),

A= E = —(6+7m) +4/[2592 — 129+ 4]

which, of coursejs awell known result.
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(c) Thesamdine of reasoningemainsvalid for higherexcitedstates.
Exact solutions of type I 1. Considemow the couple{(0,m+1); (n,m)}. Thereason

for the changeof notationwill be clarifiedbelon. Fromthefirst partaborve, we know that
theexacteigenfunctionsnusttake theform

Wo & XL + b)ePe/4,

Wn ~ Xm(X2 + b) (Z apf P) e_BXZ/4_
p

Theexactsolutionsdependon the constraints

givenabove.

Following the sameprocedureasin the secondpart, onecanderive the reducedcon-
straint

fon(B,b,m) =0. (24

Solvingthelastequatioreadsto a certainrelationshipbetweerthe parameter§, b andm
from which thewhole setof eigenfunctiongndeigervaluesarederived.

Example. Considerthe couple{(0,m+ 1),(1,m)} for which the reducedconstraint
reads:

fO,l(Ba b7 m) = Bb_ (2m+ 3) =0,

sothatthe setof solutionsis:

k= —dp, b:2m+3,
B
2m-1 2m+3
Fo= "B, WomxMi(@+ T 0)e b (25)
2m+1 2m+ 3 2m-3, _
Ei= 5B GomxXT0¢+ =) (8 e P

Oneshouldnote:

- Forthespecialcasem= 0, theseaesultsreduceexactly to thoseobtainedn thesecond
part (Examplel). This is expectedsincethe removal of the singularterm m(m= 1) /x?
requireslp andy); to bethetwo component®f a“doublet”.
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- For m > 0, they arenot component®f a doubletsincethey are eigenfunctionsof
two differentinteractions.Therefore,lp and {1 mustbe interpretedas eigenfunctions
correspondinghe potential(16) with m(m4 1).

Thesetypesof solutionsare new since,at leastto our knowledge,they have not yet
beenmentionedn theliterature.

The procedurecan be continuedto higher statesfor which the reducedconstraint
correspondso an n-th orderalgebraicequation.For instance with the couple{(0,m+
1),(2,m)}, for whichthereducedconstrainis

Y+ ( 3+— [2m(§m+3)+6] =0,

theexactsolutionsarethen

64
:§mz+32m+33, B=+vA- (3+3m)

k=—28 [1+ Zm; 3] :

2m+ 3
Eo=—4p"2",  Er=Eo+3,

with the analyticexpressiorof the solutions:

B
Wo = XML + Z—B)e—BX2/4, (26)
Y~ (X + )(1+a1f+a2f )e B /4

2B
wherethe coeficientsa; anda, canbeinferredfrom (12):

_ B2m+3 _0.5092821 2
a1 = 2 B a = 52 (ZB 3m 1.

Again, notethat for the specialcasem = 0, they reduceexactly to the resultsgiven
above for thedoublet[(0,1);(2,0)].

It shouldbe notedthatasm mustbe a positive integer, it canbe consideredasa dy-
namicalparameteror example,in the 3-dimensionaspacejt maybeidentifiedwith the
usualorbital quantumnumberl sothatfor the state|n), s < |, andthe solutionmustbe
multiplied by the usualsphericaharmonicsy3(6, ), i.e., with a (2| 4+ 1)-fold degenerag,
andx(0, c].

On the otherhand,m canalsobe consideredas a staticparameteand may take ary
positive integervaluewith no degenerag.
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5. Summary

It hasbeenshown that:

(a) Theinclusionof anarbitrarypositve parameteff maysene to make moreflexible
theuseof thesolutions.

(b) For m= 0, two exactly solvable doubletshave beenconstructedmplying the ex-
istenceof a double-wellstructureof the correspondingotential. In fact, we have also
verifiednumericallythatthis propertydoesremainvalid for doubletswith n = 3,4 and5.

(c) For m= 0, two typesof exactsolutionshave beenfoundandaregivenin Egs.(21)
and(22)for typel andin Eqgs.(25) and(26) for typell.

It may be usefulto obsenre the fact that the presentunified approachcan, in some
senseperegardedaspartof a moreglobaltreatmenbf quasi-&actly solvableproblems
whichwill bepresenteelsevhere.
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EGZAKTNA RIESENA NEPOLINOMNOGMEDUDJELOVANJA

Istrazuje se egzaktnorjeSavanje nepolinomnogmediudjelovanja. Raspralja se problem
dvojamnogpotencijala predstaljaju novi tipovi egzaktnihrjeSenja.
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