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Exactsolvability of a non-polynomialinteractionis investigated.Therelationto theexis-
tenceof a double-wellpotentialis discussed,with a presentationof a new type of exact
solutions.

1. Introduction
Theinteractionunderconsiderationhastheform:

V
�
A � B � k � b;x ��� A

x2 � Bx2 � kx2

x2 � b
� �

1�
whereA � B � k andb arethe parameters.It obviously reducesto two well known casesof
mathematicalphysics:

(a) for k � 0, it correspondsto theharmonicoscillatorproblem,
(b) for k �� 0 andA � 0, it correspondsto thecaseof a two-parameternon-polynomial

interaction

V
�
λ � g;x ��� x2 � λx2

gx2 � 1
� �

2�
with thefollowing replacements:

λ � k
b
� b � 1

g
and B � 1 � �

3�
It maybenotedthatin recentyearsthesecondcaseacquireda specialstatusbeingthe

basisof a considerablevolumeof literaturebecauseof its potentialapplicationsin various
fields,rangingfrom laserphysicsto elementaryparticletheory[1-3].
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For an overview of the actualsituation, the list of referencesin Ref. 4 is recom-
mended.The presentdiscussionwill be limited to someaspectsof exact solvalibility of
theSchr̈odingerequation.

We shallconsidera generalisationof thetwo-parametercaseby introducingtwo other
parameterssothattheensuingdiscussionwill involvethreeor four parameters.

In thefirst partof thepresentation,a formulationadaptedto theproblemis introduced
leadingto theconstructionof exactsolutions.It will beshown thatcorrespondingto each
state 	 n 
 (n is thequantumnumber),thesesolutionscanalwaysbederivedfrom a specific
constraintamongtheparameters,or, in otherwords,thesesolutionsmustbeeigenfunctions
of aspecificinteractionVn. After thereductionto thecaseof two parametersusing(3), they
serveto checktheexactnessof thesolutionsproposedby otherauthorswhofollow various
differentapproaches[5-8].

Whentwo states	 n 
 and 	m 
 , n �� m, areeigenfunctionsof thesameinteractionof type
Vm 
 n, they constitutea“doublet”. In thesecondpart,theconstructionof thesedoubletswill
beoutlined,followedby a discussionon a relationshipbetweentheseexactdoubletsand
theexistenceof adouble-wellstructureof theinteractionVm 
 n.

Generalisationof theproblemwith inclusionof a fourth parameterwill beconsidered
in thelastpartwhereit is shown thatthepresentformulationallows thederivationof new
solutionsof differenttypes.

2. Formulation
Let

Hψn
� Enψn � H � d2

dx2 � V � x � � � 4�
andwrite theeigenfunctionin theform:

ψn
� e��� uds

n

∑
p � 0

ap f r � p � � 5�
wherer is anarbitraryparameter, � ap � representsthesetof unknown coefficientsof the
expansion,thefunctionu � x � is definedas:

u � x � � 2α
f � � β

f
f � �

α andβ areconstantsand f � x � � x2 � b. DefinethepotentialV � α � β � k � b;x � as

V � α � β � k � b � x � � u2 � u� � kx2

x2 � b � � 6�
Its connectionwith (1) is thenV � α � β � k � b;x � � V � A � B � k � b;x � � D, where

D � β � α � βb � 2 � 1� 2� � A � � α � a � � α � a
�

1� � a � βb � 2 and B � β2 � 4 �
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Thetwo-parameterpotential(2) canbeobtainedwith thetransformation

β � 2 � k � λ
g
� b � 1

g
and α ��� a or α ���! a " 1# �  3$ #

so that the resultsobtainedfor (6) canalwaysbecomparedto theonescorrespondingto
(2), which is thenconsideredasa specialcaseof it.

3. Exact solutions

Replacing(5) into (4), andaftersomesimplealgebra,thefollowing three-termrecur-
sionrelationcanbeestablished:

Apap " Bp % 1ap % 1 " Cp % 2ap % 2 � 0 �  7#
in which

Ap �&� 4b  r " p #  r " p � 1#
Bp % 1 � 2  r " p � 1# ' 2  r " p � 2# " 1 � 2α( " kb (8)

Cp % 2 � E �)' k " D " 2β  r " p � 2# ( *
For anexpansionof ordern, it will benecessarythat: a# Cn � 0 �+ b# an , 1 � 0 *  9#
Notethat

an �� � 1# n - n

∏
s . 0

1
As / ∆n *  10#

∆n is thedeterminantdefinedby

∆n �1000000000
B0 A1 0 2 2 2
C0 B1 A2 0 2 2 2
. . . . . . . . . . . . . . . . . . . . . . . . . . .2 An % 1 02 Cn % 1 Bn

000000000
*  11#

Theconditionof type(b) meansthat∆n � 0,whichin turnimposesaconstraintof thetype
kn  α � β � k � b # , bindingthefour parameterstogether. This impliesthatto eachstate3 n 4 must
correspondapotentialVn  α � β � k � b � x # . If a0 � 1, wehave:

a1 ��� B0

A1
� a2 � 1

A2A1
' B0B1 � C0A1 ( �  12#

FIZIKA B 6 (1997)4, 167–176 169



CHUAN: EXACT SOLUTIONS OF A NON-POLYNOMIAL INTERACTION

a3 5�6 1
A3A2A1 7 B2 8 B0B1 6 C0A1 9:6 C1B2A2 ; < < < <

Takingr 5 1, theexactsolutionscanthenbewrittenas:

For n 5 0,

E0 5 k = D = 2β > kb 5�6 2 8 1 6 2α 9 > ψ0 5 x ?:@ α A βb B 2C 8 x2 = b 9 e? βx2 B 4 <D8 139
For n 5 1,

E1 5 k = D = 4β > kb 5�6E8 4 = 3γ 9 =GF 8 4 = 3γ 9 2 6 8γ 8 γ = 29:6 16βb > 8 149
ψ1 5 x ?:@ α A βb B 2C 8 x2 = b 9 8 1 = a1 f 9 e? βx2 B 4 > γ 5 1 6 2α <

For n 5 m,

Em 5 k = D = 2 8 m 6 19 β > ψm 5 x ?:@ α A βb B 2C 8 x2 = b 9 m

∑
s H 0

as f s < 8 159
In orderto verify theconsistency of themethodunderconsideration,thesimplestway

is to returnto thespecialcaseof two parametersby makingtheuseof transfomations(3I ).
Theinterestedreadercanthencheckthattheresults(13) and(14) foundherearein exact
agreementwith thoseobtainedin otherpapersquotedabove.

As thesesolutionsareactuallywell known, it doesnot seemnecessaryto carry on
further the discussionin this direction. It is more importantto underlinethe following
remarks:

1) The assumedpositive valuesof the quantityb aswell asthe normalizationof the
eigenfunctionsrequirethat

α J 0 >LKα K M βb
2
> α = βb

2 5 integer> β M 0 <
2) Let α = βb N 2 516 m > m 5 0 > 1 > 2 > < < < . The above solutionshave beenderived for

the casesm 5 0 > 1, which meansthat to eachstate K n O , theremay be two typesof
solutionsdependingonthechoiceof m, theevenandtheoddsolutions,respectively.
However, thesituationbecomesqualitativelly differentfor m M 1, since

V 8 α > β > k > b : x 9�5 m 8 m 6 19
x2 = β2x2

4
= kx2

x2 = b < 8 169
3) When b P ∞ and Am P 0, so that (7) reducesto a two termsrecursionrelation

which can be solved exactly, correspondingto a combinationof a harmonicplus
inverseharmonictermfor theinteraction[9].
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4) For m Q 0 R 1,onemaywonderwhatwouldbetheconditionssuchthattheinteraction
(6) maypresenta double-wellstructure?Fromtherelation

dV
dx
Q x S β2

2 T 2kbU
x2 T b V 2 W

it canbeshown thatthisconditionmustbe:

x
U X

∞ R T ∞ V R β Y 0 R b Y 0 R k Z 0 and [ \ k \ Y β ] b
2 ^ U

17V
4. Exactly solvable doublet

Considertwo exactsolutionsψn andψq. They correspondto two differentinteractions
Vn andVq sincetheir constructiondependson two differentconstraints

Fn
U
α R β R k R b V�Q 0 and Fq

U
α R β R k R b V�Q 0 ^ U

18V
Thestates\ n _ and \ q _ arecomponentsof a doubletwhenthey areeigenstatesof thesame
potential.

In order to constructthis potential,it canbe notedfrom (18) that it will alwaysbe
possibleto eliminateoneof the parametersfrom oneof the constraintsanduseit in the
secondoneresultingin areducedtypeof constraintwith oneparametersless,for instance:

fn ` q U k U α R β R b V R β R b V�Q 0 ^
If this equationcanbesolvedexactly, thena constraintbetweentheremainingparameters
can be obtainedfrom which the whole set of exact solutionsfor the “doublet” can be
inferred.

For conveniencein theensuingdiscussion,thesedoubletswill bedesignatedby a pair
of numbersusingthefollowing notation a U n R m V ; U q R m V b , thefirst andsecondnumberrefer-
ring to theorderof theexcitedstateandthechoiceof thenumberm.

Example I. Thesimplestdoubletis a U 0 R 1V ; U 1 R 0V b . Notingthatthetwo choicesfor the
parameterm abovecorrespondsto therelations

γ Q bβ T 1 for thefirst choice,and
γ Q bβ T 3 for thesecondone.

For thiscase,thereducedconstraintis simple:

f0 ` 1 U β R b V�Q βb
X

3 Q 0 R
leadingto thefollowing solutions:

b Q 3
β , k Q X 4β ,

E0 Q X 1
2β , ψ0 c x

U
x2 T 3

β V ed βx2 e 4 ,

E1 Q T 1
2β , ψ1 c U x2 T 3

β V U x2 X 3
β V ed βx2 e 4 ,
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whereβ is arbitrarybut mustbepositive.Theseresultsshow thefollowing:f Theexistenceof adouble-wellstructureis found,sincethecondition(17) is always
satisfiedhere.f Usingthetransformation(3g ), thereadermayverify thattheaboveresultsarein exact
agreementwith thoseobtainedby otherauthorswith othertypesof formulation,for
instancesupersymmetrisationor expansionin termof thevariable[10–15].

Example II. The doubletto be consideredhereis h i 0 j 1k ; i 2 j 0k l . The reducedcon-
straintis

f0m 2 i β j b k�n β2b2 o 3βb p 6 n 0 q i 19k
Thesolutionsare: o 1 q 37β and p 4 j 372β. As bothβ andb areassumedto bepositive,only
thefirst solutionis retained.Hence,thesolutionsare:

k n�p 6 q 3725β j
E0 n�p 2 q 8725β j ψ0 r x i x2 o 1 q 3722

β
k es βx2 t 4 j

E2 n o q 1275β j ψ2 r i x2 o 1 q 3722
β
kvu x4 p 12

β
x2 o 24q 1729

β2 w es βx2 t 4 qf Again, the condition (17) remainsvalid, implying the existenceof a double-well
structureof theinteraction.f For thespecialcaseβ n 2, anagreementwith someauthors[11,13] is obtained.

A remark:It shouldbementionedthatsomeotherpossibilities,for instancein Example
I, are:

[(00);(11)] , [(01);(11)] , [(00);(11)] .
While thefirst two casesdo not leadto any solution,thethird onemaybesignificant

(realsolution)in which thequantityb mustbenegative.
This alternative situation,which persistsfor otherexcited statesis, however, not of

concernfor themomentandwill bedevelopedlateron.

Generalisation. Theuseof the relationα o 1
2βb n m in this formulationprovides

a naturalway to extendthe discussionfrom a moregeneralpoint of view. Obviously, if
m xn 0 j 1, thesolutionsdevelopedin thefirst partcorrespondto thecases(16). Extension
meansthatthequantityγ mustbewrittenas:

γ n βb o 2m o 1 or γ n βb o 2m o 3 i m y m o 1k q i 20k
With this generalisation,the problemis subjectto a radical qualitative shift, sincethe
interaction(16) is now a double-wellseparatedby aninfinite barrier. However, theline of
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reasoningstil remainsvalid from themathematicalpointof view sothatthisnew situation
is alsoexactlysolvablebut with appearanceof anew typeof solutionreferredtoassolution
of typeII.

Exact solutions of type I. Theconstraintcorrespondingto astatez n { canbewritten
as

kn | γ } β } b } k ~�� 0 }
whereγ is givenby (20).

Example I. Following exactlythesameprocedurewith γ � βb � 2m � 1,thesolutions
are:

k ��� 2 | β � 2m � 1
b
~ } b is arbitrary} E0 � | m � 1

2
~ β � 2

2m � 1
b
}

ψ0 � xm | x2 � b ~ e� βx2 � 4 � | 21~
This is thecase(8) discussedin Ref.11.

Example II. For thefirst excitedstate

k ���1� 3β � 7 � 6m
b
�)� ∆��}

∆ � β2 � 2β | 2m � 3~
b

� 4m | m � 5~ � 25
b2 }

E1 � 3
2

β � k } ψ1 � xm | x2 � b ~ | x2 � A1 ~ e� βx2 � 4 } | 22~
A1 ��� 1

8 � β � 2m � 5 � � ∆
b � �

Remarks:
(a) Sinceβ andb areassumedto be positive, the quantityA1 mustbe negative, in-

dicatingthat this staterepresentseffectively the first excited state(existenceof a single
node).

(b) It canbeverifiedthatfor thespecialcasem � 0, andafterusingthereduction(3� )
which leadsto thetypeof interaction(2),

λ � k
b
��� | 6 � 7m ~ ��� � 25g2 � 12g � 4�

which,of course,is awell known result.
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(c) Thesameline of reasoningremainsvalid for higherexcitedstates.

Exact solutions of type II. Considernow thecouple� (0,m+1); (n,m) � . Thereason
for thechangeof notationwill beclarifiedbelow. Fromthefirst partabove,we know that
theexacteigenfunctionsmusttake theform

ψ0 � xm � 1 � x2 � b � e� βx2 � 4 �
ψn � xm � x2 � b ��� ∑

p
ap f p � e� βx2 � 4 �

Theexactsolutionsdependon theconstraints

k0
� γ � β � k � b ��� 0 kn

� γ � β � k � b ��� 0 � 23�
givenabove.

Following thesameprocedureasin thesecondpart,onecanderive the reducedcon-
straint

f0 � n � β � b � m ��� 0 � � 24�
Solvingthelastequationleadsto acertainrelationshipbetweentheparametersβ, b andm
from which thewholesetof eigenfunctionsandeigenvaluesarederived.

Example. Considerthecouple � � 0 � m � 1� � � 1 � m � � for which thereducedconstraint
reads:

f0� 1 � β � b � m ��� βb   � 2m � 3�:� 0 �
sothatthesetof solutionsis:

k ��  4β � b � 2m � 3
β
�

E0 ��  2m   1
2

β � ψ0 � xm � 1 � x2 � 2m � 3
β
� e� βx2 � 4 � � 25�

E1 � 2m � 1
2

β � ψ0 � xm � x2 � 2m � 3
β
� � x2 � 2m   3

β
� e� βx2 � 4 �

Oneshouldnote:
- For thespecialcasem � 0, theseresultsreduceexactlyto thoseobtainedin thesecond

part (ExampleI). This is expectedsincethe removal of the singularterm m � m ¡ 1� ¢ x2

requiresψ0 andψ1 to bethetwo componentsof a “doublet”.
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- For m £ 0, they arenot componentsof a doubletsincethey areeigenfunctionsof
two different interactions.Therefore,ψ0 and ψ1 must be interpretedas eigenfunctions
correspondingthepotential(16)with m ¤ m ¥ 1¦ .

Thesetypesof solutionsarenew since,at leastto our knowledge,they have not yet
beenmentionedin theliterature.

The procedurecan be continuedto higher statesfor which the reducedconstraint
correspondsto an n-th orderalgebraicequation.For instance,with the couple § ¤ 0 ¨ m ©
1¦ ¨ ¤ 2 ¨ m ¦ ª , for which thereducedconstraintis

y2 ©G¤ 3 © 4m
3
¦ y «)¬ 2m ¤ 2

3
m © 3¦ © 6­ ® 0 ¨

theexactsolutionsarethen

A ® 64
9

m2 © 32m © 33̈ B ®°¯ A «�¤ 3 © 4
3

m ¦ ¨
k ®�« 2β ± 1 © 2m © 3

B ² ¨
E0 ®�« 4β

2m © 3
B
¨ E2 ® E0 © 3β ¨

with theanalyticexpressionof thesolutions:

ψ0 ³ xm ´ 1 ¤ x2 © B
2β
¦ eµ βx2 ¶ 4 ¨ ¤ 26¦

ψ1 ³ xm ¤ x2 © B
2β
¦ ¤ 1 © a1 f © a2 f 2 ¦ eµ βx2 ¶ 4 ¨

wherethecoefficientsa1 anda2 canbeinferredfrom (12):

a1 ®�« β
4

2m © 3
B
¨ a2 ® 0 · 5092β2

B2 ¤ 1
2

B « 2
3

m « 1¦ ·
Again, notethat for the specialcasem ® 0, they reduceexactly to the resultsgiven

abovefor thedoublet[(0,1);(2,0)].
It shouldbe notedthat asm mustbe a positive integer, it canbe consideredasa dy-

namicalparameter. For example,in the3-dimensionalspace,it maybeidentifiedwith the
usualorbital quantumnumberl so that for the state ¸ n ¹ , s º l, andthe solutionmustbe
multipliedby theusualsphericalharmonicsY s

l ¤ θ ¨ φ ¦ , i.e.,with a ¤ 2l © 1¦ -fold degeneracy,
andx ¬ 0 ¨ ∞­ .

On theotherhand,m canalsobe consideredasa staticparameterandmay take any
positive integervaluewith nodegeneracy.
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5. Summary

It hasbeenshown that:
(a)Theinclusionof anarbitrarypositiveparameterβ mayserve to makemoreflexible

theuseof thesolutions.
(b) For m » 0, two exactly solvabledoubletshave beenconstructedimplying theex-

istenceof a double-wellstructureof the correspondingpotential. In fact, we have also
verifiednumericallythatthispropertydoesremainvalid for doubletswith n » 3 ¼ 4 and5.

(c) For m ½» 0, two typesof exactsolutionshavebeenfoundandaregivenin Eqs.(21)
and(22) for typeI andin Eqs.(25) and(26) for typeII.

It may be useful to observe the fact that the presentunified approachcan, in some
sense,beregardedaspartof a moreglobal treatmentof quasi-exactly solvableproblems
whichwill bepresentedelsewhere.
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EGZAKTNA RJĚSENJA NEPOLINOMNOGMED– UDJELOVANJA

Istrǎzuje se egzaktnorješavanje nepolinomnogmed–udjelovanja. Raspravlja se problem
dvojamnogpotencijalai predstavljaju novi tipovi egzaktnihrješenja.
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