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Meanorbital distances, of planetsfrom the Sunandof major satellitesfrom the parent
planetsupiter SaturnandUranusaredescribedy the squardaw r,, = r;n?, wherethe
valuesof n areconsecutie integers,andr; is themeanorbital distancesxpectedatn = 1
for aparticularsystemTerrestrialplanetsandJovian planetsareanalysedsseparateys-
tems. Thus, five independensolarlik e systemsare consideredThe basicassumptioris
that specificorbital angularmomentumis "quantized”. Consequentlyall orbital parame-
tersarealsodiscrete.The numbern relatesto the law of orbital spacing.An additional
discretizationrelatedto r1, i.e. to the scaleof orbits,accountdor thedetailedstructureof
planargravitational systemsConsequentlyit is alsofoundthatorbital velocity v,, multi-
plied by n is equalto themultiple of afundamentavelocityvy ~ 24 km s~1, valid for all
subsystem the SolarSystem This velocity is equalto oneof the“velocity” increments
of quantizededshiftsof galaxies.

PACSnumbers95.10.Ce95.10.Fh96.30.-t UDC 523.2,531.35

Keywords: planetaryandsatelliteorbits,law of square®f integernumbersdiscretevaluesof orbital
velocities

1. Introduction

Recently AgneseandFestg1] publishedheir approachn explainingdiscreteorbital
spacingof planetsn theSolarSystemThey usedBohr-Sommerfeldjuantizatiorrulesand
obtainedthe squardaw for orbital radii of planetsin theforma,, = a;n?, n =1,2,3...
All planetshave beentreatedasonegroup. Thatassumptioneadsto mary vacantorbits.
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For example,Jupiterand Saturnoccuyy the orbitsatn = 11 andn = 15, respectiely,
leaving threevacantorbitsin betweenLik ewise,therearefive vacantorbitsbetweerSat-
urn and Uranus. However, accordingto the currentviews [2], the planetsare aboutas
closelyspacedasthey couldpossiblybe.Lessmassie planetsareexpectedo bein more
tightly pacledorbitsthanthelargerones.

Recently OliveiraNeto[3] usedthe squardaw in theform r,, ,, = ro(n® + m?)/2,
wheren andm areintegers. Only for Venus,Earth, Mars and Vestam is not equalto
n, while n = m for all otherplanets,asteroidCamilla, Chiron and an unknown planet
betweerlUranusandNeptune Moreover, anaveragemasf all planetsaandasteroidequal
to about35 Earthmassess assumedh the calculationwhichis not physicallyjustified.

In ourearlierwork [4,5], we have shovn thata squardaw couldbeappliedto planetary
orbital meandistancesaswell asto thoseof majorsatellitesof Jupiter SaturnandUranus.
The leadingassumptionvas that vacantorbits should be avoided. A radical changein
treatingthe planetaryorbits hasbeenmadeby the separatiorof terrestrialplanetsfrom
the Jovian ones.It meanghatterrestrialplanetsareconsiderecisanindependensystem,
enjoying the samestatusasthe Jovian groupof planetsaswell asthe satellitesystemof
Jupiter Saturnand Uranus. The division of planetsinto two groupsis justified by their
differentphysical,chemicalanddynamicalpropertied4,6,7]. Fromacosmogonicapoint
of view, anexplanationcouldbethefollowing: the centresof aggreyationof futureplanets
have beengovernedby thesimplesquardaw. After theaccretiorprocessJupiterhasbeen
formedin the orbit atn = 2, Saturnatn = 3, endingwith Plutoatn = 6. The first
Jovian protoplanetcloseto the Sunatn = 1, hasnever beenformeddueto the Sun'’s
thermonucleareactions.The high-melting-pointmaterialshave survived andaccretedas
thesystenof terrestrialplanetswhile thegaseousomponentfiave beendispersediueto
thesolarwind. Only beyondthe"temperaturdimit” of about200K, which correspondso
abouts - 10! m, couldthe giantJovian planetsexist [4].

The division of planetsinto two groups appearedalso in solving the modified
Schibdingerradial equationof the hydrogen-lile atomintroducing,of course,the grav-
itationalpotential[8] andcoeficient of diffusionof Brownianmotionwhich characterizes
the effect of chaoson largetime scaleg9a,10]. Froma dynamicalpoint of view, the five
systemsterrestrialplanets Jovian planets andsatellitesof Jupiter SaturnandUranusare
to a considerablelegreeadiabatic.Therefore the relevantequationsn the presenmodel
include characteristiparametersf the particularsystem but they alsohave a necessary
physicalgeneralityand consisteng. However, mary authors[7,11,12] have preferedto
treatthespacingof all planetswith asingleformula,lik e the Titius-Bodelaw or its numer
ousmaodifications.The authorsof this work considerthe squardaw, like thatdiscovered
by Bohrin his planetarymodelof the hydrogenatom,morefavourablefor an analysisof
the planargravitational systemsMoreover, it hasbeenproposed13] thatthe squardaw
of orbital spacingcould be termedthe fourth Keplers law, in the honourof Keplerwho
searchedor arule of planetaryspacingaboutfour centuriesago.

An applicationof the squardaw to the extra-solarplanetarysystemswill certainlybe
examinedin thenearfuture.Recentlyfirst attemptd5,10] weremadefor thethreeplanets
of pulsarPSRB 1257+12.
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2. Themodel

A discretedistribution of planetaryorbitsmaybeobtainedoy the”quantization”of an-
gularmomentum/,,. Letanorbitingmasshedenotedy m,,, andmassof thecentralbody
by M. Then,usingNewton’s equationof motion for circular orbits, angularmomentum
(supposinghatm,, << M) is givenby

Jn = Mpvnrn = Mp/GMry, (1)

where( is thegravitationalconstantr,, is theradiusof then-th orbit andw,, is theorbital
velocity. We assumehatangularmomentunis "quantized”,

H
mup\/GMr, :n2—, (2)
™
whereH may be treatedasan effective ” Plancks gravitational constant”,dependingn
the particularsystemand even on the particularorbiting body. Equation(2) is not very
useful. Whatonecando is to divide H /2% by the massof the orbiting bodyto obtainthe
"specificPlancks constant’H’ = H/(2wm,,) whichyieldsfor theorbital radius

n2 HI2

Ty = NI (3)

H' isalsosystenmdependenthut thequantityH' /M is of thesameorderof magnitudeor
all systemgseeTable1, andalsoRef. 4). Variability of H' /M is describecby a dimen-
sionlesgactorf multipliedby auniversalconstant4, i.e., H/(2rm,M) = H' /M = fA.
Then,Eq. (3) takestheform

rn = o (FA) M. @

We have shawvn [4] thatby comparingelectrostati@ndgravitationalforces,asonepossible
approachtheconstantd maybedefinedby thefundamentaphysicalconstantasfollows:

A= 277% =1.9157-10" " m? kgt 571, (5)

wherea = 2me?/(4reghc) is the fine-structureconstante the chage of an electron,eg

thepermitivity of vacuumj the Planckconstanande thevelocity of light. Thedimension
of the constant4 is thatof angularmomentunper squaremass,and,in accordancevith

Eq. (5), thesimpleproportionalitybetweend andthe PlanckconstanpersquarePlancks
massnp = (he/(27G))'/? = 2.177 - 10~8 kg [9b] is givenby

h h
A= —5, or A=—, (6)
am? m3

wherem? = am?. A constantanalogougo A hasbeendefinedasp = 0.8 - 107'¢ m?
kg~! s~! by Wessor{14] in searchindor aclueto aunificationof gravitationandparticle
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physics Sucha constantippearedlsoin Ref. 1 with thevalue2.35- 10716 m2 kg=! s~1.
Slightly differentvaluesof the sameconstantaredueto differentinitial assumptions.
TABLE 1. Meanvaluesof constants,, H' /M andf, with theassignedaluesof integers
n, for planetaryandsatellitesystems.

System 1 n H' /M f

(m) (m’s~'kg™")

Terrestrial | (0.639 = 0.016)1010 3,4,5,6,| (0.462 £ 0.006)10_15 2.41 £+ 0.03
planets 8
Jovian (1.751£0.044)10™" | 2,3,4,5,] (2.418 £0.030)10~ ™ [12.61 £0.16
planets 6
Jupiters (4.579 £ 0.180)107 2,3,4,5,| (1.268 £ 0.025)10_15 6.62 £ 0.13
satellites 6
Saturns (0.390 £0.012)107 | 6,7,8,9,] (0.676 = 0.010)10~1° | 3.53 £ 0.05
satellites 10,11
Uranus’ (0.843 £ 0.018)107 3,4,5,6,| (2.542 £ 0.027)10_15 13.27 + 0.28
satellites 7,8

UsingEgs.(4) and(5), someimportantparametersf the solarsubsystemshe orbital
radii r,, = rin?, specificangularmomental, /m.,, orbital periodsT;, andvelocitiesv,,
aregivenby

2
T = (ﬂ) GMn?, (7)
ac

o~ (=) om @),

My, ac

3

T, =27 (@) GMn? (9),
U = %% (10)

In Eq. (10), ac/n = wv,p is the orbital velocity of an electronat the n-th orbit in the
Bohr's model of the hydrogenatom, andtheterm1/(2x f) is a gravitational correction
factor This termis systemdependenandit demonstratethat gravitational systemsare
lessregularthananalogouglectrodynamicadystems.

3. Resultsaanddiscussion

Distributionsof specificangulamtmmomentaof planetsandmajor satellitesaccordingto
thelinearrelationship(Eg. (8)) areillustratedin Fig. 1.
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Fig. 1 Specificangularmomentuml,,/m,, = /G Mr,, versusthe integernumber for
Jovian andterrestrialplanet(left scale)andfor the majorsatellitesof Jupitey Saturnand
Uranus(right scale).

Discretevaluesof J,, /m,, areobtainedfrom Eq. (1) usingthe obsened valuesof semi-
major axesasthe meandistance®f planetsfrom the Sun,or of satellitesfrom the parent
planet,which aretaken asthe orbital radii r,, of approximatecircular orbits. This intro-
ducessmallerrorsof r,, [4], andof J,, /m,, for MercuryandPluto,dueto theeccentricities
of theirorbitsof 0.206and0.255 respectiely [15]. Theapproximatiorof circularorbitsis
very goodfor otherplanetsandall majorsatellites.Theintegernumbers: areunambigu-
ously determinedby the requiremenof Eq. (8) thatangularmomentaarezeroatn = 0,
resultingin the straightlines shovn in Fig. 1, with no interceptsasthe bestfits to the
deducedvaluesof J,/m,,. The left scalecorrespondg$o Jovian and terrestrialplanets,
while the right scaleis valid for major satellitesof Jupiter Saturnand Uranus.We have
alsoincludedin our calculationsthe satellitesAmalthea,Janusand Puck (the largestof
the small ones),which are nearthe Rochelimit of the parentplanetsjupiter Saturnand
Uranusrespectiely, andalsothe largestasteroidCeres.Thereforethevaluesof r; in the
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squardaw r,, = r1n? for spacingof planetaryorbitsin accordancevith Eq. (7), andalso
of H'/M and f, which arelistedin Table1, differ slightly from the valuesgivenin our
earlierwork [4]. Notethatthe orbit of the asteroidCeresis atn = 8, whichis nearlythe
centerof the Main Belt, whoseextentionis fromn = 7ton = 9.

Thereis one exceptionin treatingthe spacingof major satellites. Titan, the largest
satelliteof Saturn,is notincludedin the systemof smallersatellitesfrom Janusto Rhea.
Titanwouldhavetheorbitatn = 19 if it wereamembeiof thatsystem Sesenvacantrbits
betweerRheaandTitan suggesthatTitan couldbe a memberof amoreextensve system,
similarly to Jupiterin the Jovian groupof planetsn relationto theterrestrialplanetsTitan
andsmallsatellitesHyperionandJapetuslo notform acompletesystem.

Note that asteroidgexceptfor the largest,Ceres),comets,planetaryrings and outer
small satellitesof planetscannot be treatedby Egs. (7-10) becausedueto their small
massesa variety of otherphysicalprocessegscattering capturejmpacts,planetaryper
turbations)prevail over the simplelaw. Moreover, it wasrecentlyshaovn in modelingthe
massie extrasolamplanetsthatorbital evolution andsignificantmigrationof planetscould
take place,dueto theinteractionof a planetwith circumstellardisk, with the parentspin-
ning starandalsodueto the Rochelobe overflow [16]. A planetmay move very farfrom
its initial positionof formationaccompanieclsowith the lossof mass.However, under
certainconditions planetsmaintaintheir positionof formation.Onemay supposehatini-
tial positionsaregovernedby thesquardaw accordingo the”"quantum-mechanicdws”,
but possibleaterevolution might be subjectedo numerouseffectsof classicabhysics”.

We have tried to correlatethefactor f with theratio of the total mass(m,, of orbiting
bodiesto the massM of the centralbody [5], moreprecisely of f with (3 m,, /M)'/3.
Thevaluesof f for terrestrialplanets Jovian planetsandsatellitesof Jupiterfit very well
astraightline, but therearestrongdeviationsof f for satellitesof Saturn,andparticularly
for thoseof Uranus Notethatthe planesof planetaryorbitsarecloseto theecliptic (except
thoseof Mercury andPluto) which is alsovalid for satellitesof Jupiter dueto the small
inclination of Jupiters spin axis. However, the satellitesof Saturnhave aninclination of
27 andthoseof Uranus98°. Theirsatelliteshave supposedlpeerformedin theequatorial
planesafter the protoplanetswithin the planetaryenvelopes,andobtainedan additional
angularmomentumof yet unknowvn origin. We believe thatthe deviation of the factor f
from theintroducedcorrelation[5] hasthe samecauseasthechangeof inclination.

In our later investigation,we have found that reciprocalvaluesof the factor f take
discretevaluesthatmaybe describedy anotheilintegernumberk, i.e.,
7! = (0.06753 £ 0.00085)k + (0.0115 £ 0.0029), (11)
asmaybeseenin Fig. 2. Therefore Eq. (10) maybewrittenin theform
nvp, =v; ~ [(23.5+0.3)k + (4.0 £ 1.0)km s~ . (12)
The productof nv,, i.e. the orbital speedv; atn = 1 for a particularsystem,ys. n is
shawn in Fig. 3. The valuesof n aretaken from Table 1, andthe meanvelocitiesfrom

obseredsemimajoraxesasv,, = (GM/r,)'/? (see
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Fig. 2. Correlationof thereciprocalvalueof thefactorf with integernumberk.

Horizontallines representvelocity levels” with spacingdefinedby vy = 23.5 km s7!
(Eq.(12)). Theintegernumberk is relatedto the scaleof orbitsin a systemlt meanghat
a given systemcanhave a seriesof discretepossibleorbital distributions. Thatis hardly
understandabléom the standpointf classicalphysics,becaus@necanonly expecta
continuouschangeof orbital spacingFor example,Uraniansatellitesarecharacterizety
k = 1. Neglectingthevalueof ! atk = 0 in Eq.(11), theorbitalradii areapproximately
describedy r,, = const - Mn?/k2. If k = 2, theorbitswould be contractedy thefactor
four, i.e. contractionof orbitsoccursin jumps.Consequentlyreducedorbital radii r,, /M
become

| ®

2
_ n
= (1.07 £0.06) - 107** o (13)

n2
k2

By

v

ow

whereG /v maybe calleda characteristitengthwith a dimensionmkg™—. Thevalueof
vo in EQ. (13), equalto (25.0 = 0.7) km s~! wasobtainedfrom thefit of £~ vs. k with
zerointerceptat k = 0, andneglectinga constanterm of velocityv; atk = 0 (i.e., 4.0
km s~ in Eq. (12)). Thatcausesa larger error in the calculationof r,,, v; andof other
quantities put theformulaearesimplerin illustratingthe main
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Fig. 3. The productnv,, of meanorbital velocityv, = /GM/r, andinteger number
n versus for Jovian andterrestrialplanetsandfor the major satellitesof Jupiter Saturn
andUranus.Integernumberk (right scale)is relatedto the scalingof orbits. The "v elocity
levels” aregivenby Eq. (12).

The orbital integersn andk determinghe detailsof possiblediscretegravitational struc-
tures.

Thevalueof vy &~ 24 km s~! hasbeenfound asone of incrementf the intrinsic
galacticredshiftsderivedfrom their "quantized”values[17-21]. Onemay suspecthatwg
is importantnot only for the SolarSystem put thatit hasa deepephysicalmeaningo be
revealed.

Equation(13) mayberewrittenin anotheiimportant,symmetricaform

Tn G
MU§k2 = c—2c2n2. (14)
Theterm G/c? is equalto the ratio of the Plancks lengthLp = (hG/(27c®))'/? and
Plancksmassnp = (he/(27G))'/?,i.e.,G/c? = Lp/mp. Hence Eq. (14)takesaform

™ (ko) = %(ne)? (15)
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Equation(15) givesa remarkableconnectionbetweenmacroscopi@nd microscopicpa-
rameterf gravitationalsystems.

Consideragainthe initial assumptionin our model. The discretizatiorof angularmo-
menta,using the approximationof circular orbits, is givenby Eq. (2), i.e., mpv,r, =
nH /27, The presenmodelpermitsto write a proper’quantumcondition” in accordance
with Bohras

Mm, -1 h
2 =n—. 16
MpVnTn ( m2 7Tf) n27T (16)

An approacho prove Eq. (16), usingthetheoryof similarity, is givenin Appendix.Equa-
tion (16) canbeinterpretedasfollows: angulaimomentunof anorbiting bodyin aplanar
gravitational systemis proportionalto the massM of the centralbody andto the mass
m,, of the orbiting body. Therefore,angularmomentumper squaremassis of special
importance.Furthermultiplication by m3 = am? scalesa gravitational macroscopic
systemto the microscopic(atomic) one. However, the ratio Mm,,/m% mustbe multi-
plied by the factor2x f, which hasto be determinedrom obsenationaldata. Dynamic
propertiesof gravitational systemseach,in the limit, the electrodynamicabnes.If the
quantitiesr,, = GM/v2 andm? = h/A areintroducedin Eq. (16), oneeasilyobtains
vn, = (27 f)"Lac/n for the velocity at the n-th orbit, in accordancevith Eq. (10). For
2rf = 1, the orbital velocity distribution of the electronin Bohr’s hydrogenatomis ob-
tained. It hasalreadybeenshown thatnv, = v1 = ac/(2nf) = kvo (seeFig. 3). For
k = 1, oneobtainsyy = 25.0 km s~!, andconsequentlyfrom vy = ac/(2n fo) follows
thatthe maximumvalueof 2« f is 2x fo = 87.6 & 2.5. Orbital radii arethensimply given
by r, = GM /v = (27 fo/(ac))?*GMn?/k?, whichis just Eq. (13). From Eq. (16), an
effective "Planck’s gravitational constant’appeargo be H = (27 f Mm,,/m)h. Then,
theSchibdingersradialwave equatiorfor agravitationalsystengeneratethefirst orbital
radiusr; in agreemenwith Eq. (7), asit is shavnin Appendix.

The presenmodeldescribeshe structureof planargravitational systemsit includes
threeparameterstwo integernumbersp andk, andafactor fy or velocityvg. Egs.(7-10)
may bewrittenin anapproximatdorm as

1 n?
JIn 1 n
o oM E 1
e UOG % (18)

n3

1
k
n = Vo 2
v ’Uon ( 0)

Accordingto Eq. (12), nv, ~ (23.5k + 4.0) km s~!. Therefore Eq. (20) deviatesfrom
thebestfit (Eq. (12)) by thefactor(1 — 25k/(23.5k + 4.0)), i.e. by about9%if £k =1, and
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by about-3%if k = 6, while obsenationalmeanvaluesof nv,, = n(GM/r,)'/? deviate
from the bestfit (Eq. (12)) lessthan2% ontheaverage.

Onemay criticize the useof mary parametersn the model. However, they seemto
be necessarybecause is relatedto the principal spacingof orbits, k¥ takes careof the
packingof orbits,while vy (or fo) characterizesereralsubsystemswithin a givensystem
(like our own SolarSystem)Oneshouldnot be surprisedf in anotherextra-solarsystem,
the quantity vy would take a differentvalue comparedwith the Solar System.It could
possiblybe72,36,24,0r 18 km s™!, asobtainedn ananalysisof the quantizededshifts
of thegalaxieq17-20].For example thepulsarPSRB 1257+12hasthreeplanetsn orbits
for n equalto 5, 7 and8 [5,10]. Fromthe obsenationaldata,oneobtainsnv,, = 410 km
s~!, which givesk = 17 for vy = 24 km s~!. However, if oneassumes, = 37.3 km
s~ (in accordancevith Ref. 21, wheretheinterval for redshiftperiodicityis 37.2to 37.7
km sV, thenk will beequalto 11. Hopefully, the futureinvestigationof otherplanetary
systemawill confirmtheideasproposedn the presentmodel.

4. Conclusion

Thebasisof thesquardaw for thespacingof orbitsof planetsandof majorsatelliteds
thediscretizatiorof angulamomentasimilarly asin theold Bohr’stheoryof thehydrogen
atom. However, the angularmomentumof an orbiting body hasto be reducedby the
massof orbiting body and also by the massof the centralbody. Moreover, the product
of thesetwo massesnustalsobe reducedby squareof Plancks massmultiplied by the
fine-structureconstanta, in orderto scalethe macroscopigyravitational systemto the
microscopidevel, wherethePlancksreducedconstant = h/2x representaquantunof
angulamomentumAs a resultof suchanapproachiwo "quantumnumbers’appeaythe
first onen for describinghelaw of orbital spacingandthe secondnek for the’packing”
of the orbits. Onefurther parameteis necessarthatis equalfor all systemswithin the
Solar System.It is the characteristidengthG /v = (1.07 £ 0.06)10~'° m kg—!. But
equallywell, the third parametemay be a universalvelocity vy ~ 24 km s~'. Thethree
parameterandthe massof thecentralbody (seeEqs.(17-20))definepossiblethediscrete
structuref a planargravitational systemwithin the approximatiorof thecircularorbits.

Velocity vg is equalto thevelocity increment®of the quantizededshiftsof galaxiesA
greatpuzzleis how theplanetaryorbital velocitiescanobey the samequantizatiorperiods
astheintrinsic redshiftsof the galaxies.

It is known thatsomeresearchedo not believe that "quantumphenomenablay ary
role, bothin the formationandin the evolution of the Solar System.They rathersuppose
that mary macroscopieffects have had a predominaninfluenceon planetaryspacing.
However, in our opinion, the derived resultsshavn in Figs. 1 to 3 strongly suggesthe
necessityfor a certain”quantummechanical'treatmentAs thefirst approachthe model
analogoudo the simplestoneof the"old quantummechanics’hasbeenelaboratedn the
presentvork. Of coursefurtherobsenationalandtheoreticainvestigationsarenecessary
for thedevelopmenbf moresophisticateanodels.
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Appendix

The similarity betweerthe gravitationaland Coulombforce betweertwo particlesof
massmng andchagee is well known. Moreover, onecanimaginethatthesetwo forcesbe-
comeidenticalfor adequatelghosermassmng. FromGm3 /r? = €2/ (4meor?), it follows
thatmg = (e?/(4mepG))/? = (ach/(27G))'/?, independentlpf the mutualdistanceof
particles Themassany isrelatecto thePlancksmassnp by mg = a'/?mp = 1.85910~°
kg. It is reasonabléo assumehatfor sucha micro-gravitationalsystemaquantizatiorof
angulamomentunof the orbiting body shouldbethe sameasthe onepostulatedy Bohr
for theelectrodynamicatystemj.e.,

h
MoOVR0Tno = M. (A1)
s

For arealmacro-graitationalsystemananalogousliscretizatiorcouldbe

kil
n27T.

MpUpTn = (A2)
To reacha completesimilarity betweerthe referencemicro-modelandareal planetaryor
satellitesystemanalogousjuantitieanustbein aconstantatio. Theseratios,theso-called
similarity constantssuchasN,, = my,/mq, N, = v, /vng andN, = r,/rng, mustbein
definitemutualrelationshipswhichcanbegenerallydeterminedrom analogougquations
[22]. Thus,Eq. (A1) will transforminto Eq. (A2) only with the correlation

N, N,N, = Nj, = % (A3)

which is an indicator of similarity, satisfiedfor every orbit and for ary value of n. To
determineH, anadditionalindicatorof similarity mustbe takeninto accountwhich fol-

lows from analogougorrelationdor the forcescorrespondingo the micro-modelandto
asystenof abody(of massmn,,) orbitingthe centralone(of massM):

v2gTno = Gmyg, (A4)
vir, = GM, and (45)
M
N2N, = —. (A6)
Mo

Introducingthe secondindicator of similarity (A6) into the first one (A3), one obtains
H/h = Mm,/m}N,. Further from Egs.(A1l) and(A4) for me¢ = o'/?>mp, it follows
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vno = ac/n, andaccordingto Eq. (10), N, = v,/vne = (2 f)~L. Thus,the effective
"Planck’s gravitationalconstant’H is givenby

Mm,
3
my

H=h(2rf )s (AT)

wherethefactor f (seeTablel), determinedrom astronomicadtlata,is included.

Finally, by introducingEqg. (A7) into Eq. (A2), the scaled’quantumcondition” pre-
sentedby Eq.(16)is proved.

ConsequentlyEq. (A7) shouldbeusedge.g.,to defineamacroscopiéde Broglie wave-
length” A,, = H/myv,,. Introducingw,, from Eq. (10), oneobtainsi,, = 2xr, /n, where
ry IS givenby Eq. (7). This is anexpectedresultin the presentmodel. A,, may betrans-
formedinto a form dependenonn andk as, = (2x/v3)GMn/k? by usingEq. (17).
Onemay alsowrite A,, = Ain, which is an equivalentsimple form of the squarelaw
rn = rin’.

Equation(A7) allowstheuseof the Schibdingersradialwave equatior[8] to obtainthe
orbital spacing.If the gravitational potentialV (r) = —GMm/r andeffective "Planck’s
gravitationalconstant’H areintroducednto theradialequationjt takestheform

dR 2dR 8772m2E’R 2 47r2GMm2R Il+1)
dr? +rdr + H? +r H? r2

R=0,  (48)

where E' = E/m is the enegy per unit massof the orbiting body, R(r) is the radial
wave functionand! is theangulaquanturmumber Fromthefourthterm, the first Bohr's
radius”is

H2
T G Mm? (49)
IntroducingH definedby Eq. (A7), with m,, = m, oneobtains
9 2
o= (lf) GM, (A10)
ac

whichis in agreementvith Eq. (7) for n = 1. If the angularquantumnumberis limited
onlyto thevalues = n — 1, thenthe probabilitymaximaof the massdistribution will be
atpositionsgivenby r,, = r;n2. Suchanapproximatiorhasbeenrecentlyusedby Nottale
etal. [23]. If all wave functionsup to n = 10, with all possiblevaluesof [ areused][8],
thenthe positionsof probability maximaslightly deviate from the squarelaw. However,
it wasalreadypointedout that the simpleapproachrelatedto the old quantumtheoryis
more appropriatefor an understandingf gravitational phenomend24]. Therefore,the
completeunderstandingf the ratherformal applicationof the Schibdingers equationto
the SolarSystenrneeddurtherresearch.
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KVANTIZACIJA GRAVITACIJSKIHSUSTAVA SLICNIH PLANETARNOM
SUSTAVU SUNCA

Srednjeorbitalneudaljenostplanetaod Sunca glavnih satelitaod planetalupitra,Saturna
i Uranaopisanesukvadratninzakonomr,, = r;n?, gdjeje n sukcesinorasti&i cijeli broj,

ar je srednjeorbitalnaudaljenostan = 1. TerestrEki i jovijanskiplanetirazmatransu

kao nezaisni sustai, pazajednosasatelitimatriju spomenutitplanetadaju petslicnih

planarnihgravitacijskih sustaa. Polazngpretpostaka je "kvantiziranost’speciftnogor-

bitalnogmomentampulsa.Sukladnatomei svi ostalidinamicki parametrisustaa popri-

majudiskretnevrijednosti.Broj n odredujezakonitostporasteorbitalnihudaljenostplan-

etaili satelitajnoporedtogauotenoje dai velic¢inar;, nezaisnoodn, poprimadiskretne
vrijednosti. To zn&i da pojedinisust& maoze imati niz strukturarazliCite gustce orbita.

Jednaod posljedicatogaje da produktorbitalnih brzinawv,, i pripadnogbrojan postaje
konstantarza danisusta i ujednoje visekratnikosnone brzinevy ~ 24 kms™!. Ova

brzinajednakge jednojod "brzina” izvedenihiz kvantiziranihcrvenihpomakagalaksija,
paonamozdaimai neko dubljefizicko kozmoldsko zna&enje.
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