
ISSN1330–0016
CODEN FIZBE7

COMPARISONOFTHE SWKB AND WKB APPROXIMATIONSFORTHE FINITE
SQUARE WELL

BARNALI CHAKRABARTI

Departmentof Physics,University of Calcutta,
92A. P. C. Road,Calcutta700009,India

Received31December1997;accepted1 June1998

BoththeWKB andthesupersymmetricWKB (SWKB) approximationshavebeenapplied
to thefinite square-wellpotentialandcomparedwith thecorrespondingexactresults.Even
thoughthispotentialis notshape-invariant,ananalyticexpressionfor thesuperpotentialis
possibleandit is seenthattheSWKB is betterthantheWKB for almostall states.
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1. Introduction

A largevarietyof potentialsareencounteredin variousbranchesof physics.In many
cases,exactanalyticsolutionsof theSchr̈odingerequationfor thesepotentialsarenotpos-
sible.Onethenhasto resorttooneor anotherof theapproximationmethodslikethepertur-
bation,variationor Wentzel-Kramers-Brillouin(WKB) methods.Amongthese,theWKB
methodis generallythe mostuseful,sinceit canbe appliedto solve a one-dimensional
(or multi-dimensional,if it canbe reducedto aneffective one-dimensional)Schr̈odinger
equationwith any smoothlyvaryingpotential.Ontheotherhand,thesuccessof thepertur-
bationmethoddependson thepossibilityof splitting theHamiltonianinto anunperturbed
Hamiltonian,for which exact solutionsareknown, andthe remainingperturbationpart,
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which shouldbesmall.In thecaseof thevariationalmethod,thesuccessandaccuracy of
theapproximatesolutiondependcompletelyonthechoiceof asuitabletrial wavefunction.
Hence,boththeperturbationandthevariationalmethodsdependonthepotential,while the
WKB methodis generalenoughto beusedfor any smoothlyvaryingpotential.However,
exceptfor theharmonicoscillator, theWKB methodfails to produceexactresultsevenfor
potentialsfor whichexactanalyticsolutionsexist. Comtetetal. [1] appliedtheconceptof
supersymmetricquantummechanics(SSQM)to theWKB methodandproposeda mod-
ified semi-classicalquantizationcondition,known asthesupersymmetricWKB (SWKB)
condition.Usingthis modifiedcondition,Dutt et al. [2] have shown that the lowestorder
SWKB providesexacteigenvaluesfor all states,including thegroundstate,for one-and
three-dimensionalharmonicoscillator, Morse,Coulomb,Rosen-Morse,etc.potentials.It
wasfurthershown [3–5] thatall thehigher-ordercorrectionsvanish.All thesepotentials
are analyticallysolvableand the energy is given in closedanalyticexpressions.It was
shown in SSQMthat potentialswhich areshape-invariant(either throughtranslationor
scalingof parametersappearingin the potential)arealsoanalyticallysolvable,resulting
in a closedexpressionfor theenergy eigenvalues[6]. All theabove mentionedpotentials
areshape-invariantpotentials(SIP) throughtranslationof oneor moreparameters[6]. It
wasshown in generalby BarclayandMaxwell [5] thattheSWKB quantizationcondition
givestheexactenergy valuesfor all statesincludingthegroundstatefor all SIPobtained
by translationof parameters.Later, it wasseen[7] thatfor SIP’s obtainedthroughscaling
of parameters,theSWKB resultsarenotexact.TheSWKB is alsonotexactfor potentials
thatarenot shape-invariant.It is interestingto seehow SWKB faresin comparisonwith
WKB for potentialswhich arenot SIP, but exactanalytictreatmentis possible.For such
potentials,althoughtheenergy is not given in a closedexpression,it canbeobtainedby
solving transcendentalequations.A simpleandwell-known exampleof sucha potential
is theone-dimensionalfinite square-wellpotential.In this communication,we investigate
both the WKB andSWKB resultsfor the finite squarewell andcomparethemwith the
exactresults,obtainedby solvingthetranscendentalenergy equationnumerically.

In Section2, wegiveabrief review of theSWKB quantizationcondition.In Section3,
we presenttheexactWKB andSWKB calculationsfor thefinite squarewell. Numerical
resultsaregivenin Section4 andfinally, in Section5, wedraw ourconclusions.

2. SWKBquantizationcondition

In thelowestorder, theWKB quantizationcondition[8] for a one-dimensionalpoten-
tial
��� ���

is:� ��� 	�
 �  � ���������� ��� ��� ��� ����� ������ �  �!"#� �$�&% ' � ' � ' ( ( ( ( ( ( ( � ' (1)

where
�*)

and
��+

aretheclassicalturningpointsdefinedby:� ������ �&��� ��) �,�&��� ��+ � (
(2)
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In the supersymmetricquantummechanics(SSQM)approach[6], all energy scalesare
shiftedby theground-stateenergy - .�/ 0 , sothat in thenew energy scale,thegroundstate
haszeroenergy. Thepotentialbecomes:1�2 - 3�0,4 1 - 3�0657.�/ (3)

andtheSchr̈odingerequationfor thegroundstatebecomes:5&89;:< =?> : @ / - 3�0> 3 :BA
1�2 - 3;0 @ / - 3;0,4&C D (4)

A superpotentialis definedin termsof theground-statewave function
@ / - 3;0 asE - 3�0,4�5F89G < = @,H/ - 3�0@ / - 3�0 (5)

sothat
1�2 - 3�0,4 E : - 3�0�5I89G < = E H - 3�0 D (6)

SubstitutingEqs.(3) and(6) into Eq.(1), onehasJ KLJ M N < =7O .�P
2 Q R S�T�UV 5 E : - 3�0 A 89G < = E H - 3�0 W > 3$4�- X A?Y< 0 Z 89 (7)

where.�P 2 Q R S�T�UV 4&. R S�T�UV 5�.,/ is theSWKB energy (in shiftedscale)of the X�[ \ state
correspondingto the potential

1�2 - 3�0 . Expandingthe left sideof Eq. (7) in powersof 89 ,onecansee[2–5] thattheSWKB quantizationconditionfor

1�2 - 3;0 becomes:]L ^`_ < =7O . P 2 Q R S�T�UV 5 E : - 3;0 W a 3�4bX�Z 89 - X74bC c Y c < c D D D D D D D D D 0 (8)

wheretheturningpointsc, d aredefinedthrough:_ . P 2 Q R S�T�UV 4�5 E - d 064 E - a 0 D (9)

It hasbeenshown [2-5] that theSWKB givestheexactenergiesfor all statesandall SIP
obtainedby translationsof parameters.

In SSQM,onealsodefinesa potential

1 : (x), which is apartnerto

1�2
(x) as1 : - 3�0,4 E : - 3�0 A 89G < = E H - 3�0 e (10)
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Thenit canbeshown [6] thatboth f�g h i�j andf;k h i;j haveidenticalenergy spectrum,except
thatthegroundstateof f�g h i�j is missingin theenergy spectrumof f;k h i;j . Thesameresult
canalsobe obtainedin SWKB, if we substitutef;k h i;j from Eq. (10) in Eq. (1), which
resultsin theSWKB quantizationfor f;k h i�j as:lm n`o p qsr t�u k v w x�y�z{ |s} k h i�j ~ � i$��h ���b� j ���� h �7�&� � � � p � � � � � � � � � � j (11)

showing thatthe level degeneracy of theexacteigenvaluespectraof f�g h i�j and f;k h i�j are
preserved.

3. Calculationsfor thefinitesquarewell

We considera symmetriconedimensionalfinite squarewell potentialgivenby:f�h i�j,��� | f � for |���� i �b�� � i�� � ��� � (12)

Analytic solutionof theSchr̈odingerequationfor this potentialcanbefoundin any stan-
dardtextbookonquantummechanics[9]. Sincethepotentialis symmetricabouttheorigin,
solutionshavedefiniteparity. Matchingtheoscillatorysolutionwithin thewell with theso-
lution decayingexponentiallyoutwards,onegetstranscendentalequationsfor theenergy
eigenvalues: �,� � ��� �b� h � � �*� � � ���;� �   � ¡ j � (13)��¢ � � � � | � h � � ��� £ £ �;� �   � ¡ j � (14)

and � k � � k � p q�� k f � � k � (15)

where � �&¤ � �¥¤7��¦ | p q$t�� k � (16)

and �§�b¨ � �©¨7� ¦ p q�� k h f ��� t j � (17)

with
t?ª � for aboundstate.As f � � k increases,thenumberof boundstatesalsoincreases.

For a givenvalueof f � � k , thesetof equations(13) – (16) is solvednumericallyto obtain
theenergy eigenvalue

t
.
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For even-paritystates,thewave functionis givenby:«�¬ �®6¯±°?²$³ ´ µ ¶ ¸· 6· ¹bº»§¼ ½�¾;¿ À ¿ · 6· Ábº?Â (18)

andfor odd-paritystatesby:«�¬ ;®,¯ °�²$µ Ã Ä�¶ Å· 6· ¹bº»Æ¼ ½�¾ ¿ À ¿ · 6· Ábº;Ç�Â (19)

Theconstants² and
»

aredeterminedby matchingat �¯&º andby overallnormalization.
The WKB quantizationcondition is given by Eq. (1) with the classicalturning points*È�¯�É�º and ;ÊÆ¯&º and Ë ¬ ;®,¯�É Ë Ì . Theresultis:Í�Î�Ï�ÐÑ ¯ ¬ Ò�Ó ÈÊ ® Ê Ô*Ê ÕÖ Ê× Ø º Ê É Ë Ì ¬ Ò$¯&Ù Ú Û Ú Ü Ú Ç Ç Ç Ç Ç Ç Ç Ç Ç ® Ç (20)

ThequantumnumberÒ takesintegral values0,1,2,......uptoa maximumvalue,suchthatÍ Î�Ï�ÐÑ ¹bÙ .
For theSWKBtreatment,weassumethatthegroundstateenergy is

Í Ì ¯�É » Ì ¬ » Ì ÁÙ ® . Thegroundstatewave functionis:« Ì ¬ ;®,¯ °�²$³ ´ µ ¶ Ì ¸· �· ¹bº»Æ¼ ½�¾ Ý ¿ À ¿ · �· Ábº`Â (21)

with Þ Ì ¯�ß Ü Ø » ÌÕÖ Ê Ú ¶ Ì ¯ ß Ü ØÕÖ Ê ¬ Ë Ì É » Ì ® Ç (22)

Then,by Eq.(5), thesuperpotentialis givenby:à ¬ �®,¯âáãä ãå
æçè Ê é ¶ Ì ê º Ò ¶ Ì ë· 6· ¹bºæçè Ê é Þ Ì 7ÁìºÉ æçè Ê é Þ Ì $¹�É�º?í ãîãï Ç (23)

Since
à ¬ �® is positive for bð±Ó§ñ andnegative for bðòÉÆñ , supersymmetryis not

broken[6].
Wecanverify that Ë È ¬ ;® givenby Eq.(6), with thesuperpotentialgivenby Eq.(23),is

thecorrectpotentialgivenby Eqs.(3) and(12).With thesuperpotentialgivenby Eq.(23),
theturningpointsare ó and ô , ( ó ¯�É ô ), whereà ¬ ô ®,¯ ÕÖõ Ü Ø ¶ Ì*ö ÷ Ä�¶ Ì ô ¯�ø Í�ù È ú û Î�Ï�ÐÑ Ç (24)
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Hence, ü�ýÿþ����� � ���
	 ��  þ� ��� � ����� 	 � � ������ ����! "#%$ (25)

Substitutingin Eq.(8), theSWKB quantizationconditionbecomes:&' �)( � � � � ��� ü+* � � � � � � ,�- , ý .�/ ��� 0 � �21 3 � *24 � 5 1 . ý76 8 þ 8 � 8 $ $ $ $ $ 5 $ (26)

With thesubstitution� � � ��� , ý:9 � � � � � ü , thecondition(26)canbeput in theform:	' � 0 þ *29 �9 �<;>=@? A ��� AB�C D E F G�H�IJLK -
9�ý .�/

� 1 . ý76 8 þ 8 � 8 $ $ $ $ $ $ $ 5 $ (27)

For thegroundstate(

. ý76
), theintegralontheleft sidemustvanish.Theonlywaythiscan

happenis by putting � � 	 � � ������ ý:6
in theshiftedenergy scale.Thus,theSWKB quanti-

zationconditiongivesthecorrectresultfor thegroundstate.For

.%M 6
, ��� 	 � � ������ M 6

.
Now, sincetheturningpoint

ü
shouldbelessthanor equalto N , Eq.(24)shows that:� � 	 � � ������ O 1 3 � *P4 � 5 � � � � ��� N $ (28)

ThustheSWKB energiesareobtainedby Eq. (27) for

. ý>6 8 þ 8 � 8 $ $ $ $ uptothemaximum
valueof

.
for whichcondition(28) is satisfied.

4. Numericalresults

Theexactenergiesareobtainedby solvingnumericallyEqs.(13), (15), (16) and(17)
for even-paritystatesandEqs.(14), (15), (16) and(17) for odd-paritystates.Eliminating
oneof thevariables,theequationsarewrittenwith � astheunknown variable.A prelimi-
narysearchfor � is obtainedby thebisectionmethod[10]. An improvementof thisvalue
is doneby theNewton-Rhapsonmethod[10]. Theresultsareobtainedwith a precisionof
onepartin

þ 6 Q
. All thesolutionsin therange

6 M � M * 3 � areobtained.
The WKB resultsaresimply calculatedfrom Eq. (20) for all valuesof

.
satisfying

6 M � ������ M * 3 � .
Finally, for theSWKB result,Eq. (27) is solvedby first evaluatingtheintegral on the

left sidewith a trial valueof � � 	 � � ������ . Theintegral is evaluatedby dividing theintegra-
tion interval [0, 1] into anumberof equispacedsubintervalsandusinga32pointGaussian
quadrature[10,11] for eachof the subintervals. The numberof subintervals neededis
found from the conditionthat the evaluatedintegral hasa precisionof onepart in

þ 6 	 � .
Finally, Eq.(27) is solvedinitially by thebisectionmethodto geta fairly accuratevalueof
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a precisionof onepartin [ \ ] .
TABLE 1. Comparisonof exact,WKB andSWKB energies(in MeV) for ^ _a`7b \ MeV.c (fm) d exactenergy WKB energy SWKB energy

3 0 -46.165022 -48.578847 -46.165022
1 -34.903114 -37.209625 -34.660119
2 -17.261409 -14.471180 -15.485253

4 0 -47.633023 -49.200602 -47.633023
1 -40.600594 -42.805414 -40.532111
2 -29.156011 -30.015039 -28.697241
3 -14.006306 -10.829476 -12.128416

5 0 -48.395881 -49.488385 -48.395881
1 -43.608629 -45.395465 -43.583538
2 -35.724757 -37.209625 -35.562954
3 -24.941503 -24.930865 -24.334132
4 -11.765276 -8.559185 -9.897072

6 0 -48.841863 -49.644712 -48.841863
1 -45.378370 -46.802406 -45.367462
2 -39.645688 -41.117795 -39.576786
3 -31.718607 -32.590878 -31.469836
4 -21.749954 -21.221656 -21.046612
5 -10.123111 -7.010128 -8.307115

For a representative calculation,the massparameterhasbeentaken as the nuclear
massandtwo valuesof thedepthparametere ^ _ f , namely50MeV and60MeV havebeen
chosen.For eachof thesevaluesof ^ _ , four valuesof thewidth parametere c f , viz; c `g h i�h b and6 fm, havebeentaken.Thenumberof boundstatesincreasesas ^ _ c j increases.
The valuesof ^ _ and c areso chosenthat a fairly large numberof boundstatesexists,
facilitatinga critical comparisonof theexact,WKB andSWKB energies.Theresultsare
presentedin Table1 andTable2. Thefirst columnlists thevalueof c , next columngives
theexcitationquantumnumber(d ). Thethird, fourth andfifth columnspresenttheexact,
WKB andSWKB energies,respectively.

From the tables,it is seenthat in generalthe SWKB energiesaremoreprecisethan
theWKB energies.However, theWKB resultsfor thelow-lying statesarebelow theexact
energies,while thosefor thehigh-lying statesnearthetop of thewell areabove theexact
energies.As a consequence,theWKB resultsfor someintermediatevaluesof d arequite
accurate.Examplesof thisareprovidedby d�` g statewith ^ _ =50, c =5 or d =4 statewith^ _ =50, c =6 and d =4, 5 stateswith ^ _ =60, c =6. TheSWKB resultsarealwayslargerthan
thecorrespondingexactvalues,theerrorincreasingastheexcitationincreases.Onceagain
theerror for thestateslying nearthe top of thewell is large,while that for the low-lying
statesis quitesmall.As discussedearlier, theSWKB resultfor thegroundstateturnsout
to beexact.Theobservationthattheerrorin bothWKB andSWKB energiesfor thestates
lying nearthe top of thewell is large is a standardfeaturefor theWKB method.This is
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becausesuchstateshave a smallnegative energy (in theoriginal scale)andso k is small
(seeEq. (16) ). Hencethewave functionspills considerablyoutsidethewell, [Eq. (18)],
which is contraryto thesemiclassicalpicture.

TABLE 2. Comparisonof exact,WKB andSWKB energies(in MeV) for l man7o p MeV.q (fm) r exactenergy WKB energy SWKB energy
3 0 -56.040323 -58.578847 -56.040323

1 -44.357233 -47.209625 -44.161324
2 -25.746563 -24.471181 -24.362965

4 0 -57.573619 -59.200602 -57.573619
1 -50.349141 -52.805414 -50.294495
2 -38.522252 -40.015039 -38.162603
3 -22.587963 -20.829477 -21.177948

5 0 -58.363064 -59.488385 -58.363064
1 -53.472149 -55.395465 -53.452270
2 -45.394360 -47.209625 -45.267601
3 -36.274649 -34.930865 -33.809060
4 -20.438938 -18.559185 -19.076647

6 0 -58.821855 -59.644712 -58.821855
1 -55.296025 -56.802406 -55.287430
2 -49.450588 -51.117795 -49.396712
3 -41.341562 -42.590878 -41.149704
4 -31.075454 -31.221656 -30.546406
5 -18.879021 -17.010128 -17.586782

5. Summaryandconclusions

TheSWKB is known to produceexactresultsfor potentialswhichareshape-invariant
throughthetranslationof oneormoreparameters.WehaveappliedboththeSWKBandthe
WKB approximationsto a simpleone-dimensionalfinite squarewell potentialfor which
analytictreatmentis possibleandananalyticexpressionfor thesuperpotentialis obtained.
But this potentialis not shapeinvariant.Consequently, SWKB is not expectedto produce
exactenergies,which agreewith our calculation.However, theerrorsof theenergiesare
quitesmall,particularlyfor the low-lying states.In almostall cases,theSWKB approxi-
mationturnsout to bebetterthantheWKB results.

Thus,theSWKB is a betterapproximationthantheWKB evenfor potentialsthatare
not shape-invariantbut have a discrete,well separatedenergy spectrumandthesuperpo-
tentialis obtainedanalytically.
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USPOREDBA SKWB I WKB APROKSIMACIJA ZA KONAČNU PRAVOKUTNU
JAMU

Razmatrajuse Wentzel-Kramers-Brillouin(WKB) i suprasimetrǐcna WKB (SWKB)
aproksimacijaza pravokutnu jamu konǎcne dubine, te uspored–uju s rezultatimatočnih
računa. Iako promatranipotencijal nije invarijantanpo obliku, mogúce je analitǐcko
rješenjezasuprapotencijaltesenalazidasurješenjaSWKB točnijanegorješenjaWKB.
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