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Boththe WKB andthesupersymmetrigVKB (SWKB) approximationdhiave beenapplied
to thefinite square-welpotentialandcomparedvith thecorrespondingxactresults Even
thoughthis potentialis not shape-imariant,ananalyticexpressiorfor thesuperpotentiak
possibleandit is seenthatthe SWKB is betterthanthe WKB for almostall states.
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1. Introduction

A largevariety of potentialsareencounteredh variousbrancheof physics.In mary
casesexactanalyticsolutionsof the Schiddingerequatiorfor thesepotentialsarenot pos-
sible.Onethenhasto resortto oneor anotheiof theapproximatiormethoddik ethepertur
bation,variationor Wentzel-Kramers-BrillouifWKB) methodsAmongthesethe WKB
methodis generallythe mostuseful, sinceit canbe appliedto solve a one-dimensional
(or multi-dimensionaljf it canbe reducedo an effective one-dimensionalpchidinger
equatiorwith any smoothlyvaryingpotential.Ontheotherhand thesuccessf thepertur
bationmethoddepend®n the possibility of splitting the Hamiltonianinto anunperturbed
Hamiltonian,for which exact solutionsare known, andthe remainingperturbationpart,
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which shouldbe small. In the caseof thevariationalmethod the succesandaccurag of
theapproximatesolutiondependcompletelyonthechoiceof asuitabletrial wave function.
Hencepoththeperturbatiorandthevariationaimethodgependnthepotential while the
WKB methodis generakenoughto be usedfor any smoothlyvarying potential.However,
exceptfor theharmonicoscillator the WKB methodfails to produceexactresultsevenfor
potentialsfor which exactanalyticsolutionsexist. Comtetetal. [1] appliedthe concepbf
supersymmetricuantummechanic{SSQM)to the WKB methodand proposeda mod-
ified semi-classicatjuantizatiorcondition,known asthe supersymmetrit?VKB (SWKB)
condition.Using this modifiedcondition,Dutt et al. [2] have shavn thatthe lowestorder
SWKB providesexacteigervaluesfor all statesjncludingthe groundstate,for one-and
three-dimensionatarmonicoscillator Morse, Coulomb,Rosen-Morseetc. potentials.It
wasfurthershavn [3-5] thatall the higherordercorrectionsvanish.All thesepotentials
are analytically solvable and the enepy is givenin closedanalytic expressions.It was
shavn in SSQMthat potentialswhich are shape-imariant(either throughtranslationor
scalingof parametersippearingn the potential)are alsoanalytically solvable, resulting
in a closedexpressiorfor the enegy eigervalues[6]. All the abore mentionedpotentials
areshape-imariantpotentials(SIP) throughtranslationof oneor more parameter$6]. It
wasshown in generaby BarclayandMaxwell [5] thatthe SWKB quantizatiorcondition
givesthe exactenengy valuesfor all statesncludingthe groundstatefor all SIP obtained
by translationof parameterd.ater, it wasseen[7] thatfor SIP’s obtainedthroughscaling
of parameterghe SWKB resultsarenot exact. The SWKB is alsonot exactfor potentials
thatarenot shape-imariant. |t is interestingto seehow SWKB faresin comparisorwith
WKB for potentialswhich arenot SIP, but exactanalytictreatments possible.For such
potentials althoughthe enepy is not givenin a closedexpressionjt canbe obtainedby
solvingtranscendentaquations A simpleandwell-known exampleof sucha potential
is the one-dimensiondinite square-welpotential.ln this communicationyve investigate
boththe WKB and SWKB resultsfor the finite squarewell and comparethemwith the
exactresultsobtainedy solvingthetranscendentanepgy equatiornumerically

In Section2, we give abrief review of the SWKB quantizatiorcondition.In Section3,
we presenthe exact WKB and SWKB calculationgor thefinite squarewell. Numerical
resultsaregivenin Sectiord andfinally, in Section5, we draw our conclusions.

2. SWKBquantizationcondition

In thelowestorder, the WKB quantizationcondition[8] for a one-dimensiongboten-
tial V() is:

wherez; andz, aretheclassicaturningpointsdefinedby:
EZVKB =V(z1) = V(za). 2)
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In the supersymmetriguantummechanic{SSQM) approach6], all enegy scalesare
shiftedby the ground-statenegy (Ey), sothatin the nev enegy scale the groundstate
haszeroenepgy. Thepotentialbecomes:

Vi(e) = V(z) - Eo ®)
andthe Schibdingerequatiorfor thegroundstatebecomes:

R d2yg(a)
2m  dz?

+ Vi (@)tho () = 0. (4)

A superpotentiak definedin termsof theground-statevave functiony (z) as

___h =)
W) = V2m Yo(z) ©)
sothat
@) = W) - = W'(a). ©)
Substitutingegs.(3) and(6) into Eq. (1), onehas
/ \/ am[EVSWEE _ w2 () + \/%_mW’(x)] dz = (n+ %)wh @)

whereE{SWKB — ESWKB _ F isthe SWKB enepy (in shiftedscale)of thent? state
correspondindo the potentialV; (z). Expandingthe left side of Eq. (7) in powersof 7,
onecanseeg[2-5] thatthe SWKB quantizatiorconditionfor V; (x) becomes:

wheretheturningpointsc, d aredefinedthrough:

VESWEB — _w(c) = W(d). 9)

It hasbeenshawvn [2-5] thatthe SWKB givesthe exactenegiesfor all statesandall SIP
obtainedby translationof parameters.

In SSQM,onealsodefinesa potentialVs (x), whichis apartnerto V3 (x) as

V(o) = W2(z) + %W'(””)' (10)
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Thenit canbeshowvn [6] thatbothV; (z) andVa (z) haveidenticalenegy spectrumexcept
thatthe groundstateof V; () is missingin theenegy spectrunof V,(z). Thesameresult
canalsobe obtainedin SWKB, if we substituteV,(z) from Eq. (10) in Eq. (1), which
resultsin the SWKB quantizatiorfor V5 (z) as:

shaving thatthe level degenerag of the exacteigervaluespectreof V; (z) andVa (x) are
presered.

3. Calculationsfor thefinite squae well

We considera symmetriconedimensionafinite squarewell potentialgivenby:

-V for-a<z<a } (12)

Viz) = { 0 |z| > a

Analytic solutionof the Schibdingerequationfor this potentialcanbe foundin ary stan-
dardtextbookon quantunmechanic$9]. Sincethepotentialis symmetricabouttheorigin,
solutionshave definiteparity. Matchingtheoscillatorysolutionwithin thewell with theso-
lution decayingexponentiallyoutwards,onegetstranscendentaquationdor the enegy
eigervalues:

ntany = ¢ (for even parity), (13)
geotn = —¢ (for odd parity), (14)
and
2
&+’ =", (15)
where
—-2mE
n=oa,  a=5~, (16)
I}
and

¢ = Ba, ﬂzy/i—T(Vo+E), (17)

with E < 0 for aboundstate As Vya? increaseshenumberof boundstatesalsoincreases.
For a givenvalueof Vya?, the setof equationg13) — (16) is solved numericallyto obtain
theenegy eigervalueFE.
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For even-paritystatesthewave functionis givenby:

() = { AcosBzr |z|<a } (18)

Belel |z| >a

andfor odd-paritystateshy:

u(z) = { Asinfz |z|<a } (19)

Be=ll |z > a.

Theconstantsd andB aredeterminedy matchingatz = a andby overallnormalization.
The WKB quantizationconditionis given by Eq. (1) with the classicalturning points
z1 = —a andze = a andV (z) = —V;. Theresultis:

EWKB _ (n + 1)27%R>
v _\nTaymh

s Vo (n=0,1,2,..cc.... )- (20)

The quantumnumbern takesintegral values0,1,2,...... uptoa maximumvalue,suchthat
EWKB <.

FortheSWKB treatmentye assuméhatthegroundstateenegyis Ey = —By (Bp >
0). Thegroundstatewave functionis:

() = { Acosfozr |z|<a } (21)

Be~l?l |z| >a

(10:\/27:230, /302\/271—”;(‘/0—30)- (22)

Then,by Eq. (5), thesuperpotentiak givenby:

with

\/%,Botanﬂox |z| < a
W(z) = F=a T>a . (23)

R _
T2 Q0 z< —a

SinceW () is positive for x — 400 andnegatie for z — —oo, supersymmetrys not
broken([6].

We canverify thatV; (z) givenby Eq. (6), with thesuperpotentiagivenby Eq. (23),is
thecorrectpotentialgivenby Eqgs.(3) and(12). With the superpotentiagivenby Eq. (23),
theturningpointsarec andd, (¢ = —d), where

W(d) = \/;%50 tan Bod = \/ ESVSVEE, (24)
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Hence,
1 ~ 1 QmET(Ll)SWKB

Substitutingn Eq. (8), the SWKB quantizatiorconditionbecomes:

d
h
tan? fod — tan? foz do = — 0 n=20,1,2,... . 26
O/J o fordr= s ) (@)

With the substitutiontan Sox = y tan Gyd, the condition(26) canbe putin theform:

vi- nr (n=0,1,2,.......). 27)

dy = —
y2 + {E(l)SWKB }

2

Forthegroundstate(n = 0), theintegralontheleft sidemustvanish.Theonly waythiscan
happeris by puttng(l)SWKB 0 in the shiftedenepy scale.Thus,the SWKB quanti-

zationconditiongivesthe correctresultfor thegroundstate.For n > 0, ET(LI)SWKB > 0.
Now, sincetheturningpointd shouldbelessthanor equalto a, Eq.(24) shavsthat:

EWMSWEB < (v, — By) tan® Boa. (28)

Thusthe SWKB enegiesareobtainedoy Eq. (27) for n = 0,1, 2, ... uptothe maximum
valueof n for which condition(28)is satisfied.

4. Numericalresults

The exactenegiesareobtainedby solvingnumericallyEgs.(13), (15), (16) and(17)
for even-paritystatesandEqs.(14), (15), (16) and(17) for odd-paritystates Eliminating
oneof thevariablesthe equationsarewritten with £ astheunknown variable.A prelimi-
narysearcHor FE is obtainedby the bisectionmethod[10]. An improvemenif this value
is doneby the Newton-Rhapsomethod[10]. Theresultsareobtainedwith a precisionof
onepartin 108. All thesolutionsin theranged > E > —V}, areobtained.

The WKB resultsare simply calculatedfrom Eq. (20) for all valuesof n satisfying
0> EWKB > _V.

Finally, for the SWKB result,Eq. (27) is solved by first evaluatingthe integral on the

left sidewith atrial valueof ET(LI)SWKB. Theintegralis evaluatedby dividing theintegra-
tioninterval [0, 1] into anumberof equispacedubinteralsandusinga 32 point Gaussian
quadraturg10,11] for eachof the subintenals. The numberof subintenals neededis
found from the conditionthat the evaluatedintegral hasa precisionof onepartin 10'°.
Finally, Eq.(27)is solvedinitially by thebisectionmethodto getafairly accuratesalueof
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ET(LI)SWKB

aprecisionof onepartin 108,

TABLE 1. Comparisorof exact, WKB andSWKB enegies(in MeV) for Vy = 50 MeV.

, followedby the Newton-Rhapsomethodfor anaccuratedeterminatiorwith

a(fm) | n | exactenegy | WKB enegy | SWKB enegy
3 0 | -46.165022 | -48.578847 | -46.165022
1 | -34.903114 | -37.209625 | -34.660119
2 | -17.261409 | -14.471180 | -15.485253
4 0 | -47.633023 | -49.200602 | -47.633023
1 | -40.600594 | -42.805414 | -40.532111
2 | -29.156011 | -30.015039 | -28.697241
3 | -14.006306 | -10.829476 | -12.128416
5 0 | -48.395881 | -49.488385 | -48.395881
1 | -43.608629 | -45.395465 | -43.583538
2 | -35.724757 | -37.209625 | -35.562954
3 | -24.941503 | -24.930865 | -24.334132
4| -11.765276 | -8.559185 -9.897072
6 0 | -48.841863 | -49.644712 | -48.841863
1 | -45.378370 | -46.802406 | -45.367462
2 | -39.645688 | -41.117795 | -39.576786
3 | -31.718607 | -32.590878 | -31.469836
4 | -21.749954 | -21.221656 | -21.046612
5] -10.123111 | -7.010128 -8.307115

For a representatie calculation,the massparametehasbeentaken as the nuclear
massandtwo valuesof the depthparamete(V;), namely50 MeV and60 MeV have been
chosenFor eachof thesevaluesof V;, four valuesof the width parametefa), viz; a =
3,4,5 and6 fm, have beentaken. Thenumberof boundstatesncreasesisVya? increases.
The valuesof V, anda areso chosenthat a fairly large numberof boundstatesexists,
facilitating a critical comparisorof the exact, WKB andSWKB enegies.Theresultsare
presentedn Tablel andTable2. Thefirst columnlists the valueof a, next columngives
the excitation quanturnumber(n). Thethird, fourth andfifth columnspresenthe exact,
WKB andSWKB enegies,respectiely.

Fromthetables,it is seenthatin generalthe SWKB enegiesare more precisethan
the WKB enegies.However, the WKB resultsfor thelow-lying statesarebelow the exact
enegies,while thosefor the high-lying statesnearthetop of thewell areabove the exact
enepies.As aconsequencehe WKB resultsfor someintermediatesaluesof n arequite
accurateExamplesof thisareprovidedby n = 3 statewith V4=50,a=>5 or n=4 statewith
V5=50,a=6 andn=4, 5 stateswith ¥,=60,a=6. The SWKB resultsarealwayslargerthan
thecorrespondingxactvaluestheerrorincreasingastheexcitationincreasesOnceagain
the errorfor the statedying nearthetop of thewell is large, while thatfor the low-lying
statess quite small. As discusseabarlier the SWKB resultfor the groundstateturnsout
to beexact. The obsenationthattheerrorin bothWKB andSWKB enegiesfor thestates
lying nearthe top of thewell is large is a standardeaturefor the WKB method.This is
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becausesuchstateshave a small negative enegy (in the original scale)andso« is smalll
(seeEg. (16) ). Hencethe wave function spills considerablyoutsidethe well, [Eq. (18)],
whichis contraryto thesemiclassicapicture.

TABLE 2. Compatrisorof exact, WKB andSWKB enegies(in MeV) for V; = 60 MeV.

a(fm) | n | exactenegy | WKB enegy | SWKB enegy
3 0 | -56.040323 | -58.578847 | -56.040323
1 | -44.357233 | -47.209625 | -44.161324
2 [ -25.746563 | -24.471181 | -24.362965
4 0 | -57.573619 | -59.200602 | -57.573619
1 | -50.349141 | -52.805414 | -50.294495
2 [ -38.522252 | -40.015039 | -38.162603
3 | -22.587963 | -20.829477 | -21.177948
5 0 | -58.363064 | -59.488385 | -58.363064
1| -53.472149 | -55.395465 | -53.452270
2 | -45.394360 | -47.209625 | -45.267601
3 | -36.274649 | -34.930865 | -33.809060
4 [ -20.438938 | -18.559185 | -19.076647
6 0 | -58.821855 | -59.644712 | -58.821855
1 | -55.296025 | -56.802406 | -55.287430
2 | -49.450588 | -51.117795 | -49.396712
3 | -41.341562 | -42.590878 | -41.149704
4 | -31.075454 | -31.221656 | -30.546406
5 [ -18.879021 | -17.010128 | -17.586782
5. Summanandconclusions

The SWKB is known to produceexactresultsfor potentialsvhich areshape-imariant
throughthetranslatiorof oneor moreparametersaie have appliedboththeSWKB andthe
WKB approximationgo a simple one-dimensiondiinite squarewell potentialfor which
analytictreatments possibleandananalyticexpressiorfor the superpotentiak obtained.
But this potentialis not shapanvariant. ConsequentlySWKB is not expectedto produce
exactenepgies,which agreewith our calculation.However, the errorsof the enegiesare
quite small, particularlyfor the low-lying statesIn almostall casesthe SWKB approxi-
mationturnsoutto be betterthanthe WKB results.

Thus,the SWKB is a betterapproximatiorthanthe WKB evenfor potentialsthatare
not shape-inariantbut have a discrete well separate@negy spectrumandthe superpo-
tentialis obtainedanalytically
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USPOREDR\ SKWB | WKB APROKSIMACIJA ZA KONACNU PRA/OKUTNU
JAMU

Razmatrajuse Wentzel-Kramers-Brillouin(WKB) i suprasimetina WKB (SWKB)
aproksimacijaza pravokutnu jamu konane dubine, te usporetiju s rezultatimatoCnih
racuna. lako promatranipotencijal nije invarijantanpo obliku, mogLte je analiticko
rieSenjezasuprapotencijale senalazidasurjeSenjaSWKB tocnija nego riesenjaWWKB.
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