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We considera large-N Chern-Simonsheoryfor the attractve bosonicmatter(Jackiw-Pi
model)in theHamiltoniancollective-fieldapproactbasednthe 1/N expansionWe shav
thatthe dynamicsof low-lying densityfluctuationsaroundthe semiclassicalvall solution
is governedby the CalogeroHamiltonian. The relationshipbetweenthe Chern-Simons
couplingconstank andthe Calogerostatisticalparametel signalizessomesortof statis-
tical transmutatioraccompasging the dimensionateductionof theinitial problem.
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1. Introduction

Gaugemodelsof a scalarfield with a Chern-Simong1] term admit staticsoliton so-
lutions[2,3]. A lot is known abouttheir structure stability andconnectiorwith the Bogo-
mol'nyi limit. Thesevorticeswereshownn to exist only in the presencef a suitablytuned
quarticcontactinteraction.Whatwe wantto addressereis how to analyzethe quantum
dynamicsof low-lying densityfluctuationsaroundsucha solution. Using the collective-
field approactbasetnthel/N expansionwe shav thatthe Chern-Simonsheoryfor the
attractve bosonicmatter(Jackiw-Pimodel)possessebe so-calledvall solution,of which

1E-mail addresses: andric@thphys.ithr, bardek@thphys.ithr, larisa@thphys.ithr
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the thicknessggoesto zeroasN goesto infinity. This obsenation substantiallysimplifies
the problemof quantunfluctuationsaroundsucha configuratiorandallows usto identify
their dynamicswith thatof the Calogeramodel.

2. Chern-Simongheory

ThelLagrangiarfor non-relatvistic mattercoupledto the AbelianChern-Simongauge
fieldis[1,2]

£ =i4Doy— 5(DW) (DY) + S, )

whereDy, = d,,+ iA, is the covariantderivative of the gaugefield and i(r) is the non-
relatvistic matterfield. The correspondingdamiltonianis givenby

1
H =5 [ &r(Ow(r) (D)), @
while theequationdor thegaugefield are

1
B=¢ij0iA; = —ELDTLIJ, (3a)

1 .
oA +6iA0:—E€ijJJ, (3b)
wherel! is the gauge-ivariantmattercurrent:

I= S (W'DY- (OY)'y) (@)

The Chern-Simondield hasno physicaldegreesof freedomandis solvedin termsof the
matterfield. The solutionsof the gauge-fieldequationg3) in the CoulombgaugeJA =0

are
A(r) = —%ﬁ x /dzr’

Ao(r):—%ﬁx/dzr’lnk—r’|(D’><J(r’)), (5b)

=T

¥ W), (5a)

wherefi is theunit vectorperpendiculato theplanein whichthefieldsmove. Using(5) we
canrewrite the Hamiltonian(2) only in termsof matterfields,andquantizeit by requiring
thefollowing bosoniccommutatiorrelationsat equaltimes:

[W(r,t), W' (r,t)] =8(r — '), (6)
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with all othercommutatorsanishing.Now, we usetheidentity [2]

(DW)' (DY) = (D+)"(D+y) +£013; + By, (7)
whereD; = D1 + iD2. With sufficiently well-behaedfields, sothatthe integral over all
thespaceof O x J vanishesye have

=5 [ rO) (O40) - o [[PrwlOw)). ®

If we addthefollowing contacttermto our system:

Hine = [ & (@1 ()2, ©

the possibility of the Bogomol'nyi saturatiorarises.For a specialchoiceof the coupling
constantg = 1/2k, theHamiltonianhasthe minimumvaluewheny(r) satisfieghe static
self-dualequation

Theadditionof thecontactinteractiontermHin; to our Hamiltonian(8) hasbeenmotivated
by the possibility of reachingthe self-duallimit, but it hasalreadybeenshavn [4] that
oncearenormalizations takeninto accounttheterm(9) appearsaturally

3. Collective-fieldformulationof the model

Fromnow on,weinvestigateéhecorrespondinground-stateonfiguratiorin thelarge-
N limit. Thereforewe reformulatethe Jackiw-PiHamiltonianin termsof collective fields
[5]. By decomposinghefield Y(r) into thephaseandtheamplitude:

r)=e™v/p(r), W'(r) = Vp(r) ™, (11)

we obtainthe Hamiltonianin the form

oo oo [0 & formn =5V

while the self-dualequatioryields

Dn(lr)+ﬁ><[mpr 2ru</ r'p _’IZ] 0. (13)

Here the new fundamentalvariablesare the collective field (numberdensity) p(r) =
@T(r)y(r) andthe operatorm(r), i.e. the canonicalconjugateof the field p(r). By us-
ing the Baker-Campbell-Hausdoritlentity, it canbe shavn thatp(r) andm(r) satisfythe
correctcommutatiorrelation

[p(t"), On(r)] = i08(r —r'). (14)
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Since

[erom = [ nwm =N, (15)

whereN is the total numberof bosonicparticlesin the system the conjugatemomentum
1(r) goesas 1/N in orderto satisfy the commutationrelation (14). This fact allows to

performthe 1/N expansionin the collective-field Hamiltonianandthe self-dualequation
(10)andgetsomeinsightinto the structureof the semiclassicdkadingapproximatiorand
thenext-to-leadingguantunfluctuations Performingthe 1/N expansioranddisregarding
thekineticterm,we obtainthesemiclassicatquatiorfor thelowest-enegy collective-field

configurationpo(r) [6]:

10po(r)
2 po(r)

Thereexistsaninterestingsolution,dependingpnly on onevariable,let ussayx, for defi-
nitenessEquation(16) reducegso

+ i/dzr' =" _o (16)
2TK Po [r—r/2—

10 1 .
535 1MPo0)+ 5 [ AXpo(¥)sigrix—x) =0, (17)
wherewe have usedtheresult:
L/2 oy
T
= + O(1/L), x#X. 18
_é;w—WV+w—w2 ] O 7 “e

Here,we have restrictedthe domainof the collective field p(r) to anarbitrarily large but
finite interval of lengthL alongthey axis. It is alwaysassumedhatthelimits L — o and
N — o aretaken simultaneoushat the end of the calculations keepingN/L fixed and
large (thermodynamidimit). Applying the derivative with respecto x, we cantransform
Eq. (16) into thedifferentialone:

1 0° 1
29e Inpo(X) + Epo(x) =0. (19)
This equationhasa positive andnormalizablesolutiongivenby
A
X)= ———, 20
pO( ) COSRBX ( )
where
N2 N
A=z BT o 1)

With increasingnumberof particlesN, our wall solutionpg(x) becomesghinner, finally
takingtheform of the &-functiondistribution:

3(x). (22)

Po(9 = 1
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Here,we have usedthewell-known representatioof the &-function:

5(x) = lim exp(x/€) _ KL

=i e[l+exp(x/e)]2’ N (23)

Actually, theparticlesarerestrictedy their statisticainteraction(effectively, theattractve
o-functioninteraction,seeRef. 7) to move alongthey axisin thegroundstate.

4. Quantunfluctuations

At this point, we analyzethe dynamicsof the collective-field excitationsaroundthe
wall-like solutionof the Jackiw-Pimodel. To this end,we performthe 1/N expansionof
thecollectivefield p(r) in theform

p(r) = po(r) +n(r), (24)

wherepo(r) is theground-statsemiclassicatonfiguratiorandn(r) asmalldensityquan-
tum fluctuationaroundpo(r). To proceedwe make the conjecturehatthe quantunfluctu-
ationn(r) containspo(r) asafactor This conjecturehasbeenprovedin differentmodels
in oneandtwo dimensionsup to the quadraticermsin thefield n(r) andthe momentum
1(r) in thecollectve Hamiltonian[5,8].The expression24) turnsinto

P(r) = po(X)P(Y), (25)

suggestinghat the residualone-dimensionafluctuationsp(y) exist in the y space.To
find the dynamicsof thesefluctuationswe introducethe factorizationform (25) into the
collectve Hamiltonian(12). It canbereadilyshovn thatthe Hamiltonianreducego

H— % / dxdyS(X)p(y) X

x5y PO = i [ XYBHIBY)

2
(x=x)2+(y— y’)z]

+
oL | BB x
om 190 N - X—X 2
& 2axnen0 i [ XSO ] e

Accordingto Eq. (17) andthe limiting form of the solutionpg(x), Eq. (22), we interpret
OxInpo(x) as—N/(KL) sigrx, andobtain

1= 4t w5 - Saymeor- oy $% ]
2 [ ooty (Z—’;)Z
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Theintegral overy in theabove expressiomrmustbe evaluatedby the principal-valuepre-
scription. Namely becauseof the presenceof the d function, the integral kernelin the
Hamiltonian(26)

y-y
(x=xX)2+(y-y)?

andase diminishego zero,by definition,we have

y—y —p 1

m82+(y—y')2_ y-y’

Having in mind the commutator(14) andthe factorizationstructureof p(r), Eq. (25), it
canbe shown by the chainrule of functionaldifferentiationthatthe canonicamomentum
1(r) transformsnto

y—y
e+(y-y)*’

changesgo

:__L:__ op(z2) o _ 50 & _ 30 .
=50 = 7' oo 5@ o ) — poly Y 29
Accordingly, its derivationwith respecto x vanishes:
L 0xpo(X) ~oN
aXn(r)|X=0 N Do( ) 0 T[(y) =0. (29)

The Hamiltonian(27) is finally written in termsof the one-dimensionatollective field
p(y) andits conjugatemomentunti(y) as

H:%/dyﬁ(y)(_) # o f o0 (2ayInp +2L’\|m</[dy(5(—y3'))2' 0

Thisis nothingbut the collective-field CalogeraHamiltonian[9,10]. In orderto establisha
full correspondenceye shouldrescalehefield p(y) — cp(y) andthemomentunii(y) —
1(y)/c, sothatthe Hamiltonianbecomes

H:%{%/dyp () 2/ [——In +Afdyp ]} (31)

Here the constantc, the Chern-Simonsouplingconstant andthe Calogerostatistical
parametel areinterrelatecby

N 1 N2¢?
Ec A—land— K 12 =, (32)
finally leadingto therelation
_1)2
21K = (A )\1) . (33)
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Onecanseethattherelation(33) is invariantagainsthe duality transformatiorh — 1/A,
reflectingthe well-known symmetryof the Calogeramodel[11]. Simultaneouslyvith the
dimensionateduction,our systemexhibits somesortof statisticaltransmutation.
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FLUKTUACIJEKOLEKTIVNOG POLA OKO ZIDNOG RIESENA
CHERN-SIMONSM/E TEORIJE

Razmatrase Chern-Simonsea teorija za privlatnu bozonskutvar (Jackiw-Pi model)
u pristupu hamiltonijanakolektivnog polja zasn@anogna 1/N razwju. Pokazujese
da dinamikom niskolezetih fluktuacija gusta@e oko poluklastnog zidnog rieSenjaup-
ravlja Calogere hamiltonijan. Odnosizmedu Chern-Simonsee konstantevezanjak i
Calogeroog statisttkog parametra ukazujenanekuvrstustatisttke transmutacijeékoja
pratismanjenjelimenzijapocetnogproblema.
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