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COLLECTIVE-FIELD FLUCTUATIONSAROUND THE WALL SOLUTIONOFTHE
CHERN-SIMONSTHEORY
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We considera large-N Chern-Simonstheoryfor theattractive bosonicmatter(Jackiw-Pi
model)in theHamiltoniancollective-fieldapproachbasedonthe1/N expansion.Weshow
thatthedynamicsof low-lying densityfluctuationsaroundthesemiclassicalwall solution
is governedby the CalogeroHamiltonian. The relationshipbetweenthe Chern-Simons
couplingconstantκ andtheCalogerostatisticalparameterλ signalizessomesortof statis-
tical transmutationaccompanying thedimensionalreductionof theinitial problem.

PACSnumbers:11.10.Lm,74.20.Kk,03.65.Sq,05.30.-d UDC 539.12

Keywords:collective field, Jackiw-Pimodel,large-N Chern-Simonstheory, Calogeromodel

1. Introduction

Gaugemodelsof a scalarfield with a Chern-Simons[1] termadmitstaticsolitonso-
lutions[2,3]. A lot is known abouttheir structure,stabilityandconnectionwith theBogo-
mol’nyi limit. Thesevorticeswereshown to exist only in thepresenceof a suitablytuned
quarticcontactinteraction.Whatwe want to addresshereis how to analyzethequantum
dynamicsof low-lying densityfluctuationsaroundsucha solution.Using the collective-
field approachbasedonthe1

�
N expansion,weshow thattheChern-Simonstheoryfor the

attractivebosonicmatter(Jackiw-Pimodel)possessestheso-calledwall solution,of which
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the thicknessgoesto zeroasN goesto infinity. This observationsubstantiallysimplifies
theproblemof quantumfluctuationsaroundsucha configurationandallowsusto identify
theirdynamicswith thatof theCalogeromodel.

2. Chern-Simonstheory

TheLagrangianfor non-relativisticmattercoupledto theAbelianChern-Simonsgauge
field is [1,2] � � iψ†D0ψ � 1

2

�
Dψ � † � Dψ � � 1

2
κεαβγAα∂βAγ � (1)

whereDµ
� ∂µ � iAµ is the covariantderivative of the gaugefield andψ

�
r � is the non-

relativistic matterfield. ThecorrespondingHamiltonianis givenby

H � 1
2

�
d2r
�
Dψ
�
r � � † � Dψ

�
r � � � (2)

while theequationsfor thegaugefield are

B � εi j∂iA j
� � 1

κ
ψ†ψ � �

3a�
∂0Ai � ∂iA0

� � 1
κ

εi j J
j � �

3b�
whereJi is thegauge-invariantmattercurrent:

J � 1
2i

�
ψ†Dψ � � Dψ � †ψ � 	 (4)

TheChern-Simonsfield hasno physicaldegreesof freedomandis solvedin termsof the
matterfield. Thesolutionsof thegauge-fieldequations(3) in theCoulombgauge∇A � 0
are

A
�
r � � � 1

2πκ
n̂ 
 � d2r � r � r ��

r � r � � 2 ψ† � r � � ψ � r � � � �
5a�

A0 � r � � � 1
2πκ

n̂ 
 � d2r � ln � r � r � � 
 ∇� 
 J
�
r � � � � �

5b�
wheren̂ is theunit vectorperpendicularto theplanein whichthefieldsmove.Using(5) we
canrewrite theHamiltonian(2) only in termsof matterfields,andquantizeit by requiring
thefollowing bosoniccommutationrelationsatequaltimes:�

ψ
�
r � t � � ψ† � r � � t � � � δ

�
r � r � � � (6)
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with all othercommutatorsvanishing.Now, weusetheidentity [2]�
Dψ � † � Dψ ��� � D � ψ � † � D � ψ � � εi j∂iJj � Bψ†ψ � (7)

whereD ��� D1 � iD2. With sufficiently well-behavedfields,so that the integral over all
thespaceof ∇ � J vanishes,wehave

H � 1
2 � d2r

�
D � ψ

�
r � � † � D � ψ

�
r � ��� 1

2κ � d2r
�
ψ† � r � ψ � r � � 2 � (8)

If weaddthefollowing contacttermto oursystem:

Hint � g � d2r
�
ψ† � r � ψ � r � � 2 � (9)

thepossibilityof theBogomol’nyi saturationarises.For a specialchoiceof thecoupling
constant,g � 1� 2κ, theHamiltonianhastheminimumvaluewhenψ

�
r � satisfiesthestatic

self-dualequation
D � ψ

�
r ��� 0 � (10)

Theadditionof thecontactinteractiontermHint to ourHamiltonian(8) hasbeenmotivated
by the possibility of reachingthe self-duallimit, but it hasalreadybeenshown [4] that
oncearenormalizationis takeninto account,theterm(9) appearsnaturally.

3. Collective-fieldformulationof themodel

Fromnow on,weinvestigatethecorrespondingground-stateconfigurationin thelarge-
N limit. Therefore,wereformulatetheJackiw-PiHamiltonianin termsof collectivefields
[5]. By decomposingthefield ψ

�
r � into thephaseandtheamplitude:

ψ
�
r ��� eiπ  r ! " ρ

�
r ��� ψ† � r ��� " ρ

�
r � e# iπ  r ! � (11)

weobtaintheHamiltonianin theform

H � 1
2 � d2rρ

�
r �%$ ∇π

�
r � � n̂ �'& 1

2
∇ρ
�
r �

ρ
�
r � � 1

2πκ � d2r ( ρ � r ( � r � r ()
r � r ( ) 2 *�+ 2 � (12)

while theself-dualequationyields

∇π
�
r � � n̂ � & 1

2
∇ρ
�
r �

ρ
�
r � � 1

2πκ � d2r ( ρ � r ( � r � r ()
r � r ( ) 2 * � 0 � (13)

Here the new fundamentalvariablesare the collective field (numberdensity) ρ
�
r �,�

ψ† � r � ψ � r � and the operatorπ
�
r � , i.e. the canonicalconjugateof the field ρ

�
r � . By us-

ing theBaker-Campbell-Hausdorfidentity, it canbeshown thatρ
�
r � andπ

�
r � satisfythe

correctcommutationrelation -
ρ
�
r ( � � ∇π

�
r � . � i∇δ

�
r � r ( � � (14)
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Since /
d2rρ 0 r 1�2 / d2rψ† 0 r 1 ψ 0 r 1�2 N 3 (15)

whereN is the total numberof bosonicparticlesin thesystem,theconjugatemomentum
π 0 r 1 goesas14 N in order to satisfy the commutationrelation(14). This fact allows to
performthe14 N expansionin thecollective-fieldHamiltonianandtheself-dualequation
(10)andgetsomeinsightinto thestructureof thesemiclassicalleadingapproximationand
thenext-to-leadingquantumfluctuations.Performingthe14 N expansionanddisregarding
thekineticterm,weobtainthesemiclassicalequationfor thelowest-energycollective-field
configurationρ0 0 r 1 [6]:

1
2

∇ρ0 0 r 1
ρ0 0 r 165 1

2πκ

/
d2r 7 ρ0 0 r 7 1 r 8 r 79

r 8 r 7 9 2 2 0 : (16)

Thereexistsaninterestingsolution,dependingonly on onevariable,let ussayx, for defi-
niteness.Equation(16) reducesto

1
2

∂
∂x

lnρ0 0 x1 5 1
2κ

/
dx7 ρ0 0 x7 1 sign0 x 8 x7 1�2 0 3 (17)

wherewehaveusedtheresult:

L ; 2/< L ; 2 dy70 x 8 x7 1 2 5 0 y 8 y7 1 2 2 π9
x 8 x7 9 56= 0 14 L 1�3 x 42 x7 : (18)

Here,we have restrictedthedomainof thecollective field ρ 0 r 1 to anarbitrarily largebut
finite interval of lengthL alongthey axis.It is alwaysassumedthatthelimits L > ∞ and
N > ∞ are taken simultaneouslyat the endof the calculations,keepingN 4 L fixed and
large(thermodynamiclimit). Applying thederivative with respectto x, we cantransform
Eq.(16) into thedifferentialone:

1
2

∂2

∂x2 lnρ0 0 x1 5 1
κ

ρ0 0 x1�2 0 : (19)

Thisequationhasapositiveandnormalizablesolutiongivenby

ρ0 0 x1�2 A

cosh2Bx
3 (20)

where

A 2 N2

4κL2 3 B 2 N
2κL

: (21)

With increasingnumberof particlesN, our wall solutionρ0 0 x1 becomesthinner, finally
takingtheform of theδ-functiondistribution:

ρ0 0 x1�2 N
L

δ 0 x1 : (22)
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Here,wehaveusedthewell-known representationof theδ-function:

δ ? x@�A lim
ε B 0

exp? xC ε @
ε D 1 E exp? xC ε @ F 2 G ε A κL

N H (23)

Actually, theparticlesarerestrictedby theirstatisticalinteraction(effectively, theattractive
δ-functioninteraction,seeRef.7) to movealongthey axisin thegroundstate.

4. Quantumfluctuations

At this point, we analyzethe dynamicsof the collective-field excitationsaroundthe
wall-like solutionof theJackiw-Pimodel.To this end,we performthe1C N expansionof
thecollectivefield ρ ? r @ in theform

ρ ? r @�A ρ0 ? r @ E η ? r @ G (24)

whereρ0 ? r @ is theground-statesemiclassicalconfigurationandη ? r @ asmalldensityquan-
tumfluctuationaroundρ0 ? r @ . To proceed,wemaketheconjecturethatthequantumfluctu-
ationη ? r @ containsρ0 ? r @ asa factor. This conjecturehasbeenprovedin differentmodels
in oneandtwo dimensions,up to thequadratictermsin thefield η ? r @ andthemomentum
π ? r @ in thecollectiveHamiltonian[5,8].Theexpression(24) turnsinto

ρ ? r @�A ρ0 ? x@ ρ̃ ? y@ G (25)

suggestingthat the residualone-dimensionalfluctuationsρ̃ ? y@ exist in the y space.To
find thedynamicsof thesefluctuations,we introducethe factorizationform (25) into the
collectiveHamiltonian(12). It canbereadilyshown thattheHamiltonianreducesto

H A N
2L I dxdyδ ? x@ ρ̃ ? y@�JK

∂π
∂x L 1

2
∂
∂y

ln ρ̃ ? y@ L N
2Lπκ I dxM dyM δ ? xM @ ρ̃ ? yM @ y L yM? x L xM @ 2 EN? y L yM @ 2 O 2 E

N
2L I dxdyδ ? x@ ρ̃ ? y@�JK

∂π
∂y
E 1

2
∂
∂x

lnρ0 ? x@ E N
2Lπκ I dxM dyM δ ? xM @ ρ̃ ? yM @ x L xM? x L xM @ 2 EP? y L yM @ 2 O 2 H (26)

Accordingto Eq. (17) andthe limiting form of thesolutionρ0 ? x@ , Eq. (22), we interpret
∂x lnρ0 ? x@ as L N C ? κL @ signx, andobtain

H A N
2L I dyρ̃ ? y@ K ∂π

∂x QQQQ xR 0 L 1
2

∂
∂y

ln ρ̃ ? y@ L N
2Lπκ LI dyM ρ̃ ? yM @? y L yM @ O 2

E N
2L I dyρ̃ ? y@TS ∂π

∂y U 2 QQQQQ xR 0
H (27)
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Theintegral overyV in theaboveexpressionmustbeevaluatedby theprincipal-valuepre-
scription. Namely, becauseof the presenceof the δ function, the integral kernel in the
Hamiltonian(26)

y W yVX
x W xV Y 2 Z X y W yV Y 2 changesto

y W yV
ε2 Z X y W yV Y 2 [

andasε diminishesto zero,by definition,wehave

lim
ε \ 0

y W yV
ε2 Z X y W yV Y 2 ]_^ 1

y W yV `
Having in mind the commutator(14) andthe factorizationstructureof ρ

X
r Y , Eq. (25), it

canbeshown by thechainrule of functionaldifferentiationthatthecanonicalmomentum
π
X
r Y transformsinto

π
X
r Y ] W i

δ
δρ
X
r Y,a W i b dz

δρ̃
X
zY

δρ
X
r Y δ

δρ̃
X
zYca W i

δ
X
0Y

ρ0
X
xY δ

δρ̃
X
yY ] δ

X
0Y

ρ0
X
xY π̃ X yY ` (28)

Accordingly, its derivationwith respectto x vanishes:

∂xπ
X
r Y d xe 0 a W L

N
∂xρ0

X
xY

ρ0
X
xY'ffff xe 0

π̃
X
yY a 0 ` (29)

The Hamiltonian(27) is finally written in termsof the one-dimensionalcollective field
ρ̃
X
yY andits conjugatemomentumπ̃

X
yY as

H a L
2N
b dyρ̃

X
yY�g ∂π̃

∂y h 2 Z N
2L
b dyρ̃

X
yYig 1

2
∂
∂y

ln ρ̃
X
yY Z N

2Lπκ
Wb dyV ρ̃

X
yV YX

y W yV Y h 2 ` (30)

This is nothingbut thecollective-fieldCalogeroHamiltonian[9,10]. In orderto establisha
full correspondence,weshouldrescalethefield ρ̃

X
yY�j cρ

X
yY andthemomentumπ̃

X
yY�j

π
X
yY k c, sothattheHamiltonianbecomes

H a L
cN l 1

2
b dyρ

X
yY g ∂π

∂y h 2 Z 1
2
b dyρ

X
yY,m λ W 1

2
∂
∂y

lnρ
X
yY Z λ Wb dyV ρ X yV Y

y W yV n 2 o ` (31)

Here the constantc, the Chern-Simonscouplingconstantκ and the Calogerostatistical
parameterλ areinterrelatedby

N
L

c a λ W 1 and
1

2πκ
N2c2

L2 a λ [ (32)

finally leadingto therelation

2πκ a X λ W 1Y 2
λ ` (33)
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Onecanseethattherelation(33) is invariantagainsttheduality transformationλ p 1q λ,
reflectingthewell-known symmetryof theCalogeromodel[11]. Simultaneouslywith the
dimensionalreduction,oursystemexhibitssomesortof statisticaltransmutation.
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6) I. Andrić andV. Bardek,Phys.Rev. D47 (1993)5546;Mod. Phys.Lett. A7 (1992)3267;Phys.
Lett. B318(1993)99;
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FLUKTUACIJEKOLEKTIVNOG POLJA OKO ZIDNOG RJĚSENJA
CHERN-SIMONSOVE TEORIJE

Razmatrase Chern-Simonsova teorija za privlačnu bozonskutvar (Jackiw-Pi model)
u pristupu hamiltonijanakolektivnog polja zasnovanog na 1q N razvoju. Pokazujese
da dinamikom niskoležécih fluktuacija gustóce oko poluklasǐcnog zidnog rješenjaup-
ravlja Calogerov hamiltonijan. OdnosizmeduChern-Simonsove konstantevezanjaκ i
Calogerovogstatistǐckog parametraλ ukazujenanekuvrstustatistǐcke transmutacijekoja
prati smanjenjedimenzijapočetnogproblema.
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