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A versionof the chiral bagmodel,which containsthe linear σ � modeldynamicsandis
quantizedby usingtheconstituentquarkoperators,hasbeensolvedusingaTamm-Dancoff
inspiredapproximation.Model gives reasonablevaluesfor the axial coupling constant
gA
� ∆u � ∆d � 1 � 28, for thecombinationhS

A
� ∆u

� ∆d � 0 � 38,andfor theprotonmag-
netic momentµp

� 2 � 77. Thesevalues,which matchthe combinations∆u � ∆d of the
quarkdensityfunctions,areconsequencesof thechiral characterof themodel.
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1. Introduction

Thedeepinelasticscatteringrevealsthataprotonhasarathercomplicatedcomposition�
uud; q̄q;g� consistingof valencequarks� u 	 d 
 , quarkpairs � q̄q
 andgluons � g
 . Thelow
energy, quasi-staticpropertiesof a nucleon,suchas the axial-vectorcoupling constant
gA, or thenucleonmagneticmomentµn, canbereasonablywell understoodif theproton
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(neutron)is composedof freequark-likepieces,say �UUD � [1-3]. Herethecapitalletters
U andD areusedto distinguishtheconstituentquarks,whichappearin a quarkmodel[4-
8], from thevalencequarksu andd whichareobservedin thedeepinelasticscattering.As
will be illustratedin this paper, oneshouldnot identify thevalencequark,definedby the
correspondingquarkdensityfunction∆q, with theconstituentquark[2]. Valenceor current
quarksbelongto a compositesystemof partons,i.e.quarks,antiquarksandgluons[9-11].
Nevertheless,theconstituentquarkmodelshave beenemployed[10,11] in thediscussion
[2,9] of thespinof theproton.Besidesconstituentquarks,suchapproacheshadto include
somelessschematicfeaturessuchasa superpositionof SU(6)configurations[10] or the
modifiedproton wave function [11] which contains  3Q�  QQ̄� componentsbesidesthe
convential3Q term[12]. Skyrmemodelhasalsobeenused[13-16] with variousdegrees
of success[2].

The internal structureof nucleonsis obtainedfrom experimentsat high energies
[2,3,17-20],whosemassscalediffers significantly from the scaleat which constituent
quarkmodelsareformulated[21]. However, a quarkmodel,which usesthe constituent
quarksto describestatichadronicproperties,shouldbeableto reproducethecorrectval-
uesof certaincombinationof thequarkdensityfunctions.Thesecombinationsdetermine
[2,3,17-20]certainstaticpropertiesof hadrons.For example:

gA � ∆u � ∆d  1 � 1�
hS

A � ∆u � ∆d  1 � 2�
HeregA is the nucleonaxial-vectorcouplingconstant(in units of gV). The quantityhS

A
canalsobecalculatedin theconstituentquarkmodels.It differsslightly from theconstant
gS

A which hasbeendiscussedin our earlierpaper[7]. Thenew quantitydoesnot include
strangequarkdensity∆s, i.e.

hS
A � gS

A � 2
5

∆s�  1 � 3�
Thequarkdensities∆q canbeextrapolated[2,3,17-20,22-24] from thedeepinelasticscat-
teringdata.Thustherelations(1.1)and(1.2)constraintheconstituentquarkmodelvalues
of gA andhS

A. As is well known [11], theexperimentalvalueof gA is closelyrelatedto the
chiralsymmetry. Only amodelwhichsatisfiestheserelationscanbeanacceptabletool for
theestimateof otherlow energy quantities,suchaselectroweakformfactors.

As anillustrationof suchageneralstatement,thequantitiesgA andhS
A will beobtained

in the framework of a chiral bagmodel [4-6]. A particularversion,which involvesthe
linearsigma-modeloutsidethebag[4], will beusedbecauseof its relativesimplicity. This
model will be solved using the Tamm-Dancoff [25-32] inspiredapproximation(TDIA)
which wasdescribedpreviously [33]. Evensuch”simple” approachdoeslead(seeSect.
2 below) to involvednonlinearsystemsof differentialandalgebraicequationswhich are
to be solved simultaneously. It is relatedto non-linearsigma-modelsand thus to their
Skyrme-solitonsolutions[13].

In our”simple” description,thechiral invarianceis explicitly violatedonly by theterm
proportionalto thesigmafield σ whichensuresthecorrectPCAC relation.All otherchiral
invarianceviolationsarecausedspontaneously, asdiscussedbelow in Sect.2. Thus,the
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axial-vectorcurrentis, evenwhenexpressedin termof themodelsolutions,awell defined
chiral vector in the chiral symmetrylimit. As a consequence,the couplingconstantgA
tendsto staycloseto its chiralsymmetrylimit gA � 1 (seeTable1). Ontheotherhand,the
modelproducesvery reasonablevaluesof theprotonmagneticmoment(seeTable1).

TABLE 1. The resultsfor the chiral-quarkmodel in the TDIA. The bagradiusR is in
GeV� 1 units.

R ω magn.moment ax.const.gA mphys
π

µQ µM µTot gA� Q gA� M gA� Tot

4.00 2.10 1.53 1.41 2.94 1.01 0.12 1.13 0.208
5.00 1.90 1.77 0.44 2.21 1.06 0.23 1.29 0.142
5.00 2.10 1.01 0.91 1.92 1.06 0.06 1.12 0.198
6.00 1.80 2.09 0.28 2.37 1.06 0.05 1.21 0.132
6.00 1.90 2.09 0.34 2.43 0.91 0.25 1.16 0.166
7.00 1.80 3.02 0.25 3.27 1.03 0.18 1.21 0.155
7.00 2.10 2.55 0.06 2.61 1.06 0.21 1.27 0.156

Theparameters
λ � 9 � 062 mσ � 1 � 2 GeV µexp � 2 � 79 mexp

π � 0 � 139GeV
ν � 0 � 092 fπ � 0 � 093GeV gA� exp � 1 � 26 mπ � 0 � 140GeV

All theseresultsaremadeout of two componentswhich arecalledgenericallyquark
and mesonphases.Theseapproximatesolutionsaremore preciselydefinedin Sect. 2.
Roughly, one can say that the quark phaseof a current is built up of the constituent
quark”fields”. The”meson”phase(or ”field”) is composedof bilinearcombinations(i.e.
ŪU � D̄D � of constituentquarkoperators,vaguelyreminescentof therealphysicalmesons.
In short,themodeldescribesa nontrivial dynamicsof constituentquarks,andit is closely
relatedto themodelsof Refs.5 and6 which have beenoftenused[6-8]. As it is madeof
Q̄Q pairs,its physicalcontenthassomesimilarity with theapproaches[11,12]which are
employing themodifiedprotonwave function.

As it turnsout, a particularmixture of the two contributionsis neededto reproduce
simultaneouslytheexperimentalvaluesof gA � hS

A andµN. TheconstantsgA andµN, which
areindependentlymeasurablein thelow energy experiments,canbeexplainedby several
setsof modelparameters.The sameparametersoughtto give a reasonablevalueof the
constanthS

A. Thus,onecantest the compatibility betweenthe constituentquarkmodels
andthehighenergy results[2,3,17-20,22-24,27].

2. Brief outlineof themodel

TheLagrangianwith thelinearsigmamodelembeddedin thebagenvironmenthasthe
usualform [4,34-37]: � � � ψθ � � intδ����� � σπ �! #" σ � $π� % θ � " 2 � 1�
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where &
ψ ' i

2

(
ψ̄
(
x) γµ∂µψ

(
x)+* ∂µψ̄

(
x) γµψ

(
x) )+* B ,&

int ' g
2

ψ̄
(
x) ( σ ( x) - i .τ .π ( x) γ5 ) ψ ( x) ,&

σπ ' 1
2

∂µσ
(
x) ∂µσ

(
x) - 1

2
∂µ .π ( x) ∂µ .π ( x) ,

U
(
σ , .π ) ' λ2

4

/
σ2 ( x) -0.π2 ( x)+* ν21 2 * fπm2

πσ
(
x)

(
2 2 2)

and fπ ' 0 2 093 GeV. The self-interactionpotentialU includesthe symmetry-breaking
term fπm2

πσ
(
x) . Thevaluesof otherconstantsarefixedby thecreationof masstermsfor

the .π andσ fields,by thePCAC andby therequirementU 3 min4 ' 0. Theirvaluesaregiven
in Sect.3. In theframework of this particularmodel,mσ andmπ arenot necessarilyequal
to thephysicalsigmaandpionmasses,but play theroleof modelparameters.

In the Heisenberg picture [38] and in the leadingorder of TDIA [33], the bosonic
entitiesσ and .π arenot theelementaryfields.TheAnsatzfor thequarkfield is

ψc
f
(
x) ' N5

4π

6
j0

i
( .σr̂ ) j1 7 χ f

mbc
m8 f - N5

4π

6 ( .σr̂ ) j1
i j0 7 χ f

mdc†
m8 f 2 (

2 2 3)
Herec is aquarkcolourand f is aquarkflavour, whereasm is thespinprojection.bc

m8 f and
dc

m8 f areconstituentquarkandantiquarkannihilationoperators,respectively. Thequantities

j08 1 ( r ) aresphericalBesselfunctionsof theorder(0,1)andχ f
m is thequarkisospinor(χ̃ f )

- spinor(χm) product

χ f
m ' χ̃ f 9 χm 2 (

2 2 4)
Theσ and .π solitonsaredeterminedby theboundaryconditions(

∂µπa ( r ) ) nµδS * gπ

2
ψ
(
r ) iτaγ5ψ

(
r ) δS ' 0

(
2 2 5)

and (
∂µσ

(
r ) ) nµδS * gσ

2
ψψδS ' 0 2 (

2 2 6)
Onefinds

πa ( r ) ' πs
(
r ) ( bc†

m8 f dc†
m: 8 f : - dc

m8 f bc
m: 8 f : ) 9 / χ†

m8 f τaχm: 8 f : 1- πp
(
r ) ( bc†

m8 f bc
m: 8 f :- dc

m8 f dc†
m: 8 f : ) 9 / χ†

m8 f ( .σr̂ ) τaχm: 8 f : 1 (
2 2 7)

and
σ
(
r ) ' σs

(
r ) 9 ( bc†

m8 f bc
m8 f - dc†

m8 f dc
m8 f )+* fπ 2 (

2 2 8)
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Heretheradial functionsσs ; r < , πs ; r < andπp ; r < outsidethebag ; 1 = θ < correspondto the
solutionsof theEuler-Lagrangeequations:

∂µ∂µπa ; r < > λ2πa ; r < ? σ ; r < 2 >0@π ; r < 2 = ν2A B 0 ; 2 C 9<
and

∂µ∂µσ ; r < > λ2σ ; r < ? σ ; r < 2 >0@π2 = ν2A > fπm2
π
B 0 C ; 2 C 10<

To extract the equationsfor the σs πs and πp componentsfrom the TDIA operator
equationsof motion, the equations(2.7)-(2.10)are”sandwiched”betweenthe final stateD
f E B D qc

f F t E B D 0 E bc
f F t andtheinitial stateE i G B E qc

i F u G B bc†
i F u E 0G . Thischoiceyieldstheequa-

tion for σs ; r < : H
d2

dr2 > 2
r

d
dr I σs ; r < B λ2 ? σs ; r <+= fπ

A ? ; σs ; r <+= fπ < 2> 3π2
p ; r <+= ν2A > fπm2

π

; 2 C 11<
andfor πp ; r < :

H
d2

dr2 > 2
r

d
dr
= 2

r2 I πp ; r < B λ2πp ; r < ? ; σ ; r <+= fπ < 2> 3π2
p ; r <+= ν2A C ; 2 C 12<

Theotherchoice,i.e.
D
f E B D 0 E and E i G B E qc

i F uqc
i J F uJ G B dc†

i J F uJ bc†
i F u E 0G , givestheπs componentH

d2

dr2 > 2
r

d
dr I πs ; r < B λ2πs ; r <LK f 2

π > 36π2
s ; r <+= ν2M C ; 2 C 13<

Now, one can specify the boundaryconditions (2.5) and (2.6) using the same
initial/final-statecombinations:

∂
∂r

σs ; r < NNN r O Rbag

B = N2

4π
gσ P s

2
? j20 ; ω <+= j21 ; ω < A Q

∂
∂r

πs ; r < NNN r O Rbag

B = N2

4π
gπ P s
2
? j20 ; ω < > j21 ; ω < A Q

∂
∂r

πp ; r < NNN r O Rbag

B = N2

4π
gπ P p

2
? j0 ; ω <+R j1 ; ω < A C

; 2 C 14<
At spatialinfinity, theσ andπ ”fields” (i.e. solitons)mustvanish:

σs ; r < NNN r S ∞
B 0 πs ; r < NNN r S ∞

B 0 πp ; r < NNN r S ∞
B 0 C ; 2 C 15<
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For thefermionfield, oneobtainstheboundarycondition

i T Uγr̂ V ψ T r V WWW r X Rbag Y igσσ T r V T Uγr̂ V ψ T r V WWW r X RbagZ gπUτ Uπ T r V T Uγr̂ V γ5ψ T r V WWW r X Rbag [ T 2 [ 16V
This boundaryconditionis ”sandwiched”betweenthe quark(Fock) states,aswasdone
with theequationsof motion.

Severalequationsvalid atR Y Rbag follow from thatexpression:

j0 T RV gσ T fπ Z σs T RV V Z j1 T RV T 1 Z 3gπ \ pπp T RV V Y 0

j0 T RV T 1 ] 3gπ \ pπp T RV V Z j1 T RV gσ T fπ Z σs T RV V Y 0

j0 T RV Z j1 T RV T gσ fπ ] 3gπ \ sπs T RV V Y 0

j0 T RV T gσ fπ Z 3gπ \ sπs T RV V Z j1 T RV Y 0 [
T 2 [ 17V

Thequarkeigenenergy ω will bedeterminedfrom thecompatibilityof theboundary
conditions(2.14)and(2.16). In this case,insteadof a commonmesoncouplingconstant
g (Eq. (2.2)), flavour- andangular-momentumdependentcouplingsgσ \ s ^ gπ \ s andgπ \ p
appear. This reflectschiral symmetrybreaking.As shown in (2.18) below, this appears
naturallywhen the non-linearsystem(2.2) is solved using the Ans̈atze(2.3), (2.7) and
(2.8),whichleadto thesystemof equations(2.17).Onesolutionfor gπ \ p Y πp T RV _ 3 gives
a trivial solutionfor gσ, i.e.gσ Y 0. Theothergives

gσ Y J2 ] 1
2

fπJ ^ gπ \ s Y 1 Z J2

6Jπs T RV ^
gπ \ p Y J2 Z 1

3
T J2 ] 1V πp T RV ^ σs T RV Y fπ

J4 Z 4J2 ] 1T 1 ] J2V 2 ^
J Y j1 T RV _ j0 T RV [

T 2 [ 18V
Theproblemis tofindasetof solutionsof thedifferentialequationsfor ` σ T r V ^ πs T r V ^ πp T r V a ,
whichsatisfythemathematicalboundaryconditions(2.14)and(2.15).Thesolutionsmust
be compatiblewith (2.18) which is independentof r. As J presentsinformationon the
systemof differentialequations,onehasa stronglycorrelatedalgebraicsystem(2.18)and
thesystemof differentialequations(2.11)-(2.13).

The parametersT λ ^ ν V , which enter b (2.2), arerestrictedby the symmetry-breaking
behaviour of thetheory. Usually[4,39], theσ particleis consideredto bea 1.2GeV reso-
nance,whereasthepion ”mass” is a parameterwhich, for simplicity (andlack of knowl-
edge),is assignedthevalueof thephysicalpionmass(0.137GeV).In thepresentapplica-
tion, thesevalueshavealsobeenused,althoughmσ andmπ can,in principle,beconsidered
asadditionalparameters.
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Thisresultedin asystemwhichdeterminedfermionandbosonradialfunctionsappear-
ing in Ans̈atze, for examplein (2.7)and(2.8).

In Eq. (2.15),thenormalizationconstantN canbeexpressedin termsof Besselfunc-
tionsandquarkeigenfrequenciesω:

N2 c 1
R3 d j20 e ω f g j20 e ω f+h 2 j0 e ω f j1 e ω f

ω ikj e 2 j 19f
The radial partsof the quarkwave functionsappearingin (2.3) areBesselfunctions

j l e ωr m Rf for any sphericalbagwith theradiusR. At thebagboundary, wherer c R, these
functionshave to satisfythe relations(2.18)which combinethe quarkfrequency ω with
thecouplingconstantsgσ n gπ n fπ, etc.

Thiscomplex systemhasbeensolvedusingthecodeCOLSYS,thecollocationsystem
solver, developedby U. Ascher, J. ChristiansenandR. D. Russelfrom the Universityof
British Columbiaand Simon FraserUniversity, Canada[40]. From the asymptoticbe-
haviour andsomeearlierexperience,theinputwassimpleandafastconvergencehasbeen
achieved.

Theproblemis rathersensitiveto thederivativeboundaryconditionswhichin all cases
involve thecouplingconstant(s).Althoughtheasymptoticbehaviour of thesolutionscan
beinferredfrom thesystemitself (seealsoRef.39), theCOLSYSis ableto handlerather
generalinitial (guess)solutions.The problemparameterscanbe graduallychanged(in-
creased)by usingacontinuationmethodin COLSYS.

Thereareadditionalchiral-bag-modelparameters,thesameasthoseusedin theMIT
bag, i.e. B n Z0 and αs [4-6,29,36,41].They are relatedto the bag propertiese B n Z0 f
andwith the effective gluon exchange(αs), which removesthe nucleon(N) - resonance
(∆) massdegeneracy. Someearlierexperience(seeRef.4) suggestedthattheseparameters
wouldremainwithin typicalchiral-bag-modelvalues.Heretheseparametersareusedtofix
theN and∆ masseswithin a 1% accuracy. Thenumericalvaluesdependon theparticular
Ans̈atzeused.Thus,for example,for onesolutiondisplayedin Table1 onefinds: R =5.0,
ω=2.10,Z0=2.6,B1o 4=0.148andαs=1.2.

Thesolutionsarecomparedagainsttheconsistency conditions(2.18)andtheiterative
procedureis used.The iterationconsistsin performinga self-consistentcalculation:the
couplingconstantsaresetto beequalat thebeginning,andafterevery iterationnew cou-
pling constantsarecalculatedfrom (2.18).Thesenew valuesarereplacedin theboundary
conditionsto calculatenew solutionsuntil thematchingis achieved.

3. Resultsandcomments

Fromvariousanalyses[3,17-20,23,24,42,43] of thedeepinelasticscatteringdata,one
canextractthefollowing valuesof thequarkdensities:

∆u c 0 j 78 p 0 j 06

∆d c h 0 j 48 p 0 j 06j e 3 j 1f
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This leadsto thefollowing predictionof theaxial vectorconstants

gA q 1 r 26 s 0 r 12 t 3 r 2u
hS

A q 0 r 30 s 0 r 12r t 3 r 3u
The results(3.2) and(3.3) arein a sensea continuation,or a bridge,which connectsthe
highenergy region,in whichoneencounterscurrentquarks,quarkpairs,gluons,etc.,with
aregionin whichaneffectivedescriptionin termsof constituentquarksmightbepossible.

In theconstituentquarkmodel(2.1)whichwasusedhere,onecancalculatebothaxial
vectorconstantsandthe protonmagneticmomentµp. The quantitiesgA andµp arealso
known from thelow energy electroweakdatawhichgive[44]

gA q 1 r 26 s 0 r 0028 t 3 r 4u
µp q 2 r 79284739s 0 r 00000006 r t 3 r 5u

Themagneticmomentoperatorisv
µt vr u q 1

2
t vr w vjEM t vr u u r t 3 r 6u

Here

jµEM t r u q ψ t r u γµQψ t r u x ε3i jπi t r u ∂µπ j t r u t 3 r 7u
and

Q q 2
3 y 1 x τ3

2 z 1
3 y 1 z τ3

2
r t 3 r 8u

Theprotonmagneticmomentis givenby

µp q µ{ Q| x µ{ M |p r t 3 r 9u
Herethequarkcontributionto µp is

µ{ Q| q 2
3 y R

ω4 y t ω } 2u z t 3} 8u sin2ω x�t ω } 4u cos2ω
j20 t ω u x j21 t ω u z 2 j0 t ω u j1 t ω u } ω t 3 r 10u

andthe”meson”contribution is

µ{ M |p q 16π
3 y 11

3

∞~
Rbag

r2dr � πp t r u � 2µp r t 3 r 11u
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Theaxial-vectorcouplingconstantgA hasthequarkcontribution

g� Q�A ��� p ��� � d3�rψ � �r � γ3γ5 τ3

2
ψ � �r � � n � �

� 5
3 � 13 � j20 � ω � � j21 � ω �

j20 � ω � � j21 � ω �+� 2 j0 � ω � j1 � ω � � ω � � 3 � 12�
For theneutron-protontransitiononeobtainsthe”meson”contribution:

g� M �A � 5
3 � 4π

3 � ∞�
Rbag

dr r2 � � σs � r �+� fπ � � π�p � r � � 2πp � r �
r � � πp � r � σ�s � r � � � � 3 � 13�

Finally:

g� p�A � g� Q�A � g� M �A � � 3 � 14�
It is importantto notethattheaxial vectorcurrentoperator

A3
3 � r � � ψ̄ � r � γ3γ5

1
2

τ3ψ � r � � ∂3σ � r � π3 � r �+� σ � r � ∂3π3 � 3 � 15�
behavesasavectoraslongasthechiralsymmetryis notbroken.From(2.1),onecaneasily
seethat it satisfiesPCAC aslong asall couplingconstants(2.18)areequal.Theselfcon-
sistentnumericalprocedureusedin solvingour modelintroducessomeinequalityamong
couplingconstantsin (2.18).As this is somekind of the dynamicalsymmetrybreaking,
thechiralsymmetryis still sufficientlypreserved,sothatchiralityprotectsagainsttoolarge
gA values.As onecanseein Table1, gA doesstayrelatively closeto its chiral symmetry
value.

Thenonlinearsigmamodelis usuallysolved[5-7] usingtheapproximation

exp� i
fπ

πaτa �L�� 1 � i
fπ

πaτa � � 3 � 16�
Theseresults,obtainedin TDIA, seemto indicatethat suchan approximationdestroys
the chiral vector currentpropertyof the axial vector current,althoughit preserves the
PCAC. Thechirality doesnot sufficiently protectthegA value,which is usuallytoo large,
gA � 1 � 45, in suchmodels[5,6].

The chirality, which protectsgA in the presentmodel, leadsalso to the reasonable
µp values.In both cases,the ”meson” phase,which was introducedin (2.1) in order to
constructa chiral-invariantmodel,works in the right direction.The ”meson”phasecon-
tributionsareproportionallymuchlarger in the caseof µp, asit shouldbe. On theother
hand,the ”meson” phase,which is an isovector, doesnot contribute to the isoscalarhS

A.
This lowershS

A values,asis visible in Table1.
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Thenucleonstatesusedin our modelarethewell-known SU(6)spin-isospinsymme-
try eigenvectors.Therefore,thequarkphasecontributionshave to satisfythenaive quark
modelratio [3], accordingto which

η � hS
A � Q�

gA � Q� � 3
5
� 0 � 6 � � 3 � 17�

Thus,theMIT-bagmodel[5] wouldalwayspredicta too largevaluefor hS
A.

Thechirality of themodel(2.1)is its mostimportantfeature.Its ”meson”phase,intro-
ducedto satisfythechiral symmetry, leadsto a lower ratio (3.17).For the lastcolumnin
Table1 onefinds

η � 0 � 296 � 3 � 18�
whatis quitecloseto theexperimentalvalue(see(3.2),(3.3))

η � 0 � 238 � 0 � 070� � 3 � 19�
It is probablynot accidentalthat our besthS

A and/orη valuesin Table1 arepairedwith
thebestgA andµp valueswhich differ from theexperimentalvaluesby 1 � 5% and0 � 7%,
respectively.

It seemsthat a constituentquarkmodelmight be compatiblewith the deepinelastic
scatteringdataas long as its chiral invariance[1] is only dynamicallyandgently (term
fπmπσ in (2.2)for example)broken.
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STATIČKA SVOJSTVA NUKLEONA U PRISTUPUPOTAKNUTOM
TAMM-DANCOFFOVOM APROKSIMACIJOM

PrimjenompostupkapotaknutogTamm-Dancoffovomaproksimacijom,riješenaje inačica
modelakiralnevrećekojasadřzi dinamikulinearnogσ modela,i kvantiziranajeprimjenom
operatorakonstitutivnih kvarkova. Model dajedobrevrijednostiza konstantuaksijalnog
vezanjauzvrijednostkaoi zamagnetskimomentprotona.Tevrijednosti,kojesuu suglasju
svrijednostimafunkcijakvarkovskegustóce,posljedicasukiralnogznǎcajamodela.
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