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We use the Mgller energy-momentum complex to calculate the energy of the Melvin
magnetic universe. The energy distribution depends on the magnetic field. In the
expression for the energy, the first term represents twice the classical value of en-
ergy and the other terms are due to the relativistic correction.
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1. Introduction

The subject of energy-momentum localization in general relativity continues to
be an open one because there is no given yet a generally accepted expression for the
energy-momentum density. Related on the method that used the energy-momentum
complexes we can say that there are various energy-momentum complexes including
those of Einstein [1], Landau and Lifshitz [2], Papapetrou [3], Bergmann [4], Wein-
berg [5] and Mgller [6]. Also, there are doubts that these prescriptions could give
acceptable results for a given space-time. The problem is that with different energy-
momentum complexes we can obtain different expressions for the energy associated
with a given space-time. This is because most of the energy-momentum complexes
are restricted to the use of particular coordinates. But the results obtained by sev-
eral authors [7]-[10] demonstrated that the energy-momentum complexes are good
tools for evaluating the energy and momentum in general relativity. Even they are
coordinate dependent, various energy-momentum complexes give the same energy
distribution for a given space-time.

Aguirregabiria, Chamorro and Virbhadra [7] obtained that the energy-
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momentum complexes of Einstein [1], Landau and Lifshitz [2], Papapetrou [3], and
Weinberg [5] give the same result for the energy distribution for any Kerr—Schild
metric. Also, recently, Virbhadra investigated [9] if these definitions lead to the
same result for the most general nonstatic spherically symmetric metric and found
they disagree. Only the energy-momentum complex of Einstein gives the same ex-
pression for the energy when the calculations are performed in the Kerr—Schild
Cartesian and Schwarzschild Cartesian coordinates.

On the other hand, the Mgller energy-momentum complex [6] allows to com-
pute the energy in any coordinate system. Also, many results recently obtained
[11]-[12] support the conclusion given by Lessner [13] in his recent paper that the
Mgller definition is a powerful concept of energy and momentum in general relativ-
ity. The viewpoint of Lessner [13] is that “The energy-momentum four-vector can
only transform according to special relativity only if it is transformed to a reference
system with an everywhere constant velocity. This cannot be achieved by a global
Lorentz transformation”. He pointed out that the problem lies with the interpre-
tation of the result from a special relativistic point of view instead of a general
relativistic one. In conclusion, the Mgller prescription can be used with success to
evaluate the energy distribution of a given space-time.

In this paper we calculate the energy distribution of the Melvin magnetic uni-
verse [14]-[15] in the Mgller prescription. Through the paper we use geometrized
units (G =1,c=1) and follow the convention that Latin indices run from 0 to 3.

2. Energy in the Mgller prescription

The Melvin magnetic universe [14, 15] is described by the electrovac solution of
the Einstein—-Maxwell equations and consists of a system of parallel magnetic lines
of forces in equilibrium under their mutual gravitational attraction. The Einstein—
Maxwell equations are

1
Rik—§gikR=87TTik7 (1)
L (V=g F™) =4xJ, (2)
\/__g )
Fijk+ Figs + Frg 5 = 0. (3)

The energy-momentum tensor of the electromagnetic field is given by

1 1
TF = i —F,,, FF™ + 1 g% Fpn F™ | . (4)

The electrovac solution corresponds to J* = 0 and is given by the metric
ds? = L? (dt* — dr? — r?d#?) — L™2 r? sin? 0 dy?, (5)
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where

1
L:l—l—ZBgTQ sin? 6. (6)

The Cartan components of the magnetic field are

H, = L2 By cos®,

(7)
Hy = —L72 By siné.

By is the magnetic field parameter and is a constant in the solution given by (5)
and (6).

The energy-momentum tensor has the non-vanishing components

_ BZ(1—2sin®0)

' =-T)
1 2 87TL4 ’
B2
TO:—T3: 0 8
0 3 87TL4’ ( )
T = T2 = 2 B2 sinf cos 6

87 L4

The Mgller energy-momentum complex M,* [6] is given by

1
M'k - kl (9)

% 87TX1 o

where the quantity Xikl is the Mgller superpotential and satisfies the antisymmetric
property

XM =—xiF=v=g ( — —) gFm g, (10)

Ox™  Oxn
Also, M,* satisfies the local conservations laws

OM;*
i = 0. (11)

M, is the energy density and M_? are the momentum density components.
The energy is given by

E= / // M, %dzdz2de® = / // 0X0" 11 d4u? 4 12)
0 8 ozl '
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For the Melvin magnetic universe, we obtain that the non-zero Xikl components
are given by
01 _ B2 13 sin® 6
Xoo = 11 1/4B212 sin?0)’

(13)
02 BZr?cossin®0
Xoo = (1+1/4B2r2 sin?0)

After some calculations, applying the Gauss theorem and plugging (13) into
(12), we obtain the energy distribution

1 1 1
E(r) = §B§ rd— EBg ro + 7—OBS7~7. (14)

Putting G and c at their places, we get

1 1 G 1 G?
E(r)==B?r - — = B3r®+ — — BS+". 15
(=35 15ci 0 T s (15)
The first term represents twice of the classical value of energy [16] obtained in the
Landau and Lifshitz and Papapetrou prescriptions. The other terms are due to the
relativistic corrections.
For the energy distribution given by (14), we have the graphic representation
in Fig. 1, where F is plotted against r on the z-axis and By on the y-axis.

Fig. 1. Dependence of the
energy (ordinate, according
to Eq. (14)) and strength
of magnetic field (B) on dis-
tance.

3. Discussion

The subject of the localization of energy in general relativity continues to be
an open one ever since Einstein gave his important result of the special theory of
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relativity that mass is equivalent to energy. Misner et al. [17] sustained that to look
for a local energy-momentum means that one is looking for the right answer to the
wrong question. Also, they concluded that the energy is localizable only for spher-
ical systems. On the other hand, Cooperstock and Sarracino [18] demonstrated
that if the energy is localizable in spherical systems then it is also localizable in
any space-time. Many results recently obtained sustain the viewpoint of Bondi [19]
who’s opinion is that ”a nonlocalizable form of energy is not admissible in general
relativity, because any form of energy contributes to gravitation and so its loca-
tion can in principle be found”. Also, Chang, Nester and Chen [20] showed that
the energy-momentum complexes are actually quasilocal and legitimate expressions
for the energy-momentum. They concluded that there exists a direct relationship
between energy-momentum complexes and quasilocal expressions because every
energy-momentum complex is associated with a legitimate Hamiltonian boundary
term. Very important is the Cooperstock hypothesis [21] which states that the en-
ergy and momentum are confined to the regions of non-vanishing energy-momentum
tensor of the matter and all non-gravitational fields.

In this paper, we use the Mgller prescription to compute the energy distribution
of the Melvin magnetic universe. We obtain that the energy distribution given in
Ref. 14 depends on the magnetic field. The first term amounts about twice the
classical value of energy [16] obtained in the Landau and Lifshitz and Papapetrou
prescriptions. The other terms are due to the relativistic corrections. The result is
different from that obtained by Xulu [16] using the energy-momentum complexes of
Landau and Lifshitz and those of Papapetrou. Let us stress that the Mgller energy-
momentum complex does not require to carry out calculations in any particular
coordinates.
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MOLLEROV KOMPLEKS ENERGIJE-IMPULSA U MELVINOVOM
MAGNETSKOM SVEMIRU

Primijenili smo Mgllerov kompleks energije-impulsa u racunu energije Melvinovog
magnetskog svemira. Raspodjela energije ovisi o magnetskom polju. Prvi ¢lan u
izrazu za energiju dvaput je veci od klasicnoga, a drugi su clanovi relativisticke
popravke.
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