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We consider the massless Duffin-Kemmer—Petiau equation for the general rotat-
ing space-times, then find its second-order form for a given geometry. Using this
second-order differential equation for two well-known cosmological models, the ex-
act solutions of the massless Duffin-Kemmer—Petiau equation were obtained. On
the other hand, by using spinor form of the Maxwell equations, the propagation
problem is reduced to the solution of the second-order differential equation of a
complex combination of the electric and magnetic fields. For these two different
approaches, we obtain the spinors in terms of the field-strength tensor.
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1. Introduction

To understand our real physical Universe, it is necessary to know solutions
of both the Einstein and the quantum field equations to discuss the dynamics of
the Universe and its particles. The passage from the field equations of relativistic
quantum mechanics in space-time to the general relativistic quantum field equations
can be done by using the principle of covariance and the tetrad formalism according
to the Tetrode-Weyl-Fock-Ivanenko procedure [1-9], expanded to include spin
transformation quantities. Since the gravitational effects are weak, it seems that
general relativistic wave equations are not important on the atomic scale, but for
many astrophysical situations, one has to take into account gravitational effects
due to their dominant role. One of the most fascinating aspects of the gravitational
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effects is their evident role in particle creation. To construct a steady theory of
quantum field theory in curved space-time, it is necessary to analyze the single-
particle states, since these states are examined to get the dynamics of the particles
in a given background. The curved space-time quantum field theory provides a
strong motivation for a unified theory of gravitation and quantum mechanics.

Electromagnetic fields are described by the Maxwell equations. Following a min-
imal coupling procedure, the scalar products are performed with the Riemannian
metric g,,,,, and the partial derivatives are replaced by covariant ones, then Maxwell
equations can be written in general relativity [10]. In the literature, however, there
exist many attempts to pass down from the classical wave theory of light to quan-
tum mechanics [11]. If complex combinations of the electric and magnetic fields are
taken as the elements of a three-component spinor, the Maxwell curl equations can
be synthesized into a form similar to that of the Weyl equation for the neutrino.
In these three-component formulations, the divergence equations are imposed as
constraint equations. Furthermore, these are valid only in free space in the absence
of any source. These two deficiencies have been put right in the work of Moses [12],
who found a four-component spinor formulation which casts the Maxwell equations
in the form of a massless Dirac equation. He united the source in the form of a
four-component spinor and combined the four Maxwell equations in the presence
of a source.

Much earlier than the above attempts, Duffin, Kemmer and Petiau had formu-
lated the wave equation (the DKP equation) for massive spin-1 particles [13, 14].
They showed that the first-order form of the Klein—-Gordon and Proca field equa-
tions can be represented in the Dirac-like matrix form

(iBM o4y —m)¥ =0, (1)
where 3 matrices satisfy the following relation
B 3®) ge) 4 ge) gb) gla) — gla)5)(e) 4 gle) 5(b)(a) (2)

Equation (1) is a first-order equation for spin-0 and spin-1 bosons, in contrast to
the other relativistic wave equations for bosons. Lately, the applications of the
Duffin-Kemmer—Petiau (DKP) theory to quantum chromo-dynamics (QCD) have
been considered by Gribov [15]. Additionally, it has been used to find covariant
Hamiltonian dynamics by Kanatchikov [16]. Within the framework of general rela-
tivity, the DKP equation has been conformed to curved space-time by Red’kov [17]
and Lunardi et al. [18]. With the generalization of DKP equation to the curved
space-time, it has become important to investigate the behavior of bosons in curved
backgrounds. The covariant form of DKP equation is given by

(iB"V, —m)¥ =0, (3)

where B (x) =y (x) @ T + I @~y (x) (4)

are the Kemmer matrices in curved space-time and they are related to flat
Minkowski space-time as [#(z) = b‘(‘i)ﬁ(i) with a tetrad frame that satisfies
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G = bff)b,(jj)n(i)(j). The covariant derivative in Eq. (3) is V,, = 0, — Q,, with
spinorial connections which can be written as

Q. =T, @I+IaT,, (5)
where
AT = gua[(0ral?) Gy — Ton] 5™ (6)

The Christoffel symbols and spin tensor can be written as

1
F;O;V = anﬁ (augﬁu + al/gﬁu - 659;w) , St = [’Y“v’yy] , (7)
where I',, =T',,, and * are the Dirac matrices in curved space-time and they are
related to at Minkowski space-time as

V(@) = b7, (®)
The Dirac-like equation (3) can be solved by using standard techniques used for
the Dirac equation.

The counterpart of the Maxwell equations in general relativistic quantum me-
chanics can be obtained as the zero-mass limit of the DKP equation with appropri-
ate identification of the components of the DKP spinor with electromagnetic field
strengths. In 1997 Unal showed that the wave equation of massless spin-1 particle
in at space-time is equivalent to free-space Maxwell equations [19]. Then Unal and
Sucu solved the general relativistic massless DKP equations (hereafter referred to
as the mDKP equation) in Robertson—Walker space-time written in spherical coor-
dinates [20]. By using the same technique, the mDKP equation had been solved for
the stationary Godel and the Godel-type space-time and also the non-stationary
Godel-type cosmological universes [21, 22]. In this technique, the Kemmer matrices
are written as a direct product of Pauli spin matrices with unit matrix resulting in
(4 x 4) matrices. This representation leads to a spinor which is related to a complex
combination of the electric and magnetic fields. Among of the advantages to use
the mDKP equation is that its a simple (4 x 4) matrix form simplifing the solution
procedure in comparison with the Maxwell equations. The quantum-mechanical
solution is also important in the discussion of the wave-particle duality of elec-
tromagnetic fields, since the particle nature of the electromagnetic field can be
analyzed only by a quantum-mechanical equation. Furthermore, the mDKP equa-
tion removes the unavoidable usage of (3 + 1) space-time splitting formalism for
the Maxwell equations mentioned by Saibatalov [23]. The mDKP equation is given
as follows

BV, =0, (9)
where g* are now

pH(z) =o"(@) @ T+ 1®d"(x), (10)
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with

ot (z) = (I,d(x)) . (11)

The covariant derivative V,, with spinorial connections =, are given with the limit
¥ — ot as

Vi=0: -5, =0, ImT, 0l +1®T,. (12)

In this paper, we investigate the relationship between the classical and quantum
theory of light by examining mDKP equation and the Maxwell equations in the
general space-times. In that manner we show quantum-mechanical wave function
in terms of the Maxwell-field strength-tensor components. Since 4 x 4 Kemmer
matrices have been used, this correspondence can be shown only if a complex com-
bination of the field-strength tensors are used. This paper is organized as follows: in
the next section, we define a general metric. In Sec. 3, we give the mDKP equation
explicitly and we obtain its second-order form. In Sec. 4 we find the components
of the Maxwell field strengths and use them to get second-order differential equa-
tion by using spinor formalism. In Sec. V, we obtain exact solution of the mDKP
equation in two different cosmological models, and in the last section, we give and
discuss some results.

2. A general rotating cosmological model

The general spacetime’s line element which we choose is given by

ds? = —(dz%)? + (dz')? + R*(dz?)? + (dz?)? — 2Gdz da?, (13)

where the functions R and G depend on x!. This metric describes spatially-

homogenous universes with rotation. The line element (13) can be reduced to the
known spacetime models under some conditions. We give some space-times which
are special cases in Table 1.

TABLE 1. (3+1)-dimensional cosmological models and their line elements.

Space-time Line-element (ds?)
Godel [21] —(dt +e°7df)? + dr? + 1(e2"df)? + d2?
Reboucas [24] dr? — (143 cosh? 2r)d¢? +d 22 +4 cosh 2rdtdg—dt?
Som-Raychaudhuri [24] | dr? +r2(1 —r?)d¢? + dz? — 2r2dtde — dt?
Minkowski [24] dz? + dy? + dz? — dt?
Kantowski-Sachs [25] da? + sin 2zdy? + dz? — dt?
Soleng [26] dr? —2adtdé+(B2(r+r9)?—a?)d¢? +dz% —dt?
Cyl. S. Minkowski [27] dr? 4+ r2d¢? + dz? — dt?
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The matrices of the g, and g" are defined by

2
1 0 -G 0 R G
2 0 4z 0
0O 1 0 O 0O 1 0 0
, ; (14)
G 0 R® 0 G 1
2 0 3 0
0 0 0 1 0o 0 0 1

where A2 = G2 + R2. For the line element given in Eq. (13), the suitably selected
tetrads are

0) _ 50 1) _ g1 2) _ 0 2 3) _ 53
al =6, dlV=¢,, P =G&+A5, aP =63, (15)
L L 1 L L L
bl(O):(sé)’ b?l):5?7 bl{g):X(él;_G(sé)’ bé3):6§7 (16)

where a’(‘i) = g“”n(i)(j)b,(,j). The curved Dirac matrices, which satisfy {v*,+"} =

2g"¥, are given by

0 1 ~1 2 1 3 ~3 (17)

G
0 _x — 7~2 = = —~2 = .
'Y - APY 9 Y o 7 A’y 9 Y Y

The non-vanishing Christoffel symbols are

GG’
AT, = R0+ R2650 + 0u — GO + 0)] + —— (0 + 30)

~—

R
+§(RG’ —2GR)(6,2 +072),) (18)

1
AR, = R*(0u +05) + 5(GG+2RR)(6,5 + 0,,)
Gl
— 5 (G +8,0), (19)
Gl
T = (0 +05) — RRGE, (20)

where prime indicates derivative with respect to ! and 62‘5 = 6;’[55 . The spinorial
connections are
G 1 G’ 20

I'n=——— 'y =
0 4A77 1

G _,, GG +2RR _
A Te== 30— =57 (21)

where we have defined that 7% = 557,
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3. The massless spin-1 wave equation

Using standard representation of the Dirac matrices, we obtain the mDKP
equation as

. G~ . 1~ - i@
(B = S 00w + Brorw + < F000 + Fopv + Z—Aﬂw\p

e O e e o, (22)

Eq. (22) gives four coupled first-order differential equations in terms of the compo-
nents of the spinor as

2(80 + 83)\110 + (I/Ciao + 01 — i@g) (\111 + \IJQ) =0, (24)

/

. . A
< lGaO + 282> (\Ifo = \1/3) + 29,V + (81 + > (\IJO + \:[13) =0, (25)

A A
—iG i A
Tao + Xag (o — W3) +20002 + (O + T (o +W3) =0, (26)

<‘fao+al T 1232) (01 + ) + (209 — 205) W5 = 0. (27)

From Egs. (25) and (26), it is seen that ¥; = Wq. If we use this result, then these
four coupled equations reduce to the following three coupled equations

. .
2(8p + 05) W + (lAaO + 0, — jlxaQ)\Ifl = 0, (28

—iG 1 A/
(j\ao + /1\32) (To — W3) + 2000, + (al + A) (To+W3) = 0, (29)
—iG i
(Aa() + 01 + Aag)‘lfl + (80 — 83)\113 = 0 (30)
For these three coupled equations, we can choose the spinor as
U(2') = exp{i(koz® + k3z® — koz®) }o(2!) . (31)
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Thus we have

. ko + koG
—l(k'() — k‘g)(ﬂo + <2A0 +81>§01 =0, (32)
kot+koG N . kot+koG N
(al2A0+A>90021k'0901+(31+2A0+A>Q03 = O, (33)

ko + koG .
(81 — 2A0>301 — 1(k0 + k3)(,03 = 0. (34)

The components ¢ and @3 can be expressed in terms of ¢ by

. i ko + koG

S T (51 =7 )901 ; (35)
i [kt kG

7T Gtk ( M 81) oL (36)

From the set of above equations, it is found that the second-order differential equa-
tion for ¢y is

A ks G ko + koG 2
{%+A&+i\—<210)—%@%§wwﬂ=u (37)

It is easy to find the other components of the spinor from the differential relations
given above.

4. The Mazwell equations

The propagation of electromagnetic fields has been studied for several reasons.
There are many astrophysical situations (light deflection in gravitational lensing,
pulsars, quasars, black holes) that involve strong electromagnetic and gravitational
fields in interaction. The interaction of electromagnetic and gravitational fields is
described by the Maxwell equations in a given curved background. In the absence
of electromagnetic source these equations are

;;25(\/:§FWU)V = 0, (38)

Ew,o + Fau,u + FI/O’,,LL = 07 (39)
where FM = gAY — 9¥ Al AP = (A, A), A = A(z). Here we solve the Maxwell
equations for the line element given in (22) to show the correspondence between

the mDKP equation and the Maxwell equations. For the particular choice of the
functions R and G, the solution of the Maxwell equations has been well done
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by Saibatalov [23] using similar technique. The contra-variant and covariant field
strengths F'*¥ and F},,, in the general coordinates are

FO'= M 4+ GA)'B®, Fy=-EW,
F%2 = (A)~'E® Foo = —AE®,

F1B3=_B®  p3=-B®?,
F2P =AT'BMD Fyy=-GE® 4+ ABM, (40)

Here E and B® are the components of the electric and magnetic fields in the
local Lorentz frame.

From Eq. (38), we find the following coupled equations

(Ady + AYEW + 9,E@ + A33E<3> —GBWY + (GO, +G)B® =0,  (41)
AGEWM + A3 BP) 4+ (Gy — 92)B®) =0,  (42)

9E® —9;BM 1+ 9,B® =0,  (43)

—AE® 4 (Gdy — 92)BY + (A9, + N )BP =0,  (44)

and using Eq. (39) we have

(GBy — B)EW + (Ady + AYEP + (A3))B® =0,  (45)
BEY — 9 E® +9,B® =0,  (46)

GOsEWV — (G, + G")E® + (A9, + AYBW + 9,B® + A9sB®) =0,  (47)
—ABE® — (Gdy — 2)E® 4+ AGyBY =0.  (48)

In terms of the components, these can be written as
(e 5) (80 ) 52)+ 502
_<ial +CA;/> < _gg >+33( gg > — 0, (49)
12 ( _ggi ) + (iao - /1\82> ( gi; ) + 03 ( gg) )
(B )G )= 5e)
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_B® G 1 D
—60 ( E(g) + Xao - Xaz B(l)

A E@)

If we define the complex spinor as

H! EMW 4 ip®)
H=| H?> | =| E® +iB® |, (53)
o3 E® £iB®

the spinor form of the Maxwell equations are found as

r !
<({91+A+1/(\;83)H1+/1\32H2i<ial+G+163>H3 = 0, (54

A A
1

i00H' + 0sH” + X(Ga0 —%)H® = 0, (55)

OsH' —i9gH?* —0,H®> = 0, (56)

/

%(G@o —)H' + (81 + //\\>H2 —i0gH® = 0. (57)

If the following form of the spinor is used

Hi(xo, xi) = exp{i(k2x2 + kgad — koxo)}Hi(xl) , (i=1,2,3), (58)

then we find
N kG ik s (G, 3

— I PP i SO+ — ks TP =
(61_1,_ A + 1 ) + A 1 A(’)1+ A ks 0, (59)
k0H1+ik3H2—in3 = 0, (60)
ikl — koI — 411 = 0,  (61)

ks + k A

2‘+AoGnl+<al+A>H2koHS = 0. (62)

The components IT' and II? can be expressed in terms of N3

m = ' 2OR2 T ROV 3
kg — k% [k?gal + A ) (63)
1 ks (ka + ko)
nm’? = —— MCAE B A I 4
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From the set of above equations, it is found that the second-order differential equa-
tion for IT3 is

N kG (ke + koG
{a§+Aal+ 3A _< 2+A° ) +k§—k§}n3(x1)—o. (65)

This is the same as Eq. (37), and their solution is exactly the same. By com-
paring Egs. (35)—(36) and (63)—(64), one can obtain the relations between spinor
components of the mDKP equation and the Maxwell equations as follows

o= —II' +ill?, o1 =@ =1I°, @3 =1II" +ill%. (66)

In terms of the electric and magnetic fields, which are given as

EO —Op0Fr, RO = y0p0 Fr — %bgﬁ OB L (67)
the components of the spinor of the mDKP equation are found that
po = IA(F?+iF?) - FO —iF'0 — G(F? +iF"?),
o1 = @y = FO4iF0 4 GFB 4iF%?),
@3 = IA(FO? 4iF%) 4 PO L iF L QPP i), (68)

5. FExact solution of the mDKP equation

5.1. Solution in the Soleng space-time

Using Eq. (37), second-order form of the mDKP equation in this space-time
becomes

1 ko + ako \°
1+ e (Bt +H -8 =0 o

where a, ro and B are constants. For this second-order differential equation, if we
use (r 4 ro)a!/? = v coordinate transformation (where o = kZ — k2) and define
[(k2 + ako)/B]* = 3%, than the mDKP equation takes the form

62

1
{20 +1-Zlam =0 (70)

This is the well-known Bessel equation, and from this point of view the exact
solution is becomes

\Ifl = exp{i(kgqi) + k?gZ — kot)} [Ajg(l/) + BNB(Z/)] . (71)
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From Egs. (68), the components of the spinor of the mDKP equation in the Soleng
space-time are found as

iB(r + 1) (FO +1F2) — FO' —iF10 — o(F? 4+iF"?),

Yo =
Y1 = Yy = F03 4 iﬁ30 T a(F23 4 iﬁ32) ,
03 = iB(r4r)(F2 +iF?0) 4 FO' 4 iF'0 4 o(F?' +iF'?). (72)

5.2. Solution in the cylindrically symmetric Minkowsk: space-time

Considering Eq. (37), the second-order form of the mDKP equation in this
space-time takes the following form
k3

1

If we use the coordinate transformation v = a/2r with o = k — k3, than we obtain
following well-known equation
2+ 1o ks = 4
r+; r+1—§ ¢1(r) = 0. (74)
This is the Bessel equation, and the solutions are

Uy = exp{i(ke¢ + ksz — kot)} [Ajigr, (V) + BNk, (v)] - (75)

Using Eq. (68), the corresponding components of the spinor of the mDKP equation
in the cylindrically symmetric Minkowski space-time are

0o = ir(F"24iF?) - F% —iF",
1 = o2 = F®4iF®
03 = ir(F2 4+iF?) + F% +iF", (76)

6. Oscillating regions of the massless spin-1 particles

Since it is not aimed here to solve Eq. (37) exactly for the given spacetimes in
introduction, we will restrict ourselves to discuss how one can obtain the frequency
spectrum of the photon by using some models of our general spacetimes. A general
method to find the frequency spectrum is to impose the condition on functions
which are the solutions of the differential equation. The functions obtained must
be bounded for all values as is usually done in quantum mechanics. This procedure
gives the quantization of frequency. If the function G vanishes, the line element
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(22) reduces an expanding model, and one might expect to obtain the gravitational
red shift in frequency. But G is not zero, and this model represents both expansion
and rotation.

We introduce a new function of the form
pr(z) = A2 (@)xa(ah) . (77)

Using this denition in Eq. (37), we get the following form

N (NN k3G ke + koG
{3“2/\*(2/\) + = —( i ) +k§—k§}X1(x1):o. (78)

From this equation we can write

A AN kG (ke + koG
“’2(5):%*(%) + 5A —( 2 AO ) + k2K (79)

e Case(1).
In the limit 77 — oo, if A(z!) = oo, we find w? = kZ — k3, and from this
result, if w? > 0, we can write y;(z!) as

xi(zh) = exp {imxl } (80)

e Case(2).
When x; — oo, if A(z!) = b = const, then we find w? = k3 — k2 — [(ko +
akg)/b]?, where a is a constant. From this result, if w? > 0, we can write

(@) = exp {\/ -k — (’”b’“)g} (s1)
o Case(3)

Assuming ¢ — 0, than A(z!) = ¢ = const, and we find w? = k% — k3 — [(k2 +
dko)/c]?, where d is a constant. From this result, if w? > 0, we can write

N N N o

7. Results and discussion

In the present paper, we investigated the mDKP equation and the Maxwell
equations in the background of the general rotating space-time.
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(a) We showed that charge-less and massless spin-1 particle and free-space
Maxwell equation satisfy the same equations.

(b) For each component of the mDKP spinor, the corresponding Maxwell field-
strength tensor components are found.

(¢) By using the mDKP equation, it is shown that the necessity of (3 + 1)
space-time splitting is not required for the electromagnetic fields.

(d) For two different well-known cosmological models, using our result, exact
solutions are easily obtained.

(e) We find the oscillating regions of the massless spin-1 particles in three dif-
ferent limits.

This features strongly motivates us to use the mDKP equation to investigate
the behaviour of the electromagnetic field. Another motivation is that the results
obtained can be used to study quantum field theory in curved rotating space-times.
Also, the wave functions obtained can be used to discuss the photon production
in some special space-times which are included in the general rotating space-time
that we defined in Sec. 2.
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BEZMASENE CESTICE SPINA 1 U ROTIRAJUCEM PROSTORU-VREMENU

Razmatramo bezmasenu jednadzbu Duffin—-Kemmer—Petiau-a za opéi slucaj roti-
rajuteg prostora-vremena i nalazimo njen oblik drugog reda za pojedinu geome-
triju. Primjenom te jednadzbe drugog reda postigli smo egzaktna rjesenja Duffin—
Kemmer—Petiau-ve jednadzbe za dva poznata kozmoloska modela. Pored toga,
primjenom Maxwellovih jednadzbi u spinornom obliku, problem Sirenja valova svodi
se na rjesavanje diferencijalne jednadzbe drugog reda za kompleksni slog elektri¢nih
i magnetskih polja. Tim dvama pristupima dobivamo spinore izrazene preko tenzora
jakosti polja.
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