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Bianchi type I bulk viscous fluid tilted cosmological model filled with disordered
radiation and heat conduction is investigated. We assume that the eigenvalue o} of
the shear tensor o7 is proportional to the expansion (#) which leads to A = (BC)™
between metric potentials A, B, C with n = constant and (6 = K(constant),
where ( is the coefficient of bulk viscosity in the model. To get the deterministic
model in terms of cosmic time ¢, we discuss some physically valid special models for
different values of parameters. The physical and geometrical aspects of the models
are discussed.
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1. Introduction

The distribution of matter in the universe is satisfactorily described by a perfect
fluid due to the large-scale distribution of galaxies. However, the realistic treatment
of the problem requires the consideration of material distribution other than the
perfect fluid. In the dynamics of homogeneous cosmological models, the introduc-
tion of viscosity in the fluid content has been found to explain many physical
aspects of the universe. A different picture at the initial stage of the cosmological
evolution may appear due to the dissipative process caused by viscosity, as vis-
cosity counteracts the cosmological collapse. Several researchers have attempted
to find exact solutions of Einstein’s field equations by considering viscous effect
in isotropic as well as anisotropic models. Misner [1,2] studied the effect of vis-
cosity on the evolution of cosmological models. Heller and Klimek [3] obtained a
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viscous fluid cosmological solution without an initial singularity. They have shown
that introduction of bulk viscosity effectively removes the initial singularity in cer-
tain classes of cosmological models. Murphy [4] obtained a solution for flat FRW
(Friedmann-Robertson-Walker) model considering the effect of the bulk viscosity
only. Belinski and Khalatnikov [5] investigated Bianchi Type I cosmological model
under the influence of viscosity and found that gravitational field creates matter
near the initial singularity. Roy and Prakash [6, 7] investigated some plane symmet-
ric cosmological models for viscous fluid distribution with a free gravitational field
of Petrov type I and non-degenerate Petrov type I model. Banerjee and Santos
[8] have given some exact solutions for Bianchi type I viscous fluid cosmological
models and discussed the role of viscosity in determining the nature of singularity.
Banerjee et al. [9] also investigated spatially homogeneous and locally rotationally
symmetric Bianchi type II cosmological model under the influence of shear and
bulk viscosity for barotropic equation of state and considering a linear relationship
between p, 0% and o2, where p is the fluid density, 6 the expansion and o the
shear. Spatially homogeneous anisotropic homogeneous bulk viscous fluid cosmo-
logical model without shear viscosity was investigated by Mohanty and Pattanaik
[10]. Bali and Jain [11,12] obtained two viscous fluid Bianchi type I cosmological
models in general relativity. In the first model, the coefficient of shear viscosity is
assumed to be constant, while in the second model, the coefficient of shear viscos-
ity is proportional to the rate of expansion in the model. Bali and Pradhan [13]
have investigated Bianchi type III time-dependent bulk viscous string cosmological
model in general relativity.

In the above mentioned studies, orthogonal viscous fluid universes in which the
fluid flow vector is normal to the hypersurface of homogeneity have been discussed.
The tilted cosmological models in which the fluid flow vector is not normal to the
hypersurface of homogeneity are more complicated than the non-tilted ones. The
general dynamics of tilted models have been studied by King and Ellis [14], Ellis
and King [15], Collins and Ellis [16]. Bradley and Sviestins [17] found that the heat
flow is expected for tilted cosmological models. The cosmological models with heat
flow were studied by a number of authors, like Ray [18], Roy and Banerjee [19], Co-
ley and Tupper [20,21], Coley [22]. Pradhan and Rai [23,24], and Bali and Meena
[25] investigated tilted cosmological model filled with disordered radiation of perfect
fluid with heat flow. Bali and Sharma [26] obtained some tilted Bianchi type I cos-
mological models for barotropic perfect fluid with heat flow, using A = t¢, B = t"™,
C =1t", where A, B and C' are metric potentials and ¢, m and n are constants. Re-
cently, Pradhan et al. [27] investigated plane symmetric viscous fluid cosmological
models with variable cosmological constant (A). To get the deterministic model,
they also assumed that the coefficient of bulk viscosity is a power function of the
mass density, and the coefficient of shear viscosity is proportional to the rate of
expansion in the model.

In this paper we investigate the Bianchi type I bulk viscous fluid tilted cos-
mological model filled with disordered radiation and heat conduction. To get the
deterministic model, we assume the conditions A = (BC)™ where A, B and C' are
metric potentials, n is a constant and (0 = constant, where ( is the coefficient

20 FIZIKA B 18 (2009) 1, 19-34



BALI AND KUMAWAT: BIANCHI TYPE I BULK VISCOUS FLUID TILTED COSMOLOGICAL ...

of bulk viscosity and 6 the expansion in the model. We also investigate a special
model. The physical and geometrical aspects of the model are also discussed.

2. Metric and field equations
We consider the Bianchi type I metric in the form
ds? = —dt? + A%dx? 4+ B2dy? 4+ C%d2?, (1)

where A, B and C are functions of ¢ alone.

The energy-momentum tensor for heat conduction given by Ellis [28] and for
bulk viscosity given by Landau and Lifshitz [29] is given by

Tij = (€ +P)Ui’0j Jrng + qiv! +vig? — Ce(g;:j + Uﬂ)j)a (2)
together with
gijv'v? = -1, (3)
gt =0, (4)
aq' >0, (5)

where p is the isotropic pressure, € the matter density and ¢; the heat conduction
vector orthogonal to v;. The fluid flow vector v* has the components

inh
(SmA)\, 0, 0, cosh/\> ,

satisfying (3), A being the tilt angle.
The Einstein’s field equation

R . .
R — ng =—8nT/, in the geometrized unit, where c=1,G=1 and taking A= 0,

for the line element (1) leads to

B44 044 B4C4 o . 2 sinh A 2

? F BC = 87T (€+p) Slnh )\+p+2(J1 A KCOSh )\ s (6)
A Ca  ACy
A B AuB
Su g Su L B s - K), 0

A B AB
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A4B4 A4C4 B4C4 - 2 sinh A . 2
AB+AC+BC = —8m |—(e +p)cosh® A+ p —2¢ 1 + Ksinh” A|, (9)
. sinh? \ .
(e + p)Asinh A cosh A + g1 cosh A + BN KAsinhAcoshA =0, (10)
cos

where the subscript ‘4’ denotes the ordinary differentiation with respect to ‘¢’.

3. Solution of the field equations

Equations from (6)—(10) are five equations in seven unknowns, A, B, C, e,
p, A and ¢;. For the complete determination of these quantities, we assume that
universe is filled with disordered radiation, which leads to

3p=ce. (11)

To get the deterministic solution, we assume a special relation between the metric
potentials A, B and C as follows

(i) A= (BO)" and (i) ¢O=K, (12)

where n and K are constants.

The motive behind assuming the condition (i) A = (BC)™ is explained as
follows: Referring to Thorne [30], the observations of velocity-redshift relation for
extra-galactic sources suggest that the Hubble expansion of the universe is isotropic
to within 30% [31, 32]. More precisely, the redshift studies place the limit o/H <
0.30 where o is the shear and H the Hubble constant. Collins et al. [33] have
pointed out that for a spatially homogeneous metric, the normal congruence to the
homogeneous hypersurface satisfies the condition o/0 = constant. The condition

o1/0 = constant leads to A = (BC)™ when the tilt angle is A = 0. Here o7 is the
eigenvalue of shear tensor o7.

The condition (6 = constant is due to the peculiar characteristic of the bulk
viscosity. It acts like a negative energy field in an expanding universe (Johri and
Sudarshan [34] ), i.e. (6 = constant. In other words, when expansion increases,
then bulk viscosity decreases.

Equations (6) and (9) lead to

B c BC AB AC

=8r[(e—p)+ K]. (13)

Using the disordered radiation condition 3p = € given by (11) in (13), we have

Bu  Cu  2BiCi  As(Bi  Ci
B ' C " BC A

=+ C) = 2(87p) + 87K . (14)
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Using (8) in (14), we have

By | Cuy | 2B4Cy | Ay (By | Cy Agy | Bay | AyBy
e R (e e s R (e — 127K .
B "¢ " BC A<B+C) KA B+AB> ”]
(15)
Equations (7) and (8) lead to
Bu  Cu Ay (By  Cy\
(B_C>+A(B_C>_O' (16)
Equation (12) leads to
A4 . By 04
Thus equation (16) becomes
CB44 — BC44 B4 C(4
—4+=1]=0 18
CB4— BCy ”(B c) ’ (18)
which on integration leads to
B
C? (> =b(BC)™, (19)
CJ4
where b is a constant of integration. Let
B
BC=p and o=V (20)
Using (20) in (19), we have
=, (21)

Using the assumptions (20) and (12) in (15), we have

pag | oHi [\ pas va (o m DNpd Led (il pavs o
1 12 2 1 v 2 4)u? 402 2 ) uv '

(22)
Equations (21) and (22) lead to
(4n? — 1)u? b? Cop_q | 24mK
2 + = — " . 23
Let us assume that
pa = f(n). (24)
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Thus
dpg / ,_df
= —_—— d = — . 2
Haa ar [ and f du (25)
Therefore, Eq. (23) leads to
df? 4n? —1) f? b? 247 K
L + (771 )L = _711,_2”_1 il . (26)
dp  2(n+1) u 2(n+1) (n+1)
From Eq. (26), we have
b? 48T K 2
2 — —2n 2 L 7(477, 71)/[2(n+1)] . 27
/ (4n+1)u (4712—&-4714-3)'u + b 27)
Equation (21) leads to
dv b dtd
DGk T
Thus, we have
b du
prmy ABTE g —n )
(4n+1) (4n?+4n+3)
Hence the metric (1) reduces to the form
d27 dt d2 2nd2 d2 71d2 2
si=—\ge )t 2 + p(vdy? +v71dz?), (29)
which leads to
dr?
A’ =-— 187K
_ Y g PO g2 pp—(nP1)/[2(nh)]
(4n+1) + (4n? + 4n + 3) *
+T*dX? + T(vdY? + v 1dZ?), (30)

where v is determined by (28) and p =1T.
In the absence of bulk viscosity, i.e. when K — 0, the metric (30) reduces to

2 ar?
2= _

72 +T*AX2+ T (vdY?+v~1dZ?), (31)

T—2n LT—(4n2—1)/[2(n+1)]
a1

where v is determined by (28) when K = 0.
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4. Some physical and geometrical features

The isotropic pressure (p), the matter density (€), the expansion (), cosh \, vl,

v, ¢, ¢*, 011 and oq4 are given by

_ AnK(—4n® +2n+3)  4n+1 L

= — 2
8mp An? 4+ 4n + 3 8(n+1) T’ (82)
where
An? +4n + 3
T T m+ (33)
—4n?+2n+3  3(4n+1) L
= 127K — 4
Sme = R a3 TRt T (34)
1/2
— T«
cosh A = LIt a1/ )1/2 , (35)
(=B +a/T?)
where
247K (2n —1)
B = 2 dn i3’ (36)
8n? 4+ 14n+3
ayp = W , (37)
8n? +6n+1
“= Ty L (%)
i 19
g =V = ﬁ &ci(v V=9)
1 0 0
— 30 | VD) + VD)
1 0 [ sinh A 0

0
= 1BC {O + (ABC)E cosh A + cosh A(A4BC + AB,C + ABC4)}

(- X is a function of ¢ alone)
9, 4
= a(” V=9)
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= 9 [cosh A (ABC)]

ot
-1 (ABC)Q cosh A + cosh A(44BC + AB,C + ABCY)
~ ABC ot 4 4 *
. 0 A4 By 04
= Ecosh)\—l—cosh)\ (A + 5 + C’) .

We now introduce the following abbreviations for the expressions which repeatedly
occur in subsequent equations:

o 1 N 487K +L
T An 41 T2 A2 4+ 4n+3 0 T

E,

a
E2:*n5+T71a7

6K
E3 = (a1 =+ nag)m s
E4 = B + % )
and
Es=—-(n+1)f+ a1T—aa2

With these abbreviations, one obtains

E\?[ = Es(2n— 1) + (n + 1) By E4]

- (39)
1/2 ~3/2 ’
E)?EY
EL/?
1 _ 5
V= (40)
4
EL/?
1= =2 (41)
1/2°
E;/
on— 1T EV?EY? B, Ey — 2F
Jllz(n ) 1 2 [42 3], (42)

3B
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~(2n — 1)T"E\*E/? [EsE; — 23]

014 =

3B ’
) . @n-)T"E’E)?E)? BBy — 2E5)(1-1)
Jg110 —|—O’14’U = 3 —O
3E3
Similarly

1 4
w110 +wigv” =0,

4o L EY?E,
81 Ei/2Tn ’

1/2
g L BB
1/2 -

87 E4/

In the absence of bulk viscosity, the above mentioned quantities lead to

where

ay
1 —
(n+ 1y

N———
"
~
no

b2 1 L
f=—-—o —+ —
dn +1T2n+2 ' Ta
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o1 L1
(2n —1)T" [4n+1T2n+2+TQ} Vai (a1az)
011 = 5/2 ) (54)
3ag
21 L1"?
_(27”L - 1)T” |:4n_|_1TQ”+2 + To‘:l Valr — ag (a1a2)
014 = 5/2 (55)
3ag
Thus
0’111)1 + 0'14’04 =0. (56)
Similarly
wnvl + w14v4 = 0, (57)

The physical significance of conditions (44), (45), (46) and (57) are explained by
Ellis [35]: The shear tensor (0;;) determines the distortion arising in the fluid flow,
leaving the volume invariant. The direction of principal axis is unchanged by the
distortion, but all other directions are changed. Thus we have

O'ij'UJ = 0,

which leads to
0'111}1 +0’141}4 =0 ( 1}1#0,1}4#0).

Shear (o) is given by

Thus 62 > 0 and 0 =0 < 0,5 = 0.
The vorticity tensor (w;;) determines a rigid rotation of cluster of galaxies with
respect to a local inertial rest frame. Thus, we have

k £
Wij = MijkewW W,

where 7;;1¢ is pseudo tensor and

. 1
w' = gnijkfﬂjwké'
Thus
OJZ']"U‘] =0.

This leads to
0'111}1 +0’14U4 =0 ( U17/:0,U47/:O).
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The magnitude of w;; is w and is defined as

1 .
w? = —wiw"

2

w=0 <& wij:O,

1 (a1 —a9)?a
g=- L lua) (58)
8w VagTotn

q4 — _i (al — a2) \/a (59)

8 JasTe ’

4.1. Discussion

The model (30) represents a tilted model, ¢ - oo when 7' — 0 and a > 0.
The model (30) starts with a big-bang at T = 0, and the expansion in the model
decreases as time increases. Uijvj =0 and wijvj = 0 are satisfied as o110 +o140* =
0 and w1 vt +wigv* = 0. Since limy_, o 0/6 # 0. Hence the model does not approach
isotropy for large values of T'. The model (30) has the point-type singularity at
T = 0 when n > 0, and it has the cigar-type singularity at 7' = 0 [36] when n < 0.

In the absence of bulk viscosity ¢ — oo, when T' — 0 and @ > 0, and ¢ — 0
when T' — oo and a > 0. The reality conditions € +p > 0, € + 3p > 0 given by
Ellis [37] are satisfied when 4n + 1 > 0. The model (31) represents a tilted model.
The model (31) starts with a big-bang at T'= 0 when o > 0 and n +1 > 0. The
expansion in the model decreases as time increases. The model (31) has point-type
singularity at 7' = 0 when n > 0 and it has cigar-type singularity at 7" = 0 when
n < 0. 0/0 #+0. Hence the model (31) represents an anisotropic universe.

5. Special cases

To get the deterministic model in terms of cosmic time ¢, we assume b = 0 and
n = 1. Thus Eq. (21) leads to

v = constant = M . (60)

Now using n = 1 in equation (27), we have

where
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which leads to

VL
= sinh(vV8rKt). 63
H= Vaag VETEY (63
Hence the metric (1) reduces to the form
VL dz?
ds? = —dt* + sinh(V8rK ¢ <dx2 + Mdy? + ) : 64
S sial(VSrE ) vt (69

In the absence of bulk viscosity, i.e. when K — 0, the metric (64) leads to
dS? = —dT? + T(dX? + dY? + dZ?), (65)
where L4z = X, LV4/My =Y, Ll/4ﬁz = Z and t=T.

5.1. Physical and geometrical features

The isotropic pressure (p),the matter density (e), the expansion (), cosh A, v?,
vt b, ¢, 011 and o4y are given by

K
p= T ot (VErK D), (66)
327
8TK
e =37 coth®(VenK t), (67)
327
coshA =1, (68)
3
0= §v87rK coth(V8rKt), (69)
vl =0, (70)
vt =0, (71)
g11 — O, (72)
014 = O . (73)
Thus
0’111)1 + 0'14’1}4 =0. (74)
Similarly
wuvl + w14v4 = 0, (75)

30 FIZIKA B 18 (2009) 1, 19-34



BALI AND KUMAWAT: BIANCHI TYPE I BULK VISCOUS FLUID TILTED COSMOLOGICAL ...

022 =0, 033=0, 044a=0, (76)
¢'=0, ¢*=0. (77)
The deceleration parameter (q) is given by

2= coth? (V8 K t)
= coth?(V8rKt) (78)

In the absence of viscosity, the above quantities lead to

3 1
6—@?, (79)
1 1
p:gzﬁtja (80)
coshA =1, (81)
3

5.2. Discussion

In the presence of bulk viscosity, the energy density € — oo at t = 0. The reality
conditions € + p > 0 and € + 3p > 0, given by [37], lead to coth(v8rKt) > 0.
The model (64) starts with a big-bang at ¢ = 0 and the expansion in the model
decreases as time increases. The model (64) has a point-type singularity at ¢ = 0
[36]. The deceleration parameter ¢ < 0 if coth?(v/87K t) < 2 and, hence, the model
represents an accelerating universe. ¢ > 0 if coth?(v/87K t) > 2. Therefore, the
model in this condition represents a decelerating universe. Since cosh A = 1. This
leads to A = 0. Hence the model in the presence of bulk viscosity represents a
non-tilted model in the special case.

It is possible to discuss entropy for the special model (64) which is obtained
in terms of cosmic time ¢ in the presence of bulk viscosity. To solve the entropy
problem of the standard model, it is necessary to have dS > 0 for at least a part
of the evolution of the universe. In Riemannian geometry without a cosmological
constant, we have

TdS = d(eS?) + pd(S?), (83)

where S is the scale factor. Equation (83) leads to

A B C
TdS:é+(e+p)<A+B C)ZO
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This again leads to
4

since 6 = % + g + % for the metric (1) and for the disordered radiation € = 3p.
For entropy, we have

S > 0.

This leads to
e 4
-+-0>0 84
e+3 =9 (84)

which for the metric (64) in the presence of bulk viscosity leads to

2vV8rK tanh(vV8rKt) > 0.

Thus entropy is possible in the presence of bulk viscosity for the special model (64).

In the absence of bulk viscosity € — oo when ¢ — 0. The reality condition € > 0
is satisfied. The model (65), in the absence of bulk viscosity, starts with a big-bang
at t = 0, and the expansion in the model decreases as time increases. Since o = 0.
Hence the model (65) represents an isotropic model. The model (65) has point-type
singularity at T' = 0 [36]. The deceleration parameter ¢ = 1 in the absence of bulk
viscosity. The special model, discussed above represents non-tilted, non-shearing,
non-rotating and decelearating universe.

5.3. Some other cases
We also considered the following cases, but these do not give physically valid
results:

(i) For b = 0, n = —1/2, a solution is possible but the matter density is negative
and the tilt angle is not determined in the absence of bulk viscosity.

(ii) For L = 0, the solution is possible but the tilt angle is not determined.
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BALI AND KUMAWAT: BIANCHI TYPE I BULK VISCOUS FLUID TILTED COSMOLOGICAL ...

BIANCHIJEV VOLUMNO VISKOZAN ZAKRENUT KOZMOLOSKI MODEL
TIPA I ISPUNJEN NEREDNIM ZRACENJEM I VODENJEM TOPLINE

Istrazujemo Bianchijev volumno viskozan zakrenut kozmoloski model s nerednim
zratenjem i vodenjem topline. Da bi postigli odredenost modela, pretpostavili smo
uvjet: svojstvena vrijednost o} smi¢nog tenzora o] razmjerna je Sirenju (6), Sto
vodi na relaciju A = (BC)" medu metrickim potencijalima A, B i C, gdje je
n stalan a (6 = K(const). ¢ je koeficijent volumne viskoznosti u modelu. Radi
postizanja odredenosti modela za kozmicko vrijeme ¢, raspravljamo neke posebne
fizikalno ispravne modele za razli¢ite vrijednosti parametara. Takoder raspravljamo

fizicke i geometrijske znacajke tih modela.
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