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The structure of the 9Be low-lying spectrum is studied within the cluster model
α+α+ n. In the model, the total orbital momentum is fixed for each energy level.
Thus each level is determined as a member of the spin-flip doublet corresponding to
the total orbital momentum (Lπ = 0+, 2+, 4+, 1−, 2−, 3−, 4−) of the system. The
Ali-Bodmer potential (model E) is applied for the αα interaction. We employ a
local αn potential which was constructed to reproduce the α − n scattering data.
The Pauli blocking is simulated by the repulsive core of the s-wave components of
these potentials. Configuration-space Faddeev equations are used to calculate the
energy of the bound state (Ecalc = −1.493 MeV vs. Eexp = −1.5735 MeV) and
resonances. A variant of the method of analytical continuation in the coupling con-
stant is applied to calculate energies of the low-lying levels. Available 9Be spectral
data are satisfactorily reproduced by the proposed model.

PACS numbers: 21.45.-v, 21.60.Gx, 21.80.+a UDC 539.142, 539.144

Keywords: few-body systems, cluster models, hypernuclei

1. Introduction

The 9Be nucleus can be modeled as a typical cluster nuclear system with the
neutron-halo structure. The three cluster model α + α + n allows us to describe
the 9Be low-lying spectrum qualitatively [1]. In the last years, the cluster calcu-
lations for the 9Be spectrum have been performed using different techniques and
with different inter-cluster potentials [2 – 5]. The main problem of the cluster mod-
els is the adequate description of inter-cluster interactions. In particular, for an
α+ α+ n system, it is important to take into account the Pauli blocking for both
the αα and αn interactions. There exist two different methods of approximation
for considering this problem. The first uses the process of elimination on the Pauli
forbidden states caused by the potentials used. This procedure realizes the non-
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local potentials [5, 6]. The second uses the potentials which have a repulsive core
to simulate the Pauli blocking [7, 8]. In this work we apply the second method of
approximation. The inter-cluster potentials can be phenomenologically constructed
by experimental data for the αα and αn scattering. We used the known Ali-Bodmer
potential (model E) [10] for the αα interaction. The αn potential was constructed
to reproduce the results of R-matrix analysis for the αn data [11]. In this way we
adjusted the parameters of the αn potential taken from Refs. [8, 9]. Our goal is
to obtain a new theoretical description for the 9Be spectrum. Note that reliable
9Be experimental data is restricted by the first several levels. In our model, the
total orbital momentum is fixed for each level and, taking into account the spin of
the neutron, each of the levels are determined as members of the spin-flip doublet
corresponding to the total orbital momentum of the system. We consider the states
of the α+ α+ n system with Lπ = 0+, 2+, 4+, 1−, 2−, 3−, 4−. To calculate the en-
ergies of the low-lying levels, we applied the configuration-space Faddeev equations
[12]. According to the proposed model, the partial decomposition of the Faddeev
components of the total wave function was performed in the LS coupling scheme.

We found that the 9Be spectral data are well reproduced within the proposed
model. Thus we present a new classification of the 9Be low-lying spectrum as a
set of spin-flip doublets. A comparison of our results with the results obtained by
different theoretical approaches supports our approximation as well. Predictions
for the 9Be spectrum are also presented.

2. Formalism

The Faddeev equations in coordinate space [12] are used for description of the
9Be nucleus, considered as a three-body ααn system. The general form of the
equations is as follows:

{H0+V s
γ (|xγ |)+

3
∑

β=1

V Coul
β (|xβ |)−E}Ψγ(xγ ,yγ) = −V s

γ (|xγ |)
∑

β /=γ

Ψβ(xβ ,yβ), (1)

where V Coul
β is the Coulomb potential between the particles belonging to the pair

β and V s
γ is the short-range pair potential in the channel γ, (γ=1,2,3). H0 =

−∆xγ
− ∆y

γ
is the kinetic energy operator, E is the total energy, and Ψ is the

wave function of the three-body system. Ψ is given as a sum over three Faddeev
components, Ψ =

∑3
γ=1 Ψγ . For the ααΛ system including two identical particles,

the coupled set of the Faddeev equations is written as

(H0 + Vαn + V Coul − E)W = −Vαn(U + P12W ),
(H0 + Vαα + V Coul − E)U = −Vαα(W + P12W ),

(2)

where U is the Faddeev component corresponding to the rearrangement channel
(αα) − n and W corresponds to the rearrangement channel (αn) − α. The total
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wave function is expressed by the components U and W with the relation Ψ =
U +(1+P12)W . P12 is the permutation operator for the α particles (particles 1,2),
and Vαα and Vαn are nuclear potentials of the αα and αn interactions, respectively.
V Coul is the potential of Coulomb interaction between the α particles, The total
orbital angular momentum is given by L = ℓαα +λ(αα)−n = ℓαn +λ(αn)−α, where
ℓαα (ℓαn) is the orbital angular momentum of αα (pair of αn) and λ(αα)−n (λ(αn)−α)
is the orbital angular momentum of a neutron (α particle) relative to the center of
mass of the αα pair and αn pair, respectively.

Possible combinations of relative momenta ℓαα, λ(αα)−n and ℓαn, λ(αn)−α for
the system with total orbital momentum L and parity π written as a block matrix
are:

M(Lπ) =

(

( {ℓαn} ) ( {ℓαα} )
( {λ(αn)−α} ) ( {λ(αα)−n} ),

)

where each block represents all quantum numbers taken into account. For example,
the combinations corresponding to the 0+ state can be given in the form

M(0+) =

(

( 0 1 2 . . . ) ( 0 2 4 . . . )
( 0 1 2 . . . ) ( 0 2 4 . . . ).

)

A more detailed description of this formalism is given in Ref. [13], applied to the
cluster system ααΛ. For the system ααn, the spin-orbit coupling between the α-
particle and the neutron is not negligible and we implement the spin-orbit part of
the αn interaction into the formalism. The αn potential is written as a sum of the
central and the spin-orbit parts: Vαn = V c

αn + V so
αn. For the ααn system in the

LS basis the matrix elements of the spin-orbital potential V so
αn are given by the

following form:

V so
αn(r) =

2L+ 1

2

∑

j=l±1/2

(2j + 1)

{

J L 1/2
l j λ

}2

(3)

×(j(j + 1)− l(l + 1)− 3/4)vso(r),

where J is the total three-body angular momentum, L is the total three-body
orbital momentum, j and l are total orbital momenta of the αn pair (the spin of
the pair is equal to 1

2 ), λ is the orbital momentum of the α-particle with respect
to the center of the αn pair, and vso(r) is a coordinate part of the αn spin-orbit
potential.

The configurations of the angular momenta corresponding to the Lπ states taken
into account are represented below:

2+ state

M(2+) =

(

( 0 1 1 2 2 2 ) ( 0 2 2 2 4 4 )
( 2 1 3 0 2 4 ) ( 2 0 2 4 2 4 )

)

,
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4+ state

M(4+) =

(

( 0 1 2 2 3 4 ) ( 0 2 4 2 4 4 )
( 4 3 2 4 1 0 ) ( 4 2 2 4 0 4 )

)

,

2− state

M(2−) =

(

( 1 2 2 3 3 4 ) ( 2 2 4 4 )
( 2 1 3 2 4 3 ) ( 1 3 1 3 )

)

,

4− state

M(4−) =

(

( 1 2 2 3 4 4 ) ( 2 2 4 4 )
( 4 3 5 2 1 3 ) ( 3 5 1 3 )

)

,

3− state

M(3−) =

(

( 0 3 2 1 1 4 ) ( 0 2 2 4 4 )
( 3 0 1 2 4 1 ) ( 3 1 3 1 3 )

)

,

1− state

M(1−) =

(

( 0 1 1 2 2 3 ) ( 0 2 2 4 4 )
( 1 0 2 1 3 2 ) ( 1 1 3 3 5 )

)

.

3. Potentials

Nuclear αα interaction is given by the phenomenological Ali-Bodmer (AB) po-
tential [10]. This potential has the following form: Vαα(r) =

∑

l=0,2,4 V
l
αα(r)Pl,

where Pl is a projector onto the state of the αα pair with the orbital momentum l.
The functions V l

αα(r) have the form of one or two range Gaussians:

V l
αα(r) = V l

rep exp(−βl
repr)

2 − V l
att exp(−βl

attr)
2 . (4)

The s-wave component V 0
αα(r) has a strong repulsive core which simulates Pauli

blocking for the α’s at short distances. There are different sets of the parameters
for partial components V l

αα(r) [10]. The parameters of the version ”e” of the Ali-
Bodmer potential (ABe) are given in Table 1.

The αn interaction in s, p and d states is taken into account (Fig. 1). The p
and d-wave components include central and spin-orbit parts:

V jl
αn(r) = vlc(r) + (s, l)vso(r), (5)

where j = l + s, s is the spin of the neutron. The coordinate dependencies of the
components have the form of one- or two-range Gaussians. The s-wave component
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Fig. 1. Partial (s, p, d) and spin-orbit (sl) components of the α− n potential.

TABLE. 1. Parameters of the αα (ABe [10]) and αn potentials. The pair-orbital
momentum is l. V l

att, (V
l
rep) and Vc are given in MeV, βl

att (βl
rep) in fm−1 and αc

in fm−2.

Interaction Potential l V l
rep βl

rep V l
att βl

att

αα central 0 1050 0.8 150 0.5

2 640 0.8 150 0.5

4 – – 150 0.5

αn central 0 [8] 50.0 1/2.3 – –

1 40.0 1/1.67 63.0 1/2.3

2 [9] – – 21.93 1/2.03

spin-orbit – – – 38.0 1/1.67

has a repulsive core [7 – 9] to simulate the s state Pauli exception for α − n. The
d-wave component of the αn potential was taken from Ref. [9]. In this work we
propose a modification for the p-wave and spin-orbit components of the potential
given in [9]. The parameters of our potential are listed in Table 1. The goal of
the modification is to reach a better description for the α− n scattering data. For
experimental data, we used the results of the R-matrix analysis of the data from
[11]. In Fig. 2, the phase shifts for the α − n scattering are given to compare our
results with the proposed potential and the R-matrix fit. We have obtained strong
agreement between the two results for neutron energies up to 4 – 5 MeV.
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Fig. 2. Phase shifts for α−n scattering. Solid curves are our results with potential
(5) and dot-dashed curves are an R-matrix fit to data from [11].

4. Methods

The bound state problem based on the configuration-space Faddeev equations
(1) for the ααn system (Eq. (2)) is solved numerically by applying the finite-
difference approximation with spline collocation method [13, 15]. For calculation of
the eigenvalues, the method of inverse iterations is used. To estimate the energies
and widths of the low-lying resonance states, we applied the method of analytical
continuation in the coupling constant [16]. A variant of this method with an ad-
ditional non-physical three-body potential is used. The strength parameter of this
potential is considered as a variational parameter for the analytical continuation of
the bound state energy into the complex plane [17 – 19]. This potential, considered
as a perturbation to the corresponding three-body hamiltonian, is added to the
left-hand-side of Eqs. (2). The three-body potential has the form:

V3(ρ) = −δ exp(−bρ2), (6)

where b is a range parameter of this potential (b = 0.008 fm−2) and δ is a strength
parameter (variational parameter), δ ≥0. ρ2 = x2

α + y2α, where xα, yα are the mass
scaled Jacobi coordinates (α = 1, 2) [14]. For each resonance, there exists a region
|δ| ≥ |δ0| where a resonance becomes a bound state. In this region we obtain the 2N
three-body bound state energies corresponding to 2N values of δ. 2N is the number
of points used in the real energy plane for construction of the Padé approximation.
The continuation of the energy into the complex plane is carried out by means of

the Padé approximation:
√
−E =

∑N
i=1 piξ

i
/[

1 +
∑N

i=1 qiξ
i
]

, where ξ =
√
δ0 − δ
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and pi and qi are calculated parameters. The Padé approximation for δ = 0 gives
the energy and width of the resonance: E(δ = 0) = Er + iΓ/2. The accuracy of the
Padé approximation for resonance energy and width depends on a few parameters,
the distance from the scattering threshold, the accuracy of calculation for bound
states and determination of δ0. Calculated resonance energy can depend on the
order N of the Padé aproximants used (for example, see Ref. [20]).

5. Calculations

The bound state of the ααn system, having negative (”natural” [5])) parity with
Jπ = ( 32 )

− and Lπ = 1−, is associated with the ground state of the 9
Λ Be hypernu-

cleus. The experimental value for this state is 1.5735 MeV [22]. This state is lower
member of the spin-flip doublet with orbital momentum L = 1. The upper member
of this doublet is the resonance state Jπ = ( 12 )

− with energy 1.21 ± 0.12 MeV.
Calculated values (∼ 0.9 MeV) for this doublet are close to the experimental data.
The calculated spin-doublet spacing is about 2.4 MeV, whereas the experimental
value is about 2.68 ± 0.12 MeV. In Table 2, we give the 9Be ground state binding
energy calculated for various orbital momentum configurations. Orbital momentum
configurations lπ = 0+ and 2+ of the core nucleus 8Be contribute significantly to
the 9Be ground state energy. A weakly bound state of the ααn system is possible
if the lπ = 0+ configuration is taken into account. Addition of the lπ = 2+ config-
uration of the αα pair gives the final value for the binding energy. Meanwhile, the
contribution of the configuration lπ = 4+ is relatively small.

TABLE. 2. Binding energy EB of the 9Be ground state (3/2−) (in MeV), calculated
for various orbital momentum configurations. Energy is measured with respect to
the α+ α+ n threshold. Experimental value is Eex

B =-1.5735 MeV [22].

{(lαn,λ(αn)−α)} {(lαα,λ(αα)−n)} EB

(0,1) (0,1) unbound

(0,1)(1,0)(1,2)(2,1) unbound

(0,1)(1,0)(1,2)(2,1)(2,3) -0.032

(0,1)(1,0)(1,2)(2,1)(2,3)(3,2) -0.042

(0,1) (2,1) unbound

(0,1)(1,0)(1,2)(2,1)(2,3)(3,2) unbound

(0,1)(2,1) -1.403

(0,1)(2,1)(2,3) -1.480

(0,1)(2,1)(2,3)(4,3) -1.492

(0,1)(2,1)(2,3)(4,3)(4,5) -1.493
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Results of our calculation for the low-lying spectrum of 9Be are given in the
third column of Table 3. The next two columns include the results of Refs. [2, 3, 24].
Experimental data for 9Be (T = 1/2) is given in the last column of this table. Each
energy level is classified as a member of the spin-flip doublet corresponding to the
total orbital momentum Lπ = 0+, 2+, 4+, 1−, 2−, 3−, 4− of the ααn system. Our
model’s predicted results correlate well with the experimental data [23]. In our
opinion, the neutron-halo structure of the 9Be is the reason for the possibility of
classification.

To give an overall evaluation of our results, we present a relation between the
calculated and experimental spectrum of 9Be in Fig. 3. In this figure, the solid

TABLE. 3. Energy levels in the ααn system and low-lying 9Be spectrum. Results
of our calculations are presented in the third column. The energy (in MeV) is
measured from the α+ α+ n threshold. Experimental data for 9Be (T = 1/2) are
taken from [23].

Lπ Jπ [2] (CSM) [3] [24]* Exp.

0+ 1
2

+
0.3(4) – – – 0.111±0.007

1− 3
2

−
-1.493 -2.16 -1.60 -1.48(4) -1.5735

1
2

−
0.9(0) 1.06 – 2.24(6) 1.21±0.12

2− 5
2

−
0.7(2) 0.39 – 0.73(6) 0.8559±0.0013

3
2

−
2.(7) 2.88 2.65 – 4.02±0.1 or 3.4±0.5[25]

2+ 5
2

+
1.(8) 1.75 – – 1.476±0.009

3
2

+
3.(0) 3.21 – – 3.1312±0.025

3− 7
2

−
4.(6) 5.02 – 5.03(6) 4.81±0.06

5
2

−
6.(4) 6.57 – – 6.36±0.08

4+ 9
2

+
5.(1) 5.04 – – 5.19±0.06

7
2

+
6.(6) 6.80 – – –

4− 9
2

−
8.(6) 9.73 – 8.62(6) –

7
2

−
10.(7) – – – –

*Quantum Monte Carlo calculations for A = 9.

line indicates the root-mean-square fit for this correlation. The fitted line is close to
the line (dashed line in Fig. 3) showing the ideal situation when calculated values
coincide with experimental data. These two lines are practically identical. The
slight angle difference between the lines is due to a relatively large disagreement
between the calculated and experimental values for the Jπ = 3/2− (Lπ = 2−)
and Jπ = 5/2+ (Lπ = 2+) states. Note that other cluster calculations [2, 3] (see
Table 3) demonstrate the same disagreement with the experimental data. We note
that there is experimental evidence [25] for the wide Jπ = ( 32 )

− resonance with
energy of 3.4±0.5 MeV that is closer to the calculated values.
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Fig. 3. Correlation between calculated (Cal.) and experimental (Exp.) spectrum
of 9Be (solid dots). Solid line is the root mean square fit for the correlation. The
dashed line shows the ideal situation when the calculated values coincide with
experimental data (open dots). Total momentum of each level is shown.

Our calculations strongly agree with the previous 9B calculations [2, 24]. In
particular, we confirm that the Jπ = 7/2+ and Jπ = 9/2− resonances have the
excited energies about 10 MeV and 8 MeV, respectively. Energy of the resonance
Jπ = 7/2−, as an upper member of the level Lπ = 4−, was predicted with approx-
imately an excitation energy of 12 MeV.

The mirror nucleus 9B can also be considered using the present cluster model
after the replacement of neutron by proton. Obviously, this replacement must in-
clude the changes in mass and potential. To evaluate the effect of the potential
replacement, we calculated the first energy levels of the ααp system with the α-n
potential which was used for the ααn calculations. Results of our calculations for
several levels are given in Table 4. We compare these results with experimental
data for 9Be and 9B. The Coulomb energy ∆c is calculated as the energy difference
between corresponding levels of 9Be and 9B, measured from the α + α + n and
α+ α+ p thresholds, respectively. This energy includes the result of the change in
mass which has to be excluded from this difference. Note that the mass difference
of proton and neutron is about 1.293 MeV. From Table 4, it is clear that the α-n
potential used instead of the appropriate α-n potential in the ααp system leads
to systematical overbinding (about 0.25 MeV and more) for the ααp system rela-
tive to the experimental data. The Coulomb energy ∆c is slightly less (about 0.15
MeV) than the experimental value which is in conflict with this overbinding. One
can conclude that the α-p potential has to differ from the α-n potential in both
the strength and range parameters. Nevertheless, the obtained results qualitatively
keep the structure of the 9B low-lying spectrum given by the experimental data.
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TABLE. 4. Results of our calculations for several energy levels in the ααp system
and low-lying 9B spectrum. The energy E (in MeV) is measured from the α+ α+ p
threshold. The Coulomb energy ∆c of proton displacement in ααn system (in MeV)
of each level is presented. Experimental data (denoted as ”Exp.”) for 9B (T = 1/2)
are taken from Ref. [23].

Lπ Jπ E ∆c EExp. ∆Exp.
c

1− 3
2

−
0.1(6) 0.4 0.277 0.56

1
2

−
2.(4) 0.1 3.027±0.3 0.25

2− 5
2

−
2.(4) 0.4 2.6386±0.005 0.49

Finally, our calculations for resonances are illustrated in Figs. 4 and 5. In the

first one, the real parts of the Páde approximants for the ( 32
−
, 5

2

−
) spin flip dou-

blet of 9Be are shown. The total orbital momentum and parity of each level are
2−. Calculations for several values of the strength parameter δ (see Eq. (6)) give
a ”trajectory” of negative energies (noted by circles in Fig. 4). Real parts of the
constructed Páde approximants are shown by lines. Resonance energies of both
levels correspond to the zero value of the argument δ (δ =0). From Fig. 4, one can
see that the behavior of the Páde approximants is close to linear dependence. The

0.0 0.2 0.4 0.6 0.8

−δ (fm-2)

-14

-10

-6

-2

2

E
  (

M
eV

)

Lπ=2-

5/2-

3/2-

Fig. 4. The Páde approximants for the spin-flip doublet ( 32
−
, 5

2

−
) of 9Be. Total

orbital momentum and parity of each level are 2−. Bound state energies calculated
for several values of δ (see Eq.(6)) are depicted by the circles and squares for the
3
2

−
and 5

2

−
, respectively. Real parts of the Páde approximants are shown by lines.

Resonance energy is found at δ=0 (Here we used the value h̄2/2m=41.44 MeV fm2

for conversion of MeV to fm−2). Energy is measured from α+ α+ n threshold.
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Fig. 5. The Páde approximants for the the upper member 3
2

−
of the L = 2− state

of 9Be. The calculation of resonance energy was performed for two values of the
range parameter b of the tree-body potential (6). All notations are the same as in
Fig. 4.

energies may be determined just as well by eye as by calculation due to the linear

behavior of the Páde approximants. In Fig. 5, the Páde approximants for the 3
2

−

upper member of the L = 2− state is shown for two values of the range parameter b
of the three-body potential (6). The real parts of the obtained Páde approximants
are crossed at point δ = 0. It is a test for our calculations. We have obtained
from Fig. 5 that the non-physical three-body potential with different values for the
parameter b gives different Páde approximants. However, the calculated resonance
energy does not depend on this parameter. We can conclude that the value obtained
for resonance energy corresponds to the physical value. Non-physical solutions,
which are possible using this method, can be separated by this test.

6. Summary

The configuration-space Faddeev equations were applied to calculate the energy
spectrum of the 9Be nucleus within the α + α + n cluster model. We found the
set of local phenomenological potentials which accurately reproduce the ground
state binding energy and reasonably reproduce the energies of low-lying resonances.
This set includes the Ali-Bodmer potential of the model ”e” for αα and a new αn
potential, which was constructed to reproduce the R-matrix fit for the αn scattering
data. In our model the total orbital momentum is fixed for each energy level.
Thus, the 9Be energy levels can be classified as members of the spin-flip doublet
corresponding to the total orbital momentum (Lπ = 0+, 2+, 4+, 1−, 2−, 3−, 4−)
of the system. In the framework of the model, the predictions for the resonance
energies of the 4+ and 4− spin flip-doublets have been made. For the 9B nucleus,
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considered within cluster model α+α+ p, we found that the αp potentials have to
differ from the αn potential in both strength and range parameters.
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STANJA SPINSKIH DUBLETA U SPEKTRU 9Be U MODELU GROZDOVA

Proučavaju se niskoležeća stanja 9Be polazeći od modela grozda α+α+n. Za svako
stanje se uzima odred–en ukupni moment impulsa. Tako je svako stanje odred–eno
kao član spinskih dubletnih stanja s danim ukupnim momentom impulsa sustava
(Lπ = 0+, 2+, 4+, 1−, 2−, 3−, 4−). Primjenjuje se Ali-Bodmerov potencijal (model
E) za med–udjelovanje αα. Za med–udjelovanje αn primjenjuje se lokalni αn poten-
cijal, koji se podešava kako bi se postigao sklad s podacima za α − n raspršenje.
Paulijeva zabrana se postiže s odbojnom jezgrom za s valove tih potencijala. Za
računanje energije vezanog stanja (Ecalc = −1.493 MeV vs. Eexp = −1.5735 MeV)
i rezonancija rabe se Faddeevljeve jednadžbe u običnom prostoru. Za računanje
energija niskoležećih stanja primjenjuje se inačica metode za analitičko nastavlja-
nje konstante med–udjelovanja. Ovim modelom postižemo dobar sklad s poznatim
spektralnim podacima za 9Be.
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