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Recently, the cosmological matter field called quintessence (shortly
Q-matter/scalar field), that filled the universe and was shown to give rise to an
accelerated expansion, stems from the observations of extra-galactic supernovae of
type Ia (SNeIa) [1] based upon measurements of luminosity-redshift relation up to
about z ≈ 1 and independently supported by the cosmic microwave background ra-
diation (CMBR) [2] and large scale structure (LSS) [3]. This Q-matter with negative
pressure (dark energy) contributes up to ΩDE ≈ 0.60 − 0.70 to the critical density
of the present universe and obeys the equation of state parameter w = p/ρ < −1/1
where p and ρ are, respectively, the pressure and energy density and accounts for
the missing energy if one really believes in inflation theory in all its aspects predict-
ing Ω = 1. Note that the flatness of the universe is one of the main predictions of
inflation. Thus the universe is nearly geometrically flat, and structures grown out of
a primordial linear spectrum of nearly Gaussian and scale-invariant energy-density
perturbations. Starting from a wide set of initial conditions in the early universe,
the scalar field is able to converge to the present accelerated regime, thus alleviat-
ing the fine tuning. Moreover, analysis of recent observational data also supports
w ≤ −1 strongly [4 – 7]. The critical value w = −1 corresponds to the phantom
barrier. In other words, dark energy is an observationally challenging problem. The
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Q-matter can behave like a cosmological constant by combining positive energy
density with negative pressure. However, the energy scale related to the cosmolog-
ical constant is approximately 122 orders of magnitude smaller than the energy of
the vacuum originated at the Planck time (the cosmological constant problem).

Despite the fact that a dark-matter component is generically predicted in su-
persymmetry (SUSY), the dark-energy component poses severe questions. A con-
sistent dark-energy candidate should explain why the present amount is so small
with respect to the fundamental scale (a fine tuning of 123 orders of magnitude if
compared to the Planck energy scale), and why it is comparable with the critical
density today (the cosmological coincidence problem). At the present epoch, much
work has been done and a new class of cosmological models has been proposed
to solve the quintessence problem. Most popular candidates include the ΛCDM
model [8] consisting a mixture of cosmological constant Λ and CDM or WIMPS
composed of weakly interacting massive particles which must be relics of a grand
unified phase of the Universe, quintessence with a very shallow many-forms poten-
tial (self-interacting, slowly varying scalar field) [9], K-essence [10], viscous fluid
[11], Chaplygin gas which obeys the equation of state p = −Bρ [12, 13], gener-
alized Chaplygin gas model (GCGM) which mimics both dark matter and dark
energy and obeys the equation of state p = −Bρα or the modified equation of state
p = Aρ − Bρα, A >), 0 ≤ α ≤ 1 which represents a universe evolving from a ra-
diation dominated era to the model ΛCDM [14, 15], Brans-Dicke (BD) pressureless
solutions (the scalar field that accounts for the dark energy component is non-
minimally coupled to gravity and, besides, is a part of the gravity sector) [16 – 18],
decaying Higgs fields [19], dilaton field of string theories with gaugino condensation
[20], tachyon as a dark energy source [21, 22], etc. Most of these models require
many constraints and fine tuning of parameters for different types of potentials
which model quintessence. What most of these models do in general is to fine tune
the overall scale of the dark energy potential to be of order of the present critical
density of the universe ρc 0 = 3H2

0/(8πG) = 8.1h2×10−47 GeV4, where H0 = 100h
km s−1 Mpc−1 is the Hubble constant, h = 0.72 ± 0.08 and G is the gravitational
constant.

There exist phenomenological attempts to explain the evidence for cosmic accel-
eration entirely in terms of a modified gravity theory. Some nice alternative scalar
theories include the string-inspired dilaton gravities, a time-varying energy den-
sity, dilaton from string theory, supersymmetric exotic particles, massive neutrinos,
holographic dark energy, N = 8 and N = 2 supergravity, M/string theory, phan-
tom energy and the higher-derivative theories with an additional quadratic scalar
curvature like Rn, R−1, R2, R3, R4, RµνRµν , RµνρσRµνρσ, �R, R�R, TR(1/R),
fR), lnR multidimensional R−1 theory [23] which may mimic the effects of DE on
the Hubble flow, Gauss-Bonnet cosmology [24], non-minimal coupling theories in
all their aspects and forms [25], tachyonic quintessence inflation models [26], holo-
graphic dark energy density models [27], the introduction of extra-dimensions which
may provide a possible solution to the flatness and horizon problem by producing
large amount of entropy during contraction process, as compared to the standard
inflationary scenario [28], Lyra’s geometrical manifold [29], etc. These scalar-tensor
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theories of gravity revealed interesting consequences and have potential to pro-
vide a linkage between the accelerated expansion of the universe and fundamental
physics, although the acceleration cannot be explained by the standard model of
particle physics and classical general relativity. Certainly, various predictions of a
consistent theory of modified gravity should be tested. All these tests may suggest
further modifications giving true and realistic cosmological description. Despite the
number of efforts and theories, it seems that we are still far away from the the-
oretical understanding of dark energy and its astrophysical origin. The choice of
possibilities reflects the undisputable fact that the true nature of the DE has not
been convincingly explained yet.

In this work, the flat Friedmann-Robertson-Walker (FRW) model with metric

ds2 = −dt2 + a2(t)
[

dr2 + r2
(

dθ2 + sin2 θdφ2
)]

, (1)

where a(t) is the scale curvature will be explored within the framework of Gauss-
Bonnet (GB) curvature action. For instance, non-singular cosmology may occur in
the study of string-induced gravity if the GB coupling with scalar field is taken into
account. The present paper is devoted to the study of the role of GB theory non-
minimal coupling to the scalar field φ and the Ricci curvature R as ξRφ2/2, where
ξ is the non-minimal coupling parameter. Moreover, we believe that the magnetic
fields have a significant role at the galactic, intergalactic and cosmological scales.
According to Melvin, the cosmological solution for dust and electromagnetic field
shows the important role played by the magnetic field. Remember that in the early
universe, matter was highly ionized and coupled to field. Latter during cooling, as a
result of expansion of ions combined to form neutral matter [30]. The cosmological
models with magnetic field have been discussed by a number of authors in general
relativity. But to our knowledge, there has not been any work in literature where
GB action has been considered to study a cosmological model with magnetic field
and non-minimal coupling simultaneously. So it is interesting to study non-minimal
cosmological model in the presence of a magnetic field within the framework of GB
action.

The starting action of the theory is

STotal =

∫ √
−g d4x

(

R

2

(

1

κ2
− ξφ2

)

− 1

2
ω∂µφ∂µφ − V (φ)

+f(φ)
(

R2 − 4RµνRµν + RµνρσRµνρσ
)

)

+ Smatter + SEM , (2)

where ξ is a dimensionless coupling constant equal to 1/6 in conformal coupling,
κ2 = 8πG, G is the gravitational coupling constant, g is the metric, R is the scalar
curvature, ω = 1 for the canonical scalar, φ is the scalar field, R2 − 4RµνRµν +
RµνρσRµνρσ is the GB invariant, Smatter is the action for ordinary matter and SEM

is the electromagnetic action. V (φ) and f(φ) are given by the power-law functions
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f(φ) = f0φ
m, V (φ) = V0φ

m, with the constant parameters f0 and V0. m and n are
real numbers.

The action (2) yields the following gravitational field equation [24, 25]

(

1

κ2
− ξφ2

)(

Rµν − 1

2
gµνR

)

− ω

(

1

2
∂µφ∂νφ − 1

4
gµν∂ρφ∂ρφ

)

−1

2
gµν

[

− V (φ) + f(φ)
(

R2 − 4RµνRµν + RµνρσRµνρσ
)]

+2f(φ)RRµν − 4f(φ)Rµ
σRνρ + 2f(φ)RµρστRν

ρστ − 4f(φ)RµρσνRρσ

−2(∇µ∇νf(φ))R + 2gµν(∇2f(φ))R + 4(∇ρ∇νf(φ))Rνρ + 4(∇ρ∇νf(φ))Rµρ

−4(∇2f(φ))Rµν − 4gµν(∇ρ∇σf(φ))Rρσ + 4(∇ρ∇σf(φ))Rµρνσ

−ξ(gµν
� −∇µ∇ν)φ2 = Tµν

matter + Tµν
EM , (3)

where the operator

� =
1√
−g

∂

∂xµ

(√
−g gµν ∂

∂xν

)

(4)

denotes the d’Alembertian, ∇ν is the contra-covariant derivative, µ, ν = 0, 1, 2, 3
and gµν is the metric tensor. The stress-energy momentum tensor for a perfect fluid
and the magnetic tensor are:

Tµν
matter = (p + ρ)uµuν + pgµν , (5)

Tµν
EM =

1

4π

(

Fµ
δ F δ

ν − 1

4
F δρ

δρ δµ
ν

)

, (6)

respectively. p and ρ are the pressure and density of the cosmic fluid, Fij is the
electromagnetic field tensor, T = gijTij is the trace of the stress-energy tensor. The
effective gravitational constant in the theory is

κ2
effective =

κ2

1 − κ2ξφ2
. (7)

The Maxwell equations F[µν,ρ] = 0 and
[

Fµν
√
−g

]

,µ
= 0 give [30, 31]

E0
0 = E1

1 = −E2
2 = −E3

3 = − A2

8πa4
, (8)
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which are the components of the stress energy tensor for the electromagnetic field. A
is a constant to be identified as the only non-zero component of the electromagnetic
field tensor T23, being that since the magnetic field is assumed in the x-direction.
The (t, t) component in the action has the form

ω

2
φ̇2 + 6ξHφφ̇ − 3H2

κ2

(

1 − κ2ξφ2
)

+ V (φ) − 24φ̇
df

dφ
H3 + ρm +

A2

8πa4
= 0 , (9)

where H = ȧ/a is the Hubble parameter and ρm is the matter density. By varying
the action over the scalar field φ, we obtain

ω(φ̈ + 3Hφ̇) +
dV

dφ
− 24

df

dφ
(ḢH2 + H4) + ξRφ = 0 . (10)

A characteristic feature is the presence of the last term GA2/a4 that behaves like
radiation. It arises from the electromagnetic field in the theory. A similar situation
appears also in brane cosmology. We assume that (latetime behavior) the scale
factor behaves as a = a0t

q (power-law), a0 is a positive constant and q is assumed
to be positive to correspond to expanding universe. Moreover, we propose the
power-law behavior of the scalar field φ = φ0t

p, where p is a real constant. It
is easy to check from Eq. (6) that a consistent relation is obtained if the scalar
curvature decays like R = R0t

−2 with the constant parameter R0. Consequently,
Eq. (10) takes the form

ω
(

φ0p(p − 1)tp−2 + 3pqφ0t
p−2

)

+ nV0φ0t
p(n−1)

−24mf0φ
m−1
0 tp(m−1)−4(q4 − q3) + ξR0φ0t

p−2 = 0 . (11)

Thus n = 2(p − 1)/p and m = 2(p + 1)/p. Further, Eq. (9) gives

ω

2
φ2

0p
2t2p−2 + 6ξqφ0φ0pt2p−2 − 3q2

t2κ2
+ 3q2ξφ2

0t
2p−2

+V0φ
n
0 t2p−2 − 24pq3mf0φ

m
0 tp(m−1)+p−4 + ρm +

A2t−4q

8πa4
0

= 0 , (12)

from which a desirable consistent solution is obtained if the gravitational coupling
constant behaves like κ2 = κ2

0t
−2p for some constant parameter κ2

0, and the density
of matter varies like ρm = ρ0

mt2p−2 for some constant parameter ρ0
m augmented

by the constraints p + 2q = 1, which is due to the presence of the magnetic term.
Consequently, Eq. (12) takes for the canonical scalar field (ω = 1) form

2(2−9ξ)q2+4q(3ξ−1)+φ−2
0

(

2V0φ
n
0 − 6q2κ−2

0 − 48pq3mf0φ
m
0 + 2ρ0

m +
A2

4πa4
0

)

= 0 .

(13)
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A desirable solution which corresponds to φ0 /= 0 is

2(2 − 9ξ)q2 + 4q(3ξ − 1) + 1 = 0 , (14)

and

2V0φ
n
0 − 6q2κ−2

0 − 48pq3mf0φ
m
0 + 2ρ0

m +
A2

4πa4
0

= 0 . (15)

Equation (14) gives the following possible positive root

q =
−2(3ξ − 1) +

√

6ξ(6ξ − 1)

2(2 − 9ξ)
, ξ /=2/9 . (16)

In the absence of the non-minimal coupling parameter, e.g. ξ = 0, q = 1/2. For
ξ = 1/6, which corresponds to the conformal coupling case widely used in quantum
field theory in curved spaces and in string theories (the value of ξ that is an infrared
fixed point of the renomalization group theory and as required by the Einstein
equivalence principle), q = 1 and thus the scale factor evolves uniformly as a(t) =
a0t, while the scalar field decays with time as φ = φ0t

−1, the gravitational coupling
constant increases with time like κ2 = κ2

0t
2 and the density of matter decays like

ρm = ρ0
mt−4. An accelerated expansion may occur for q > 1 (n < 4, m < 0) or

1/6 < ξ < 2/9. This range is interesting for superstring theories [32]. Equation (11)
gives

ξR0 = 24mf0φ
m−2
0 (q4 − q3) − ωq(1 − 2q) − nV0 . (17)

However, recently some interest has been given to the possibility that the spatial
curvature of the universe be non-negligible, both for theoretical and observational
reasons. A positive spatial curvature could, for instance, mimic a phantom regime.
Another interesting point is that CMB experiments, even when combined with
different astronomical data, present a tendency for some small positive spatial cur-
vature of the universe, a result that can be checked soon using other observations
[33]. Thus, for V0 ≪ 1, R0 > 0, for f0 < 0, f(φ) < 0. Note that at the heterotic
string one-loop level f(φ) ∝ φ−πeφ/3+4

∑

n=1 ln(1−exp(−2nπ exp(φ)))+ln 2 < 0.
It is worth mentioning that there exist many experimental limits on the time vari-
ation of the gravitational constant: radar ranging data to the Viking landers on
Mars [34], lunar laser ranging experiments [35, 36], measurements of the masses
of young and old neutron stars in binary pulsars [37]. In general, it was recently
observed that for late times, a modified cosmology with varying κ2 is in accordance
with the observed values of the cosmological parameters [38 – 42]. We hope that the
idea used in the present work may be useful to understand inflationary cosmology
and related issues in early universe. Further consequences are under consideration.

In summary, we argue that the magnetic field and non-minimal coupling play
a crucial role in cosmology with Gauss-Bonnet curvature corrections. However,
one needs to investigated whether such theories are indeed compatible with all
the current cosmological observations, big-bang nucleosynthesis, and solar system
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constraints in its weak-field limit. This may provide a new window into the extra-
dimensional physics which we intend to further investigate.

References

[1] A. G. Riess et al. (Supernovae Search Team), Astron. J. 116 (1998) 1009; Astrophys.
J. 607 (1998) 665.

[2] S. Perlmutter et al., Astrophys. J. 517 (1999) 565; P. Astier et al., Astron. Astrophys.
447 (2006) 31.

[3] B. R. Schmidt et al., Astrophys. J. 507 (1998) 46; M. Tegmark et al., Phys. Rev. D
69 (2004) 103501.

[4] P. J. Steinhardt, L. Wang and I. Zlatev, Phys. Rev. D 59 (1999) 123504.

[5] L. Linde, Particle Physics and Inflationary Cosmology, Harwood, Chur, Switzerland
(1990).

[6] A. R. Liddle and D. Lyth, Cosmological Inflation and Large Scale Structure, Cambridge
University Press, Cambridge (2000).

[7] P. de Bernardis, Nature 377 (2000) 600.

[8] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75 (2003) 559; V. Pettorino, C.
Baccigalupi and G. Mangano, JCAP 0501 (2005) 014; astro-ph/0412334.

[9] Ph. Brax and J. Martin, Phys. Lett. B 468 (1999) 45; F. Urbano, Phys. Lett. B 641

(2006) 357; astro-ph/0509177.

[10] C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. D 63 (2001)
103510.

[11] J. C. Fabris, S. V. B. Concalves and R. de Sa Ribeiro, Gen. Rel. Grav. 38 (2006) 495.

[12] Yu. A. Kamenshchik, V. Moschella and V. Pasquier, Phys. Lett. B 511 (2001) 265.

[13] J. C. Fabris, S. V. B. Concalves and P. E. de Souza, Gen. Rel. Grav. 34 (2002) 53.

[14] N. Bilic, G. B. Tupper and R. D. Viollier, Phys. Lett. B 535 (2002) 17; V. Gorini, A.
Kamenshchik and U. Moschella, Phys. Rev. D 67 (2003) 063509; U. Alam, V. Sahni,
T. D. Saini and A. A. Starobinsky, Mon. Not. Roy. Astron. Soc. 344 (2003) 1057.

[15] N. C. Bento, O. Bertolamiand A. A. Sen, Phys. Rev. D 66 (2002) 043507; H. B. Be-
naoum, hep-th/0205140; U. Debnath, A. Banerjee and S. Chakraborty, Class. Quantum
Grav. 21 (2004) 5609; A. K. Singha and U. Debnath, Int. J. Mod. Phys. D 16 (2007)
117; gr-qc/0701013.

[16] A. B. Batista, J. C. Fabris and R. de Sa Ribeiro, Gen. Rel. Grav. 33 (2001) 1237.

[17] A. A. Sen, S. Sen and S. Sethi, Phys. Rev. D 63 (2001) 10750.

[18] S. Sen and T. R. Seshadri, Int. J. Mod. Phys. D 12 (2003) 445; O. Arias and I. Quiros,
gr-qc/0212006.

[19] R. J. Nemiroff and B. Patla, astro-ph/0409649.

[20] C. J. Gao and S. N. Zhang, astro-ph/0605682.

[21] S. K. Srivastava, gr-qc/0409074.

[22] H. Sandvik, M. Tegmark, M. Zaldarriaga and I. Waga, Phys. Rev. D 69 (2004) 123524.

[23] see G. Calcagni, S. Tsujikawa and M. Sami, Class. Quant. Grav. 22 (2005) 3977; R.
A. El-Nabulsi, Fizika B (Zagreb) 15 (2006) 4, 157.

FIZIKA B (Zagreb) 17 (2008) 4, 455–462 461



el-nabulsi: accelerated magnetic gauss-bonnet cosmology

[24] K. Bamba, Z. K. Guo and N. Ohta, Prog. Theor. Phys. 18 (2007) 879 and references
therein; S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev D 71 (2005) 063004; S.
Nojiri, S. D. Odintsov and M. Sasaki, Phys. Rev. D 71 (2005) 123509.

[25] R. A. El-Nabulsi, Phys. Lett. B 619 (2005) 26; Chin. Phys. Lett. 23, 5 (2006) 1124;
Fizika B (Zagreb) 16, 2 (2007) 79 and references therein; Int. J. Mod. Phys. D (in
press).

[26] V. H. Cardenas, Phys. Rev. D 73 (2006) 103512: gr-qc/0603013.

[27] M. Li, Phys. Lett. B 603 (2004) 1; S. D. H. Hsu, Phys. Lett. B 594 (2004) 13; M. Ito,
Europhys. Lett. 71 (2005) 712 and references therein.

[28] R. A. El-Nabulsi, Mod. Phys. Lett. A 23 (2008), 6 (2008) 401 and references therein.

[29] F. Rahaman and S. Mal, Fizika B (Zagreb) 11 (2002) 3, 149 and references therein.

[30] G. Calcagni, JHEP05 (2006) 012; G. Baym, G. Bodeker and L. McLerran, Phys. Rev.
D 46 (1996) 662; W. D. Garretson, G. B. Field and S. M. Caroll, Phys. Rev. D 46

(1992) 5346; J. D. Barrow et al., Class. Quantum Grav. 19 (2002) 155.

[31] F. Rahaman et al., gr-qc/0612126 and references therein.

[32] Q. Shafi, (1993) Bartol preprint

[33] J. C. N. de Araujo, Astropart. Phys. 23 (2005) 279.

[34] R. W. Hellings et al., Phys. Rev. Lett. 51 (1983) 1609.

[35] J. Muller, M. Schneider, M. Soffel and H. Ruder, Astrophys. J. 382 (1991) L101.

[36] J. G. Williams, X. X. Newhall and J. O. Dickey, Phys. Rev. D 53 (1996) 6730.

[37] S. E. Thorsett, Phys. Rev. Lett. 77 (1996) 1432.

[38] S. Carneiro, gr-qc/0307114; S. Carneiro and J. A. S. Lima, Int. J. Mod. Phys. A 20

(2005) 2465; gr-qc/0405141; S. Carneiro, C. Pigozzo, H. A. Borges and J. S. Alcaniz,
Phys. Rev. D 74 (2006) 023532; astro-ph/0605607.

[39] J. C. Carvalho, J. A. S. Lima and I. Waga, Phys. Rev. D 46 (1992) 2404.

[40] J. S. Alcaniz and J. M. F. Maia, Phys. Rev. D 67 (2003) 043502.

[41] A. I. Arbab, Chin. J. Astron. Astrophys. 3, 2 (2003) 113; hep-th/0510079.

[42] R. A. El-Nabulsi, to appear in Brazilian J. Phys. 39 No. 1 (2009).

UBRZANA MAGNETSKA GAUSS-BONNETOVA KOZMOLOGIJA

Istražuju se i raspravljaju neke odlike Gauss-Bonnetove kozmologije s magnetskim
poljem i neminimalnim vezanjem.
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