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We have obtained static and spherically symmetric solutions of the gravitational
field equations for isotropic and anisotropic distribution of matter in the context
of higher-dimensional bimetric theory of gravitation under the assumption that
the physical metric admits a one-parameter group of conformal motion. The solu-
tions agree with Einstein’s general relativity for physical systems such as the solar
system. This work is an extension of the previous work of Shri Ram and Pandey
(Astrophys. Space Sci. 127 (1986) 9) for four-dimensional space time.
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1. Introduction

The isotropic fluid configurations in general relativity have been studied in sev-
eral investigations due to their possible application in astrophysical studies of mas-
sive objects. Anisotropy in fluid pressure can be introduced by a solid core, by
the pressure of type-3A superfluid or by other physical effects. Bowers and Liang
[2] have investigated the possible importance of local anisotropies for a relativis-
tic fluid sphere by generalizing the equation of hydrostatic equilibrium to include
the effects of local anisotropy. Their study shows that anisotropy may have non-
negligible effects on such parameters as maximum equilibrium mass and surface
red-shift. Consenza et al. [3], Bayin [4], Krori et al. [5], Maharaj and Maartens [6]
have obtained different exact solutions of Einstein’s field equations describing the
interior gravitational field of an anisotropic fluid sphere. Herrera et al. [7] studied
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the consequences of inclusion of a one-parameter group of conformal motions of
anisotropic matter in Einstein’s general relativity and obtained analytical solutions
of field equations for static and spherically-symmetric distributions of isotropic and
anisotropic matter.

The purpose of the present paper is to obtain static spherically-symmetric so-
lutions of field equations in higher-dimensional bimetric theory of gravitation pro-
posed by Rosen [8,9] for isotropic and anisotropic distributions of matter when the
physical metric admits a one-parameter group of conformal motion. The solutions
agree with the higher-dimensional Einstein’s general relativity for physical system
known in the Universe, such as the solar system.

2. Field equations

Bimetric theory of gravitation is a modification of Einstein’s general relativity
theory involving a background metric in addition to the usual physical metric. The
background metric corresponds to the space-time of constant curvature and can
be throught of as the geometry which the universe would have in the absence of
matter (a de Sitter Universe). The physical metric g,, as in conventional general
relativity and there is a background metric v, having the curvature tensor Py,
given by

1
P/\p,l/a = ;('yuu'y)\a - ’7#&0’7)\11)- (1)

The field equations of bimetric general relativity are taken to be the same as in
general relativity, except for the fact that ordinary derivatives of physical metric
are replaced by covariant derivatives with respect to the background metric. It was
found by Rosen [10] that these equations can be written in the form of Einstein’s
field equations but with an additional term on right-hand side

G = Su—81T,, (2)
where G, is the Einstein’s tensor, T},, is the energy stress tensor and

3

1 (]
S = a_g(’YW - §g,wg ﬁ'Yaﬂ)~ (3)

For a higher-dimensional spherically-symmetric system we take the physical metric
as

ds? = e’dt? — erdr? — r2d0?, (4)

where

dQ? = d6? +sin®0,d03 + sin? 0, sin? od03 + ... +

n—1
I] sin® 911 de?,
=1
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and A and v are the functions of r alone. An anisotropic spherically symmetric
matter distribution T}, is given by

T,ul/ - (p+PJ_)UpUV _Plg#u+(Pr _PJ_)X;LXIM (5)

where U* is the (n+ 2)-velocity, x* a unit space-like vector orthogonal to U*, p the
energy density, P, the radial pressure in the direction of x, and P, the pressure
orthogonal to x,. In the co-moving system, we choose

U~
XM

(U°,0,0,0,...(n+ 1) times), (6)
(0,x%,0,0,...n times) .

From U*U, = —x*x, = 1, we obtain
U0 — o v/2 Y= e M2
The non-vanishing components of energy momentum tensors are
0=p, Ti=-P, T3=Tj=..=Tr=-P,. (7)

If we take the background metric v,,, in a static de Sitter form, the line element

is given by
2 r? 2 r? - 2 2402

For r < a, this line element on the flat space has the form
do? = dt* —dr® —r3d02. (9)

Let us consider S}, in a region where r < a. If we neglect the quantities which are
small everywhere, we can write for a non-vanishing component

3
Sog=-Sl=...=-8" = 576 (10)

Following the procedure of Rosen [10], field equations (2) for r < a are
[nn=1) nX n(n —1) 3 _,
e A N 11
¢ { 2r2 2r 272 2q2° 8P, (11)

-1 ! —1
a Mﬂw}_w 3 evisp, (12)

¢ 2r2 2 2r2 2a?
" 2 / / 1o
v v (n—1D\N-=v) Nv (n—1)(n-2)
Z 2 BmJn=r) A7 ALY L. ) 1
¢ [2 T or F 2r? (13)
(n—1)(n—-2) 3 _,
T T Tt T
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where the primes denotes derivatives with respect to r. It is very difficult to obtain
the solution of equations (11) — (13) due to the non-linearity of the field equations.
Therefore, one has to make certain simplifying assumptions to derive useful results.
In the next section, we assume that the physical metric (4) admits a one-parameter
group of conformal motions and obtain analytical solutions of the field equations
for static and spherically-symmetric fluid distributions of isotropic and anisotropic
matter.

3. Conformal motions and solutions of field equations

The space-time admits a one-parameter group of conformal motions generated
by the vector field & if

Lfg;w = guu,ofg + gayifL + guaffly = lbg;w, (14)
where the commas denote the covariant differentiation with respect to v,,,, and ¥
is an arbitrary function of coordinates. If the vector field £ is collinear with x*,

then by virtue of spherical symmetry and independence of the metric tensor on the
time-like coordinates, the most general form of £ is

g o= Fr)x" (15)

From Egs. (4), (14) and (15), we obtain (see Appendix)

2Fe 2
P = Fi/e M2 =9F e N2 = =c° (16)
r
A straightforward calculation gives
- '(/)2 v __ 2 _
e e’ =Cir*, F = Cyr, (17)

- 40%

where C7 and C9 are constants of integration. Without loss of generality, we can
take Cy = 1. Substituting (17) into Egs. (11) — (13), we get

—nyy" n(n— Dy?  n(n—1) n 31

8tp = 2 18
e 4C2r 8C2r2 + 2r2 2a2 12’ (18)
n(n+1)y?  n(n—1) 31
Sho= TRepr e taae 1)
npy’  nn—1)9?  (n—1)(n—2) 31
8P, = — — = 20
s 4C2r + 8C2r2 2r2 + 2a? r? (20)
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If we wish to match any solution to the exterior metric on the boundary of the
sources, the radial pressure should vanish for some finite values of the radial coor-
dinate (say, r = rp). The vanishing of the radial pressure gives

0 B 8C2 [n(n—1) 3
¥(o) = n(n+1) [ 2 B 2(12} ' (21)

After integrating (18), we get the total mass M with in the sphere of radius r¢. By
using (18) and assuming 1 (0) < oo, it can be shown that

M n

LR SR -

We observe from (22) that all solutions obtained from Egs. (18) — (20) have the
same gravitational potential, provided that the boundary is the surface of vanishing

radial pressure for any choice of the function bounded in the interval 0 < r < .
If we take ¢ = 2, then from Egs. (18) — (20) we obtain

1 [n(n-1) nmn-1) 311
P s 2 202 242 7% (23)
1 [n(n+1) nn-1) 311
b= 5 | 203 5 T2a2| 2 (24)
1 [nn—1) (n-1)(n-2) 371
P = — - L P
+ 8t | 203 2 o] (25)

From (24), it is clear that the radial pressure does not vanish for any finite value of
r. Hence, the solution cannot be matched to any exterior metric. From Eqs. (23) —
(25), we obtain the relation

nP, —(n—1)P. = p. (26)
This relationship between the stresses and the density has been established by

Herrera et al. [7] for n = 2 when the space-time admits the special conformal
motion for which the function v satisfies the condition

Yur = 0. (27)

For ¢ = 2, Eq. (27) is satisfied identically. When Cy = /n/(n — 1), the equation
of state becomes

p=P.=P, (28)

which is widely used in general relativity to obtain stellar and cosmological models
for ultradense matter.
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3.1. Perfect-fluid solution
From the condition P, = P, and using Egs. (19) and (20), we get the equation

4(n —1)C3
) (20)
the general solution of which is given by
4(n—1
W = C3 [% +C’r2} : (30)

where C' is the constant of integration. If we wish to match the solution to exterior
metric on the boundary r = rg, the radial pressure must be zero, which implies
that

— 3] 1
C = —— |n-1+2|=. 31
S |t ) 1)
The metric of the solution can be written as
-1 M2
ds* = r2dt* - {M - —g} dr? — r2dQ2. (32)
2 5
The expressions for pressure and density are
1 3 1 1
P~ T6r [n +a2} Lﬂ2+r8]’ (33)
1 3 1 1
P=P =—In—-14+—=| |5 -] 34
ST [n + aQ} LQ rg] (34)
From Egs. (33) and (34) it is clear that
p> P, >0. (35)

3.2. An anisotropic solution

‘We choose
4(n—1
v = alor s o (36)
n

where H is a constant which measures the anisotropy. Substituting (36) into Egs.
(18) — (20), we get

__nn+1) n—-1 3 mnnh-1)_11
8rp = 3 C’+[ 5tz 5 H (37)
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n(n +1)

n—1 3 nin+1) 1
P = S Sty = o
smhy 8 C+[ > toz T T8 L&’ (38)
n(n +1) n—1 3 n(n —1) 1
8rP, = C — 4+ —H| . 39
e 8 + [ 7 o 8 r2 (39)
The radius of sphere rg is given by
4 3  nn+1)
2 = - In-14—+———"H C <0. 40
"o n(n+1)C [n Tt T ’ < (40)
The metric of the solution becomes
-1 H 1 21!
ds? = r2de® — i + — ] - n_1+3+mH % dr?
n 4 a? 4 ra
—r2dQ?, (41)

which possesses vanishing radial-pressure surface. For positiveness of energy-density
and the pressure (p + p, > 0), we must have

4
—<n—1+32)§H§0. (42)
n a

4. Conclusion

In the present paper we have obtained static spherically symmetric solutions
for isotropic and anisotropic distribution of matter in the contexts of higher-
dimensional bimetric theory of gravitation. It should be stresses that the assump-
tion P, = 0 has been made for the sake of mathematical simplicity. The solutions
represent the gravitational field near the source of gravitation. For a physical sys-
tem, the term 3e™"/(2a?) in the field equations (11) — (13) is negligible. This means
that in such a case, the present equations give the agreement with the Einstien’s
field equations. The present results reduces to the Einstein general relativity, ob-
tained by Herrera et al. [7] for n = 2. The interesting feature of the solution is that
the energy density is larger than any of the stresses within the sphere.

Appendix
Higher dimensional spherically symmetric space time is
ds? = e’dt? —erdr? —r2dQ% (43)
Here

goo=¢€", gu=—e", ga=-1> gz =—r’sin’0,

n—2
g44 = —r2sin® 6 sin® O, ..., Gnn = —r? H sin 6;.

=1
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The corresponding flat space-time of (43) is

do? = dt* —dr? — r2d0? (44)
Here 9 9 . 9
Yo=1, yuu=-1, ~e2=-r", 33=—r"sin by,
n—2
Yaa = —r2sin® Oy sin® 0o, ..., App = —12 H sin 6;.
i=1

The non-vanishing Christoffel symbols for the metric (44) are

1
Lyo = —,
2 _ 3 _pd _ . _Tn _
Iy =T =Ty =--- =TT, = cot by,
3 _ 4 _ 75 _ .. _mn _
[ys =Ty =Tg5 = -+ =I'y, = cot by,
4 _ 15 _p6 _ . _1n _
I3y =35 =T36 = --- =T, = cot b,
I‘gg = —sin ¢ cos by, I‘i4 = —sin 65 cos O,
4 : n _ :
I'ss = —sinfzcosbs, ... , T 11)41) = —sinbp_1cosb,_1,
n—1
F§3:—rsin261, 1"4114:—7"si11291511r12927 ,an+1)(n+1):—rﬂsin29i,
i=1
I'2, = —sinf; cosfy sin®fy, T2, = —sinb, cos b, sin® B, sin® 6
44 — 1 1 2, 55 — 1 1 2 3y e
n—1
2 . .2
Lty (ng1y) = —sinby cos 0y H sin“ 0;,
=2
I35 = —sinfy cosfysin’ b3, Tgs = — sinb; cos By sin® fs sin® 0
55 = —sinfs cos Oy sin“ O3, I'gg = — sinbs cos B sin® O3 sin” by, ,
n—1
3 . .2
i1y (n1) = —sinba cos b, H sin” 6;,
i=3
I'4s = —sinf O4sin® 65, Ti = —sinf 03 sin? 0 sin® 6
66 = —sinfycosfysin® s, I';; = —sinfzcosfzsin®fysin”bs, ... |
n—1
F?n+1)(n+1) = —sin#3cosfs H sin? 6;.
i=4

A one-parameter group of conformal motions generated by the vector field £* is
admitted by a space-time if

"/}gp,u = g;w,aga + gaué.:l# + guag,au' (45)
The function £ is defined as

T (16)
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Equation (45) is written as

8 v «@ o ¢ a a
Vo = (69“0 T guaFW>€ + Gav [65 +£°T ]
a a
+gaM |:8€ é‘al_‘o”/:| )
: g N o\ co L Sp—
(i) Ygoo = (axof — 90al0s gOQFOU) €7 + gao [W +¢ Fao]
3]
+9a0 {650 +§arg¢0}
g o 3
(axoo 9oal'Gy — QOaFm) &'+ goo [8 g +¢'T ]
2 9900
+900 [ao-l-fr ]=<W>fl-
That is,
v 9 v —\/2 /v —A/2
Y)Y = ) e = e B,
v = VF(r)e 2
.. 89 « (e o aga ama
(i)  won = ( B0~ 91015 —glarlg) £+ gar [@ +¢ Fal}
a a
+ga1 |:a£1 +£a ra :|
dg N G,
- (31‘11 9117y — glar11> 51 + 911 [3 1 +§ F :|
0 19) o¢t
+911 [651 +¢'T] ] = <8911>£1+2gua§
That is
W) = DM@V 4 2 e
or or ’
Y = 2F'(r)e M2,
e ag « « o 85(1 aTa
(iil)  thger = <6332: — 92015, gzarza)f + a2 <8m2 +¢ Fa2>

aga ama
+ga2 (8132 +£ Fa2>
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0 0
= ( 922 _ 92215, — 922F51> €'+ 2g02(6'TT) = (ﬂ) ¢

dxt ox!
That is,
V) = SR,
v = 2F(7")e_>‘/2.
T
Similarly, we obtain
Vo = et o = M (47)
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ANIZOTROPNA RASPODJELA TVARI U ROSENOVOJ
VISEDIMENZIJSKOJ TEORLJI GRAVITACIJE

Dobili smo staticka sferno simetri¢na rjeSenja jednadzbi gravitacijskog polja za
izotropnu i neizotropnu raspodjelu tvari, na osnovi viSedimenzijske bimetrijske
teorije gravitacije, uz pretpostavku da fizicka metrika dopusta jedno-parametarsku
grupu konformnog gibanja. Rjesenja se slazu s Einsteinovom opéom relativnoséu
za sustave kao §to je Suncev sustav. Ovaj je rad prosirenje ranijeg rada Shri Rama
i Pandeya za Cetiridimenzijski prostor-vrijeme.
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