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A microscopic model for estimating n 0 , the initial exciton number used in calcu
lating pre-equilibrium emission from heavy-ion reactions, is presented. The model 
follows the evolution of the geometrical and phase spaces during the process of 
fusioning of the target and the projectile. A good agreement is found between the 
calculated values of n 0 and the empirical values extracted from fits to nucleon 
spectra; empirical trends of physical quantities involving n 0 are reproduced. An 
approximate expression for calculating n 0 as a function of the mass and energy 
of the colliding system is given. 

I. Introduction 

Among the variety of models used to calculate the nonequilibrium nucleon 
emission from nucleus-nucleus collisions at intermediate energies, those based on 
the master equation approach (see e. g. Ref. 1) assume that the equilibration pro
cess starts from some simple configuration, characterized by an initial number of 
degrees of freedom, n 0 • Although in view of the complexity of the equilibration 
ofa multinucleon system, n 0 should be a source term2

•

3 > rather than a single num
ber, the latter choice has been surprisingly effective in describing the observed 
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spectra with remarkable accuracy4l . Thus in the Boltzmann master equation 
approach one has 2

• 
sJ 

(1) 

fo r  the number of nucleons N ( U) emitted in the energy interval .d U around the 
re sidual excitation energy U. E* is the total excitation energy of the composite 
system. 

E q. ( 1) has its partner also in the exciton and the hybrid models 1 • 6 l where 

(2) 

Eq. (2) is the limit of Eq. ( 1) for ,1 U -> 0. 
The value of n 0 for a given collision is a phenomenological value exn·acted 

from appropriate data. A simple way to obtain it is to apply Eq. (2) in its logarith
mic form6l 

In [N (U)] ,....._, (110 - 2) ln U (3) 

to the high-energy part of nucleon spectra from central collisions. A complete 
master equation treatment of these spectra yields, ideally, the same value; in prac
tice, the difference between the two is unessential4l . In this paper we present a 
simple microscopic model for cakulating n 0 and extend the basic ideas published 
recently in Ref. 7. The model is based on momentum space considerations with 
a few straightforward assumptions and it does not introduce any adjustable para
meters. 

2. The model 

The colliding system is represented in the momentum space by two spheres 
of r adii Pr, whose distance is Pp + Py . PF is the Fermi momentum and PP and 
PT the re.,pective per nucleon momenta at the touching point of the projectile 
and the target, respectively (Fig. 1). Clearly, 

(4) 

with 1110 the nucleon mass, EF the Fermi energy, and the energies 

(5) 
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Here, E0 is the center-of-mass energy of the collision, diminished by the corres
ponding Coulomb barrier V c, 

(6) 

The newly created composite system is represented by a third sphere of radius 
PF, whose center coincides with the center of mass of the colliding system. The 
part; of this sphere fed by both colliding nuclei is illustrated by the doubly shaded 
area in Fig. 1. This part has all the levels filled and hence it does not contribute 

Fig. 1. The colliding system in momentum space. The heavy-line circle represents the final 
composite system. 

particl e-hole pairs to the composite system. In all the remaining phase space within 
the sph eres, particles and holes will be created by the collision. Shown schematically, 
holes from the projectile (hp) will all stem from the region inside the composite 
system, where this sphere does not overlap with the projectile one (shaded area 
in Fig. 2 a). Correspondingly, holes from the target (hr) will stem from the region 
of no overlap between the target and the composite spheres (shaded area in Fig. 
2b). No te that the polar regions, fed neither by the projectile nor by the target, 
are cou nted twice. On the other hsnd, nucleons outside the composite sphere do 
not pro duce holes. Consequently, all these nucleons should be considered as par
ticles (pp + pr, shaded areas in Fig. 2c). From simple geometry it follows that 
the nu mber of holes, h 0, equals that of particles, p0 • Finally, n 0 =Po+ h0 = 
= (pp + Pr) + (hp + hr). Thus the number of particles and holes in the model 
is calculated as the geometric overlap of parts of three spheres of equal radii in 
momentum space. 

Let us assume that in the heavier partner (say, the target) we can split the 
n ucleons into two groups, the participants and the spectators ( the terms are borro
w ed from relativistic heavy-ion physics). Then the number of participants from 
the target equals to the number of participants from the lighter partner (say, the 
projectile). In this case we have 

(7) 
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(a) 

( b) 

(C) 

p C T 

Fig. 2. Overlapping volumes for calculating the number of holes stemming from the projectile 
(a) and the target (b), and the number of particles (c). The spheres depicted are the same in all 

three parts a, b, c, and also identical to those in Fig. 1. 

(fp andfT are, respectively, the overlaps of the projectile and the composite spheres 
and of the target and the composite spheres; 0 -:;;, J p, fr < I). A similar expression 
holds for holes, thus limiting n0 < 4A p. 

Such a situation, however, is an oversimplification of reality. The initial exci
ton number is modified when the geometrical overlap of the two colliding nuclei 
is taken into account. In the geometrical space the colliding system is represented 
by the projectile and target spheres of radii RP and Rn respectively. In the pre
sent calculation the overlap volume of the two colliding nuclei (projectile and tar
get) is calculated at each moment of the collision. The time when two colliding 
nuclei touch is set as zero time; we stop the calculations at the time when the whole 
lighter partner has entered into the heavier one. The whole process of gradual 
fusioning of the target and projectile is followed in steps of ii t = 2.1 · 10- 2 3 s; 
this time interval corresponds to the average time between two subsequent nucleon
nucleon collisions in nuclear matter2i

. We also assume that the relative velocity 
of the collision partners is not significantly affected by friction and that the energy 
of the composite system increases gradually as the nucleons from the lighter part
ner, which we always assume to be the projectile, enter the target. Taking into ac
count the conservation of the total number of particles, energy, and momentum we 
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obtain the following relation for the dependence of the available excitation energy 
on the collision time t: 

E () = E Ar + Ap L1AJ.:) 
0 t O Ar+ L1A (t) Ap ' (8) 

where LlA (t) is the number of nucleons from the lighter partner enveloped into 
the heavier partner at a given time t .  At t = 0, LIA (0 ) = 0, hence E0 (0 ) = 0, 
while at a certain t = t max, when llA (t) = A P, E0 (t 1110 .J = E0 , with £0 given by 
Eq. (6). Obviously, since £0 (t) dependens on t, all kinematical variables in the 
phase space ( except PF) will also depend on t .  Therefore, we extend Eqs. ( 4) and 
(5) with the following set of equations: 

E ( ) _ E E0 (t ) 
p t - p £;;-' E0 (t) Er (t) = Er --, 

Ea 

(9) 

(10) 

where PP, Pr, EP and Er are defined in Eqs. (4) and (5). Figs. l and 2 refer to the 
case when t = t max and E0 (t max) = E0 ; at t = 0 all three spheres in the phase 
space coincide, since £0 (0) = 0 .  

-

+.# 
-

0 
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�o 
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0.5 1.0 1.5 

32S+4sTi-. X + p 
Einc = 503. 7 Me V 

2.0 2.5 

t (10-22 s) 
Fig. 3. Evolution of the calculated value of no (t) with the collision time t. 

The calculation of n0 (t) according to the model outlined above is straight
forward. Obviously, Eq. (7) is now modified to 

Po = (I - fp) [Ap - LIA (t)] + (l - fr) [A r + L1A (t)]. (11) 
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Fig. 3 shows the dependence of the so calculated values n 0 (t) on the collision 
time t for 3 2S + 4 6Ti at 503. 7 MeV. Obviously, we take as n0 the maximal (satu
ration) value of n 0 (t). 

3. Comparison with empirical values 

Historically, the first estimate of n 0 was to set n0 = A p
2 >. The underlying 

idea was an extension from light ion data, based on the complete break-up of the 
projectile. ·with the progress of the analysis, however, some energy dependence 
emerged. The value of n 0/A p was found to increase with the available per nucleon 
energy, E0/A p. This dependence was observed for a wide range of reactions at 
energies up to about 20 MeV/nucleon 8l . More recently, a linear dependence of 
E* /n0 on the energy brought in by the collision, (E1ab - V c)/ A p, has been observed 
above 1 0  MeV per nucleon9> . 

Using the model described above, we calculated the values of n 0 for a number 
of nucleus-nucleus collisions and compared them to the values extracted from the 
data using a Boltzmann master equation analysis, where we have selected data 
from central collisions only9l

. This comparison is shown in Table I. The agree
ment with the extracted values is rather good. 

Proj. 

Target 

2 7Al 

4 6Ti 
6oNi 

1 2 osn 
1 2  .. sn 
1 9 1Au 

) 1 60 ; 403 MeV ! ,---1 fit I calc. 

I 16  23.0 

I 19  23.0 
1 9  23.0 

I 21  23. 1 
! 

I 
23.2 I 

I I 22 22.7 

TABLE I .  

3 2S ;  504 MeV 

fit I calc. I 

23 29.5 
28 34.5 
29 34.2 
35 33 .8  
35 33.9 
37 32.7 

I 
3 2S ;  679 MeV 

I 
5 8Ni ;876 MeV 

fit I calc. fit I calc. 

I 23 34.7 26 28.4 
28  

I 
40.9 35 47.4 

29 40.8 59.3 
35 40.7 46 58.0 
3 5  40.8 46 

I 
58.2 

37 I 40. I 61 56.3 

Extracted (fit) 9l and calculated values of n0 for 1 60, 3 2S and 5 8Ni projectiles on selected targets. 

In our calculations, we have used EF = 30 MeV, and for the Coulomb barrier 
we ha ve used R = 1.2A 1 13 fm. However, a reasonable variation of the value of the 
Fermi energy does not destroy the agreement : varying EF by ± 15 %  changes n0 

by only about 10%. 
Finally, Fig. 4 displays the dependence of E*/n 0 = (EcM + Qfus)/n0 on e' = 

= (E cM - Vc)/A P observed earlier in reactions induced by 1 60, 3 2S and 5 8Ni 
projectiles on various targets9l, drawn together with results obtained from our 
mod el. On the top ( open symbols) are the presently calculated values of E* /n0 ; 

the corresponding empirical (extracted) values are shown by the corresponding 
full symbols (bottom) . The calculated values reproduce the empirical values rather 
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Fig. 4. Dependence of E*/n0 on the per nucleon energy above the Coulomb barrier for systems 
from Table 1 .  For each projectile (and incident energy) the extracted (fit) values of no are shown 
as full symbols (bottom) and the corresponding calculated values as empty symbols (top). Symbols 
denote : circles for 1 60, squares and diamonds for 3 2 S and triangles for 5 8Ni projectiles. Lines : 

The average calculated trend of E*/n0, Eq. (12). 

well .  The upper full line in Fig. 4, shows the best-fit line through the values cal
culated from the model. This line is given by 

E* 
- = 4.6 + 0.54 · e' 
no 

( 1 2) 

and is reproduced also on the lower side of the figure. On the other hand, the 
empirical trend observed in Ref. 9 could be represented by 

E* 
- = 6.8 + 0.54 · e' 
no 

(13) 

(the difference of this equation and Eq. (2) of Ref. 9 stems from the use of c. m. 
energies instead of the laboratory ones). The comparison between Eqs. ( 1 2) and 
( 1 3) shows that the empirical dependence of E*fn 0 on e' from Ref. 9 and the one 
obtained in this work are essentially identical, except for a difference in the abso
lute values of E*/n0 • 

FIZIKA B (1992) 1, 51-60 57 

-

o 

C: 
-

• 

w 



CINDRO ET AL. : A MICROSCOPIC MODEL . . . 

Another representation of our model calculations would be the dependence 
of n0/A P on the available per nucleon energy e'. An empirical expression for this 
dependence, obtained from fitting the calculated n0/A p values for several colliding 
systems is 

:n0/Ap = 0.09 + (o.38 - 0.08 · �; � �:) · Ve' ( 14) 

with EcM and V c in Me V shows that these values vary with, essentially, the mo
mentum corresponding to the available per nucleon energy. 

4. Discussion 

The reliability of the two approximate expressions in calculating n0 for spe
cific cases asks for some comments. A small uncertainity in the absolute term in 
Eq. ( 12) would introduce a large error in E*/n0, especially for small values of n 0 

(which occur predominantly at small per-nucleon incident energies e'). Hence, 
Eq. (12) would be preferred at higher energies, whereas Eq. (14) is more suitable 
at moderate energies. The energy, where one has to >>shift<< from one expression 
to the other is somewhat arbitrary, but e' about 15 MeV/A might serve as a rough 
estimate for the change of representation. 

An interesting verification of our model would be its application to the low
energy reactions induced by nucleons and a-particles, a traditional domain of the 
pre-equilibrium model. Therein, an extensive set of analyses has been performed ; 
the usual prescription is n 0 = I or n0 = 3 for nucleon-induced reactions (these 
two initial exciton numbers are, in fact, indistinguishable), and n0 = 4 to 6 for 
a-induced reactions. Clearly, direct application of our model to the reactions in
duced by nucleons is not feasible. However, the approximate expressions ( 12) and 
( 14) can be used for this purpose ; the latter of these equations is more suitable 
because it is geared to lower energies. Here, Eq. ( 14) yields n 0 Rei 1 .2  for 14 MeV 
nucleon-induced reactions and only raising the incident energy up to 100 MeV 
increases the value of n0 to 3 .  For a-particles of 20 MeV per nucleon above the 
Coulomb barrier (E � 80 MeV, an energy higher than that in majority of a-in
duced reactions analysed within the pre-equilibrium model), Eq. ( 14) yields n0 ::::,; 5 , 
in agreement with the data obtained from systematics. 

In our calculations, we assume that the Fermi momentum PF is the same for 
all the three nuclei (target, projectile and the composite system) . However, detailed 
analyses give individual values of PF which are smaller for >>compact<< nuclei like 
1 2C and larger for the other ones, the differences being up to 20%. Moreover, 
different values are reported for neutrons and protons 1 0>. Though in a detailed 
study one should take this effect into account, we did not feel the necessity to 
incorporate it into the calculation at its present stage . 

The models treated in this paper refer to calculations of angle-integrated 
energy spectra. To calculate angular distributions, one has to have at least some 
knowledge on the momenta involved, especially, on the momentum of the system 
which emits particles. In this system the main portion of angular information has 
its origins in the early stages of nuclear reaction and we can use the conditions 
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valid at the beginning of the reaction as a zero-order approximation. Thus, the 
momentum introduced to the composite system by the projectile is 

( 1 5) 

(here, PP is the per nucleon momentum). Assuming that this momenrum is carried 
(after fusioning) by the projectile-created excitons, we have 

Thus, the average per-exciton momentum due to the projectile is 

c?J 
_ Pp · A p  

at:er, proj - p ..L h , 
p I p 

( 1 6) 

( 1 7) 

and similarly for the target part. All this is in the c. m. system. In order to trans
form to the laboratory system, one adds the center-of-mass momentum in the 
laboratory frame, P cM· This gives us the tool for expressing the direction-depen
dent quantities of the pre-equilibrium decay in heavy-ion reactions. 

5. Conclusions 

To summarize, a microscopic model to calculate n 0, the value of the initial 
number of degrees of freedom that share the energy in a nucleus-nucleus collision 
(the initial exciton number) has been developed. These values were so far extracted 
from master-equation and plot analyses of nucleon spectra. The calculated values 
of n0 reproduce those extracted from the data rather well ; they also reproduce 
two main trends observed for n0, namely the parabolic increase of n0/A p with the 
available energy (Ecu - Vc)/A p and the linear dependence of E*/11 0 (the share 
of the excitation energy per initial degree of freedom) on the same quantity. 
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Originalni znanstveni rad 

Prikazan je model pomocu kojeg je moguce odrediti n 0, pocetni broj ekscitona 
na koji se dijeli energija sudara atomskih jezgara. Taj je parametar potreban za 
racunanje predravnotezne emisije cestica iz  teskoionskih reakcija Prikazani model 
slijedi evoluciju geometrijskog faznog prostora tijekom procesa fuzije jezgre mete 
i projektila. Dobro slaganje opazeno je izmedu racunatih vrijednosti parametara 
n 0 i onih, dobivenih na empiricki nacin analizom nukleonskih spektara iz tesko
ionskih reakcija. Model takoder uspjesno reproducira trendove fizikalnih velicina 
povezanih s n0 . U clanku je dan izraz za racunanje priblizne vrijednosti para
metra n 0 u ovisnosti o masi i energiji sudarnog sustava. 
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