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Despite the fact that the Mandelstam-Leibbrandt prescription for the light-cone
gauge fails to give CxCg; terms correctly to order g*, it does give C? terms which
do agree with those in the Feynman gauge. Thus, the exponentiation theorem
remains satisfied.

1. Introduction

The set of algebraic non-covariant (i. e. gauge) conditions of the kind n#4, =

—_
= @, where n, = (no, n) is a constant four-vector and @ is a given field in the
adjoint representation of a semisimple Lie algebra, has been widely and increa-
singly adopted in the treatment of many aspects of quantum non-abelian gauge
theories. The appealing features of this class of gauge choices are

(a) the decoupling of the Faddeev-Popov ghost sector;

(b) the freedom of Gribov's ambiguities;

(c) the possibility of a simple »parton-like« interpretation of the theory owing
to the apparent decoupling (or even absence) of the unphysical degrees
of freedom.

On the other hand, in addition to entailing the break-down of manifest Lo-
rentz covariance, the use of algebraic non-covariant gauges entails several delicate
mathematical problems arising from the presence of spurious gauge singularities
of the kind [n - k]~1, [#n - k]~ 2 in the free gauge-field propagator.
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If such singularities are defined by means of the Cauchy principal value (CPV)
prescription, several pathologies arise in perturbation theory:

(i) the positivity of the sum over the polarization vectors is lost in the axial
gauge n - A = 0;

(ii) the axial gauge does not reproduce the expected exponential behaviour
of the Wilson loop in the large-T limit, either in the temporal?’ or in
the space-like? case;

(iii) in the light-cone case (n? = 0), inconsistencies arising in loop calcula-
tions?® are essentially due to pinches between spurious poles and Feyn-
man poles in the evaluation of Feynman integrals.

In order to solve the problem of the light-cone gauge, Mandelstam and Leibd
brandt proposed a prescription*® according to which the spurious poles an-
the Feynman poles are always located in the same quadrants of the complex £,
plane. This prescription is given by

1 1 n* -k

n'kzn-kJ.—ia)(n*-k):(n-k)(n*-k)+is’ (1)

where 7} = (n,, —7) is usually called the dual (or conjugate) vector of n,. The
first expression is Mandelstam’s proposal, the second one is Leibbrandt’s.

In this paper we show in detail that the exponentiation theorem remains satis-
fied with the Mandelstam-Leibbrandt prescription to order g# for the Wilson
loop with light-like sides.

2. Diagrams
We use the same Wilson loop and notation as in Ref. 6. The diagrams con-
tributing to Cj terms in the light-cone gauge are shown in Figs. 1, 2 and 3.

The contribution of the diagram shown in Fig. 1 is of the form

Wy = —16g* Tt (t,tt,ty) | d"pd"k X

nk _k,‘nv+kvn,, *n;’;( _panﬁerﬁna) N
X7a—2(6m, - T n,F 605‘3 —-np ng X

L L ~T '
X [dey [de, O (e, — t,) [ des [ d2,O (25 — 1) X
0 0 i1iT L-T

X expi[ko (21 — 23) — k3 (x1 — x3)] - expi[po (f2 — 24) — 3 (x2 — %)l (2)
Here O is a step function.
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We choose the two light-like vectors to be

n = (1; 0) 0; —1),

n* = (1,0,0, 1), (3)
(L.L)
¥
K6 t=X-2T
Bk N P
ity —
(0,0 & / L
\ 4
\, y .
(Ls7,L-T)
€
<o
x b
©
(T.-T)

Fig. 1. Graphs contributing to the vacuum expectation value of the Wilson-loop operator at or-
der g*. The sides of the loop are in the directions of the two null vectors », n*. Two gluons are
exchanged. We follow the graphs only with the groups factor C2.

and use Mandelstam'’s variables

n-p=pi
Thus we obtain

W a drpdre ST
1 = —16g* Tr (tatptaty) [ d"p P >

x { gy @t =y — s -l x
&+ p)_ p- J

% { 1 (emik+m=L _ 1y _ 1 (e=ik-L — 1)} ®)
&+ p)- k-
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(b) {c]

td) (f)

Fig. 2. Same as Fig. 1.

The poles in &, and p, are to be understood in the sense of Mandelstam'’s
prescription (1). We can soften these poles by adding the diagrams of Fig. 2:

2cosk, T 1 —e L

W, + W, = —16 Tr (t,t5t2,) g* [d"pd"k

Rk p?py k_
% 1 (eik_L _ l) — 1 (ei(p+k)_L — 1) + _17 (eiv_L _ 1)}’

(k —p)- (> + k) (p— k)
(6)

2
=g o] 4 n L) R o
Wy + W, = —16 Tr (ttytat,) g* [ d"pd"k el
Xl 1 (elP+o-L 1) — 1 (elp_L_ 1) +
(> + A2 p-(p—k)-
. 1 (eik-L — 1)} @)
k_(p—k)_
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In (7) we symmetrize p,, k, <> —p,, —k, and denote

C = —16g* Tt (t,t,2,1,)- (®)
In this way we obtain
W,+ W =Cfd”pd"k 2 { ! (cos(p +R)_L—1)—
¢ d E*k.p*p. \(p + k)2 -
— : (cosp_L — 1)+ : (cos k_L — l)} 9
p-(p— k- B E_(p—k)_ - ’

After changing k, - —k, in the term with 1/(p - k)_, we can express Eq. (6) in
the form

cosk, T — 1 1
W, W, = C | d"pd"k —— e X
B R Sl (==
X 4{cosk_L —1+4cos(p—k)_L—cosp_L}+

1 1
c X
Bk op*p. ko (k—p)-

+ 4C [ d"pd"k

X {cosk_L — 1+ cos(p —k)_L —cosp_L}. (10)

We denote the second expression in (10) by R and add it to W, 4+ W,. Thus we
obtain

2 1
k2R, p2p., {(P FRZ (cos(p +k)-L—1) —

W, + Wy, + R=C | dpdk

1
———m(cosp_L— 1) — 7=

g = (cosk_L — 1)+

k- (p—
+;(cos(p—k) L —cosp_L) } (11)
k- (k—p)- i i

We obtain all the denominators in the form 1/(p + k)_ by changing &, -~ —&,
where appropriate. After making the exchange p, < k, and some algebraic mani-
pulations, we obtain

W, + Wy + R=C [ dpd"%

2 1
k2R, p?p., {(P + k)2 (cos(p + k). L —1)—
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== p—(kITP) (cosp_ L —1+cos(p+ k)L —cosk_L)+

+ (cosk_L —1)— (cos (p + E)_L — cos k_L)}. (12)

1 1
E_(p+ k) p-(k+p)-

The first two lines are ready to be added to Eq. (5), whereas the last line, which
we denote by &, still requires some manipulations:

£ = C [dpdk

2 1
R, o (p T B Cosk-L =D -

_ _p_j(lep)__(cos (»+ k) L — cos k_L)}. (13)

Symmetrizing Eq. (13) under p, <> k, and writing it back in terms of the expo-
nentials (while making the change p, - —p,, k, - —k, where necessary), we ob-
tain the form

1 1

ip_L __ —ik_L __
T 1) (e D, (4

L = —C [dpdk 5

In summary, we can write

eitp+i) . T ‘*1
Wi+ W, + W.+ W,+ W, = C [ d"pd"k — W
{ (1 —cos(k+p)_ L ——— 2’4(1 — cos (k +
(k + p)2 T p-(k+p)-

4+ p)- L+ cosk_L —cosp_L)+ p_lk_ (efP-L — 1) (e~i*-L — 1)} -+

cosk,T — 1 1
+ C | d"pd"k 2 : — X
s v Pl 3=

X 4{cosk_ L — 1+ cos(p —k)_ L —cosp_L}.
The second part in Eq. (15) vanishes because of the identity (15)

1

.[dP+ (Pz +16)(p+ —}—iwp_) =0 (16)
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The diagram in Fig. 3 1eads

n* X

v

ko, + k,nu)

n n n*
W, = —g* Tr (tyt,taty) [ d"pd"k 72 (5,,, =

X —
2 n

g Datp + Dghe
» (6"‘"_ s )"EX

L I -T -7
X [ dey [ de, @0 — 1) [ dey [ de,@ (23 — 1) X
0 0 L-T L-T

X expi[ko (21 — 23) — k3 (%1 — x3)] - expi[po (12 — ts) = p3 (x2 — x4)]. (17)

%, Aoty Mlyly ¢

- h; e e
A V7 -~
Y Aty vzt (-» ‘_'4.\

= < >
Z

Fig. 3. Same as Fig. 1.

After integrating over dzy, dr,, dz; and dz, and symmetrizing &k, — —k,, p, -
— —pu, We obtain

cos(p+ k)., T .

kR p?py

W, = —g* Tt (tatatsty) - 32 [ d"pd"k

1 2

X = 1 — - B_L g S

{ (p FRZ [ cos (p -+ k)_L] +P_ CEN (1 cosp_L)|. (18)
3. Evaluation
We start by evaluating the diagram I¥,. After making a shift of integration
variables:
pt+Ek=p

k=F, p=p —F (19)
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and using partial fractions

1 1 1
n*kn-(p—k)zn'P[n'k+n-(p—k)]’ (20)

we obtain

cosp.T

—_— 4 s &
W, = —32g* Tr (tututsts) | d"pd’k Bn-k(p—k)?n-p

X

% {—iz(l —cosp_L) + [l—COS(P—k)—L]}—

2
ol p-(p— A

cosp, T
Fo—RBPn-pn - G—0

—32g% Tr (t,tatty) | d"pd"k

1
x (- —cospry o sk —B Ll ey

In the second expression of Eq. (21) we make a change of variables:
p=p, p—k=F,
k=p —F. (22)

In this way we have to evaluate

Wa = —64g* Tr (ratts) | d'pd'® 7 _c‘]’:;f; Tpn — X
X { P—(l —cosp_L) +p (pl PR [1 —cos(p—k)_L]+
+ i (1 — cos k_L)}. (23)
We use the integrals listed in Ref. 6:
| d"pdk = % fdp,dp_d2-<P [ dk,dk_d?—* K, (24)

1 . )
P —Rhin k- @ '21"]1(1 +'§') %

1 1
x [ dx—nn [ dy(l—y+m)" 1= (P% —p,p_ —in)-1-n, (25)
0 0

B=[d%
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where k_ = p_x,
[ dz=e P(P?y — p,p_ —in)-1-e2 =
:nl—CIZ_.__Iﬂ.___ y€/2—1 n\_p+P_ J— i',])—e_ (26)
&
r (1 + -—2~-)
Therefore,

W, = —16g* Tt (ttutsty) (—i) 73— I' () [ dp,dp_ X

1
X [ dx [ dy(=pip- — i)y a2t (1 — =2 (1 — y 4 xy)~1-42 X
0 0

cos£+T
P+ tiwp_

( = — (1 —cosp_ L)—I—p—(l —cosp_xL) +

1
t Sy [~ cosp- (1 - LY 27

First, let us perform the integration over dp,dp_:

SONGE cosp, T .
I =— o — (= _ - —&
—&[ —‘L dp,dp B o (—p+p in) b X

X {— (1 —cosp_L) + -ch- (1 —cosp_xL) + ﬁ [l —cosp_L(1 —x)]} =

= o cosp,T
=1d d
L P+ {(')r . b+ 'pr—

—P P —1 )—si X
+P- n P
X [— (1 —cosp_L) + ~DIC—(1 — cos p_xL) + l_i—r“ —cosp_L(1 —x)]—

=) cosp,T . 1
—)dp. ————— - —in)—t— x
Ofp P iop (Pep- — )
X[— (1 —cosp- L)+—(1—cosp xL) + —-l—(l—cosp L(1—x)]} (28)

In addition, changing the integration over dp. into the positive range of inte-
gration, we obtain

0o ©o eins 1
= 2 dp.dp_ cos T[ - — - ]X
ofoI PP S P | b by — iwpo

X pyepltTe {— (1 —cosp.L) +-%-(1 —cosp_xL) +

1
i [1 —cosp_L(1— x)]}. (29)
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The evaluation of the integral over dp, is shown in detail in Appendix B.
Using it, we have

1=2@m—1xrmwm%%4v@4n1—xvl—a-—@rw (30)

Therefore,

W, = —16g* Tr (t,2,t,2,) (—i) 3~ I' (&) - 2 (e!ne — 1) (TL)* cos? %I’Z (—e) X

1 1
X [de [dyy=2+2 (1 —x)"¢2 (1 —y + )" =2 [1 — x*=t — (1 — x)e1).
0 0

(1)
Second, there are two more integrations to perform:
1 /2—1
ya — _3_ —el2 3
R T (= A S

I'(l —¢2)I'( — ¢2)
T2 =% o

(J;‘dx x~62 (1 —x)"¢/2[1 — xe—t — @= x)e=1] =

I'e2) I —¢2)

The final result is
_ 1 oy em
W, = 64g* Tr (2,1,t,1,) 73 E?F(a) ciele — 1) 1'% (—¢) cosz—2~ X
I'(l—¢e2)I"'(1 —¢/2) (s) ,( s)] .
X [ TG =9 2r 5 (i1l — 5 (TL)e. (34)
The leading divergence ¢~ * becomes
W, = 28¢*Cin*—¢(TL)* - —;Z. (35)

This expression is to be multiplied by the factor (22)~ 8 coming from the two-
loop phase-space.

For the evaluation of Eq. (15), we refer to Ref. 6. The leading ¢~* contri-
bution is

1 1
Wl + Wb "|_ Wc + Wd + W[‘ = 28 (Cé - 7 CRC(,) (gﬂ)4 (TL)e 'gz (2.7!)—8.
(36)
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The sum of Egs. (35) and (36) gives the coefficient of the term Cj which is
identical to the contributions from the two-gluon graphs in the Feynman gauge
and thus satisfies the exponentiation theorem.

4. Conclusion

As a gauge-invariant object, the Wilson loop represents an ideal test labora-
tory for different gauges and regularization prescriptions. Usually, lowest-order
calculations to g2 in perturbation theory are in agreement with the Feynman gauge.
However, higher-order calculations to g# in the coupling constant give surprising
results. We have found that the Mandelstam-Leibbrandt prescription for the
light-cone gauge is not in agreement with the Feynman gauge for C,C; terms®.
However, Ci terms do satisfy the exponentiation theorem.

Appendix A
The Feynman rules:
igyu (L)

I

®

—igfube [‘Sﬁy (@ — p)a + ‘Sya (k—q) + ‘saﬁ (r — k),

a,ak

b.8.p e.y.q

Oup {6 Rt By }
EZ + 1 | nk

r b
a2
4

Additional factors:

(2@)*i for each vertex,

— 2

@i or each propagator
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Appendix B:

Evaluation of the integrals:

eins

1
p+ +iwp_  py — iwp_]’

=OI dp.p;® cos p,. T [ (BI)

(=)

I= Jdp+p+1 e[cos ps T — 1] (el — 1) +

oo eing 1
~ - s B2
+ ] doase [p+ +iwp_ Py — xwp-] G

We know the first integral in (B2); its contribution is

(el#s — 1) Te I' (&) cos %

Fig. 4. The path in the complex p, plane.
The second integral is performed over the path shown in Fig. 4:

Ivormy =1

z¢(z +1wp_) x(x+1wp)+j;+;[ jlx’ezﬂ“(x-klwp)

1

FETET) £ = —for.. (83)

= 2mires (
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ds L 2a |Rie's| dg 23
- = - - . < | R~ ¢d 0, B4
L=Griory | = FiewiRew +iapT = bt O
&>
dz 2z ip e'v dp 2z pl e de
ey |~ |l s e Ty | <) e o
wp_#
(B5)
res (&) |,= _iwp_ = (—iwp_)~=
For 27¢, we choose e~#(10lz| +1are2) () < arg 2 < 27. Thus
res f (2) = exp [—& (In |wp_| + 37i[2)] = (wp_)~c e~ 3nie/2, (B6)
We obtain
g dx Qaie—3niel2 B
(J,. x¢(x +iwp_ ) 1 — e 2aie (wp)™ (BT)
In the same way,
3 dx 201 g~ inel2 _
| G —qwpy ~ T e (07" (BS)
Therefore,
& eins 1
gdpd’* {p+ +iwp Py —iwp_} -
= @) (et — et = 0, (B9)
However, if we had had
po _g{ 1 B 1 } _
g PP+ o, Fiwp. s — iwp-
o e (@p )7 (R — i) —
_ .___n___ (wp )-s(e—ins/Z — eins/Z) (BIO)
sin ez -

and if we had let ¢ -> 0 before w, we should have obtained (wp_)~¢ -> 1 and the
well-known result

- 1 1 .
d - ___ = —in. BII
[ v {p+ Tiwp- s — w)p_} " (BLL)
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WILSONOVA PETLJA I EKSPONENTNI TEOREM U UVJETU
SVJETLOSNOG KONUSA

ANDELKA ANDRASI
Institut »Ruder Boskoviés, 41001 Zagreb
UDK 539.12
Originalni znanstveni rad

Premda Mandelstam-Leibbrandtova preskripcija za uvijet svjetlosnog konusa ne
daje CyCg ¢lanove korektne do reda g4, lanovi proporcionalni C? slazu se s onima
u Feynmanovom uvjetu. Tako je eksponentni teorem zadovoljen.
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