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Original scientific paper

Einstein field equations with the cosmological term are solved for an axially

symmetric Bianchi-I Letelier string coupled with a magnetic field. It is shown

that in the presence of A, the initial singularity occurs faster. A formula to obtain
. A2,

numerical value of ¢2? = gz is given.

The gravitational effects of the gauge cosmic strings have been extensively
studied’ ~5’. A model of a cloud formed by massive strings was used as a source
by Letelier® for Bianchi-I and Kantowski-Sachs space-times. The strings for-
ming the cloud were the generalization of the relativistic string model of Taka-
bayashi” — the p-strings. The total energy-momentum tensor for a cloud of
massive strings is ;
T, = oV, V" — Ax,x n

where g is the rest energy density for a cloud of strings with particles attached
along the extension. Thus,

e=¢,+ 4 2

where g, is the particle energy density, 4 the tension density of the string, V¢ the
4-vector representing the velocity of the cloud of particles and x#, the 4-vector,
representing the direction of anisotropy. In this work the Einstein field ¢quations
with the cosmological term are solved for an axially symmetric Bianchi-I Letelier
string coupled with a magnetic field*, and thereby achieved the generalization of
the work of Banerjee et al.® (cited henceforth as Ref. 8).

*We adopt'the signature (+, —, —, —) of the space-time and use units so that c = & = 1.
We have V.V =1, xpx, = —1, Vyxtt = 0.
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An axially symmetric Bianchi-I metric is
ds? = dz? — e2«dx? — €26 (dy? + dz?) ' (3)

where a = a(z), 8 = B (2).

Consider a system of string-dust with a magnetic field along the x-direction as
the source for the metric. The energy-momentum tensor for such a system would
be given by

Tl: = T;:;"(,,, + El:mng’
where T, is given by (1) and
" 1 . 1 i
Blyy = g7 1= (FFD + 5 (FupFed) 8], 4)

In the co-moving coordinate system, we have
e =0  Thpmy =4 Ty =0 ©)
for u, v = 2,3 and also for g # ».
As the magnetic field is along the x-direction alone, F,; is the only non-zero com-

ponent of the Maxwell tensor F,,. From Maxwell equations Fp,, =0 and
[Fwr ([/—g)],,, = 0, we find F,; = constant 4. Then

A2
Ey=El= —E}= —El= ——e¥% (6)

(For details, one may refer to Ref. 8).
Now, the Einstein field equations (with the cosmical constant A)

1
R, — o Rg + Agy = —T} ™

in the conventional notations, assume the following form

L A2
Go=2af+f* =0+ g-e*+4 ®)
- . A?
Gi=28+3p*=2+ e+ 4 ®)
G =G +agt a4+ §2 4 &f 4*
2= Oitata’+ B+ +af=—g-e ¥+ A (10)

214 FIZIKA B 1 (1992) 3, 213—219



BHATTACHARYA AND KARADE: ON BIANCHI-I COSMIC STRINGS

Since the number of unknown parameters a, 3, p, 4 exceeds the number of equa-
tions, we close the system by assuming a relation between the metric coefficients
given by

a=af (11)

as has been done in Ref. 8, where a is a constant.
Then (10) reduces to

o . 2
(a—f—l)ﬂ—{—(az—{—a—f—l)ﬁz=—%—e"ﬂ+/l. (12)
For a # —1, Eq. (12) can be written as an integral equation
a2+a+1 2 a2—a—1
o 2/;( ) _ A 2#( - ) ]
jdp° ““] mE@rn)le

24 2(‘—11‘—'ﬂ)
e L e B,

where B is a constant of integration.

Hence,
J‘ e2tdp _
aZ—g—1 1727
[Be‘z‘g (e il i AiA e4ﬁ]
8n(a2—a—1) 4z(@*+a+1)(a+1)
=4 (r—1y) (13)

where 1, is another constant of integration. In Ref. 8, (13) has been solved for
two different cases: a? — a — 1/(@a + 1) = —1 and 2. In our case the first con-
dition gives a =0 i. e., @ = 0 and reduces (12) to

a ny_ A2 i
Btb=—few+4 (14)

For y = /.‘3’2, (14) admits the solution

AZ
y = Be-28 + [— e—48 4 A]. (15)
8=
Now (13) becomes

28d
J‘ ;2 ﬂ 172 =:t(t_t0)
[BeZi3 + e + Ae‘“’]
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which on integration yields

B
zﬁ = — —
e 7 (ncosht — 1) (16)

where -
42 4\ Y2 ) '
nz(l__B_Z_z_:l) 5 T—_—ZI/;I(I—I()).

Approximating (16), we obtain

e =p 4 Ag - (17)
to first order in A, where

A% 1

i i — 2 RS

p=B(—1t) B 3=

;A% 1 A+ 1
= 4 — )2 —
1=3 (-0 =) — FEgm

Eq. (17) shows
e28 = e28 4 g,

ours

where the suffix ‘ours’ indicates our result and the suffix ‘B’ indicates that obtained
in Ref. 8. In the limit 4 — 0, we get the result of Ref. 8.

The proper volume R3, expansion scalar @ and shear scalar 62 for the metric
(4) are, respectively

R, = ext28 = e26 = % (mcosht — 1) = R} + Ag (18)

. 1 B
Ours=Vo=a +2="TJ5 — [VZ 7 sin h-r] =

OuUrs

_2B, {4B .. q A? 1}
—T(t L) + 4 —3‘;‘(1 Zo) —ZB(t-to)F—F(l—to)%,

hence
@ours = @B + AX (19)

where X stands for the quantity in the curly bracket above, and

2
o2 g == '2+232—_1-@2=_1— (B sinh 7 2}/1
i 3 6 [R2,, \24 " :
rs
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hence
2 B ' A2 1 ’ 2B
2 2 = ——— _ 3 _ TT i, " o = _
=i+ wond [T 2=t =~ B~ g} @
to first order in A.

Similarly straightforward calculations to first order in A yield

Qours =08 + A (Y) (21)
and
)‘aurs = 18 + A (Z) (22)

where p 5 and 1, are given in Ref. 8 and

4 1 2q 42 1
YzTBz(t— t0)4p—2'"—32;—3‘(t—t0) —87'—(t—to)2
2B A% 1 2B
2= By G e = 1 -
== 3 Az 9 —=
47 p?

In our case, the condition for singularity in the initial epoch i. e. R* -0
gives
A2 /l A4
2 _ 2 . I —
7ours = (t tO) 84 Bz 24.7'52 Ba. (23)

to first order in /1. Here we find
Lours— 7‘8 = —ve.

Hence the introduction of /1 in the string-filled universe speeds up the occurrence
of singularity.

The tension density 4 of the string vanishes at the instant specified by the
cubic equation

2 A2 ,
5 AB 4 4B3A — 5 B4 — B*A) T* +

. (33 — %«ABzC — 8B2CA — BCA —f—BA)
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3A2 A2
+ |4BC?4— _— B CR? — 4B%CA — 5C?*BA +7AC -

2
—iCZA—zBZA) y (3‘4 g 4
2 2
+apct =P ior+ 0 o) —o (24)

One of the roots of (24), in the limit A — 0, reduces to the condition

342
$wB2

=(t—1,)? =

which is the corresponding value obtained in Ref. 8.
Another result of significance is regarding #, which we requlre to be real on
physical grounds. Hence,

B A?
2 i e
= A 27 =20
i. e.
2
A < 2ap?, where ¢?= g—z
Therefore
A
p> + éz (25)

which gives the numerical estimation of the ratio ¢. In absence of the magnetic
field, ¢ becomes physically meaningless.
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Originalni znanstveni rad
Rijesena je Einsteinova jednadZba polja s kozmoloskim ¢lanom za aksijalno-sime-~

tricnu Bianchi-I Letelierovu strunu vezanu za magnetsko polje. Pokazano je da
se u prisustvu / pocetni singularitet brze pojavljuje.
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